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rHKFACR TO THE THIRD EDITION 


lx ])repariii" this now odition the text has l)een carefully revised, 
and coiisiderabh' new matter has been inlroducod without altering 
the mimlxTing of the soetions or the character and aim of the book. 

The use of the upper and !ow(‘r limits of iiido terminal ion simj)Ii(ies 
.some of the proofs of the earlier (iditioiv. Additional tests for 
uniform eonvergeiux' of series are included. , T(!rm by term integra- 
tion and the Second Theorem of Mean Value are treated more ftdly. 
The sets of e.vamples on Infinite Series aid Integrals have b(‘eu 
eidarg(‘d l)y the insertion of (pie.stions drawn from recent Cambridge 
Scholarship and Intercollegiate E.xaminatiops, as well as from the 
pa.pers set in the Mathematical Tri}K)s. The introduction of fuuc- 
fioas of bounded variation e.vtends the class of functions to which 
th(‘ elementary di.scussion of Fourier’s Serit's given in tin* text 
applies. 

In the chapters dealing particularly with Fourier’s Series space 
has been found for the Riomann-Lebesguo Theorem and its consc- 
([ueiices. and for Parseval’s Theorem under fairly g(!nerai con- 
ditions. 

For all ordinary purposes the discussion of the ])roperties of 
Fourier’s Series and Fourier’s Constants given in the te.xt will, it is 
ho[)ed, be foiuid both sufficient and .satisfactory. 

For the specialist who wishes to go further a treatment of the 
Lebesgue Definite Integral is given in a new A})})eiulix, which takes 
the place of the former Appendix containing a detaih'd bibliography 
of Trigonometrical and Fourier’s Series. In this Ap})endix 1 have 
tried to show, in as simple a way as po.ssible, what the Lebesgue 
Integral is, and in what respects the rules to which it is subject 
differ from, and arc superior to, those for the classical Ricmaim 
Integral. 



Vi PREFACE TO THE THIRD EDITION 

So many papers are being written on Trigonometrical Series, and 
on Fourier’s Series, Fourier’s Constants, and Fourier’s Integrals, that 
a mere list of their titles, brought up to date, would cover many 
pages. And it is doubtful if such a list is of much value to the 
student. In any case he has now at his disposal other works from 
which bibliographical information of this kind can be obtained. It 
is hoped that the lists of books and memoirs given at the ends of the 
chapters and of Appendix II will make up for the omission of the 
detailed bibliography. 

In the revision of part of the proofs I am fortunate in having had 
the assistance of Mr. George Walker of the University of Sydney, 
and now at Emmanuel College, Cambridge. His criticism and sug- 
gestions have been of great service to me. H. S. CARSLAW. 

Emmanuel College, 

Cambridge, September, 1929. 



PREFACE TO THE SECOND EDITION 


This book fonns the first volume of the new edition of my book on 
Fourier's Series and Integrals and the Mathematical Theory 0 / the 
Conduction of Heat, published in 1906, and|:now for some time out of 
print. Since 1906 so much advance has b^n made in the Theory of 
Fourier’s Series and Integrals, as well as^n the mathematical dis- 
cussion of Heat Conduction, that it has apemed advisable to write 
a completely new work, and to issue the s4ixe in two volumes. The 
first volume, which now appears, is conc^ed with the Theory of 
Infinite Series and Integrals, with specifcl reference to Fourier’s 
Series and Integrals. The second volume will be devoted to the 
Mathematical Theory of the Conduction of Heat. 

No one can properly understand Fourier’s Series and Integrals 
without a knowledge of what is involved in the convergence of 
infini te series and integrals. With these questions is bound up the 
development of the idea of a limit and a function, and both are 
founded upon the modem theory of real numbers. The first three 
chapters deal with these matters. In Chapter IV the Definite 
Integral is treated from Riemann’s point of view, and special atten- 
tion is given to the question of the convergence of infinite integrals. 
The theory of series whose terms are functions of a single variable, 
and the theory of integrals which contain an arbitrary parameter 
are discussed in Chapters. V and VI. It will be seen that the two 
theories are closely related, and can be developed on similar lines. 

The treatment of Fourier’s Series in Chapter VII depends on 
Dirichlet’s Integrals. There, and elsewhere throughout the book, 
the Second Theorem of Mean Value will be found an essential part 
of the argument. In the same chapter the work of Poisson is 
adapted to modem standards, and a prominent place is given to 
Fej4r’s work, both in the proof of the fundamental theorem and in 
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the discussion of the convergence of Fourier’s Series. Chapter IX 
is devoted to Gibb’s Phenomenon, and the last chapter to Fourier’s 
Integrals. In this chapter the work of Pringsheim, who has greatly 
extended the class of functions to which Fourier’s Integral Theorem 
applies, has been used. 

Two appendices arc added. The first deals with Practical Har- 
monic Analysis and Periodogram Analysis. In the second a biblio- 
graphy of the subject is given. 

The functions treated in this book are “ ordinar)' ” functions. 
An interval {a, b) for which f(x) is defined can be broken uj) into a 
finite number of open partial intervals, in each of which the function 
is monotonic. If infinities occur in the range, they are isolated and 
finite in number. Such functions will satisfy the demands of the 
Ajjplied Mathematician. 

The modern theory of integration, associated chiefly with the 
name of Lebesgue, has introduced into the Theory of Fourier’s 
Series and Integrals functions of a far more complicated nature. 
Various writers, notably W. H. Young, arc engaged in building up a 
theory of these and applied series much more advanced than any- 
thing treated in this book. These thivelopments arc in the mean- 
time chiefly interesting to tlu; Pure Mathematician specialising in 
the Theory of Functions of a Jfeal Variable. My }mr])oso has been 
to remove some of the ditticulties of the Ap])lied Mathematician. 

The preparation of this book has occupied .some tinu^, and much 
of it has been given as a final cour.se in the lnlinit(!simal Calculus to 
my students. To them it owes much. For assistance in the 
revision of the proofs and for many valuable suggestions, I am much 
indebted to Mr. E. M. Wellish, Mr. Jl. J. Lyons, and Mr. H. H. 
Thorne of the Department of Mathematics in the University of 

H. S. OAli-SLAW. 


Emmanuel College, 
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HISTORICAL INTRODUCTION 

A trigonometrical series 

®o +(®i ® +^i 8“^ ®) +(®2 ®08 % +62 sin 2x) + ... 

is said to be a Fourier’s Series, if the con|taats bj, ... satisfy 
the equations f 

a„=-j /(x) cos na; 

1 f 

6^=~| /(x)8inwx(ix 

and the Fourier’s Series is said to correspond to the function /(x).* 

In many important cases the sum of the Fourier’s Series which 
corresponds to/(x) is equal to/(x); but if the function is arbitrary, 
there is no a priori reason that the series should converge at all 
in the interval ( - tt, -), nor, if it does converge at a point, is there 
any a priori reason that its sum for that value of x should be/(x). 

Fourier in his TtUorie analytique de la Ghaleur (1822) was the 
first to assert that an arbitrary fimction, given in the interval 
( - TT, Tr)y could be expressed in this way. He proved quite rigor- 
ously that the expansion is true for certain simple functions, which 
he needed in the problems of the conduction of heat; and, though 
he did not develop his proof for the general case with the precision 
the importance of the theorem demanded, the substantial accuracy 
of his method must be admitted. That the expansion was possible 

^This oorrespondenoe is sometimes denoted by 

* 

fix) do + 2 {o„ cos nx-¥b^nmnx), 
the notation being due to Hurwits, Math, Annakny 57 (1903), 427. 

O.Z. ▲ 
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in the case of an arbitrary function, as such was understood at that 
time, was assumed to be true from the date at which his work 
became known. Since then these series have been freely used in 
the solution of the differential equations of mathematical physics. 
For this reason they are now called Fourier’s Series — or the 
Fourier's Series corresponding to the function /{x ) — and the 
coefficients in the series, 

if 

arc called Fourier’s Coefficients, or Fourier’s Constants, for that 
function. 

The Theory of Fourier’s Series has had — and still is having — 
an immense influence on the development of the theory of functions 
of a real variable, and the influence and importance of these series 
in this field are comparable with those of the power series in the 
general theory of functions. 


FIRST PERIOD [1750-1850] 


The question of the possibility of the expansion of an arbitrary 
function of x in a trigonometrical series of sines and cosines of 
multiples of x arose in the middle of the eighteenth century in 
connection with the problem of the vibration of strings. 

The theory of these vibrations reduces to the solution of the 
differential equation 


?2y 


® cx2’ 


ami the earliest attempts at its solution were made by d’Alembert,* 
Euler, t and D. Bernoulli.f Both d’Alembert and Euler obtained 
the solution in the functional form 


y=<f>{x +at) +y(x - at). 

The principal difference between them lay in the fact that 
d Alembert supposed the initial form of the string to be given 
by a single anal}rtical expression, while Euler regarded it as lying 
along any arbitrary continuous curve, different parts of which 
might be given by different analytical expressions. Bernoulli, on 


*Mtm. de VAcadimie de Berlin^ 3 (1747), 214. 

t/uf. fit., 4 (1748), 69. Jfoe. dt., 9 (1753), 173. 



HISTORICAL INTRODUCTION 3 

the other hand, gave the solution, when the string starts from rest, 
in the form of a trigonometrical series 

y=AY sin X cos al+Ag sin 2x cos 2at + ... , 

and he asserted that this solution, being perfectly general, must 
contain those given by Euler and d’Alembert. The importance 
of his discovery was immediately recognised, and Euler pointed 
out that if this statement of the solution were correct, an arbitrary 
function of a single variable must be developable in an infinite 
series of sines of multiples of the variable. This he held to be 
obviously impossible, since a series of sines is both periodic and 
odd, and he argued that if the arbitrary function had not both of 
these properties it could not be expanded in such a series. 

While the debate was at this stage a meiyioir appeared in 1759* 
by Lagrange, then a young and unknown mathematician, in 
which the problem was examined from a tojtally different point of 
view. While he accepted Euler’s solution as the most general, he 
objected to the mode of demonstration, and he proposed to obtain 
a satisfactory solution by first considering the case of a finite 
number of particles stretched on a weightless string. From the 
solution of this problem he deduced that of a continuous string by 
making the number of particles infinite.f In this way he showed 
that when the initial displacement of the string of imit length is 
given by f(x) and the initial velocity by F(x), the displacement 
at time t is given by 



fi « 1 

■'■(jxJ ^ n niral)F{x')dx' . 

This result and the discussion of the problem which Lagrange 
gave in this and other memoirs have prompted some mathe- 
maticians to deny the importance of Fourier’s discoveries, and to 
attribute to Lagrange the priority in the proof of the development 
of an arbitrary function in trigonometrical series. It is true 
that in the formula quoted above it is only necessary to change 
the order of summation and integration, and to put <=0, in order 

"'Cf. Lagrange, CSuvreSt 1 (Paris, 1867), 37. 

t^oe. cit., § 37. 
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that we may obtain the development of the function f{x) in a 
series of sines, and that the coefficients shall take the definite 
integral forms with which we are now familiar. Still Lagrange 
did not take this step, and, as Burkhardt remarks,* the fact that 
he did not do so is a very instructive example of the ease with 
which an author omits to draw an almost obvious conclusion 
firom his results, when his investigation has been undertaken 
with another end in view. Lagrange’s purpose was to demon- 
strate the truth of Euler’s solution and to defend its general 
conclusions against d’Alembert’s attacks. When he had obtained 
his solution, he therefore proceeded to transform it into the func- 
tional form given by Euler. Having succeeded in this, he held 
his demonstration to be complete. 

The further development of the theory of these series was due 
to the astronomical problem of the expansion of the reciprocal 
of the distance between two planets in a series of cosines of 
multiples of the angle between the radii. As early as 1749 and 
1754 d’Alembert and Euler had published discussions of this 
question in which the idea of the definite integral expressions for 
the coefficients in Fourier’s Series may be traced, and Clairaut, in 
1757,t gave his results in a form which practically contained these 
coefficients. Again, Euler,| in a paper written in 1777 and 
published in 1793, actually employed the method of multiplying 
both sides of the equation 

/(»)=Oo +2oi cos ± +2o, cos 2x +...+ 2o„ cos nz -t-... 
by cos nz and integrating the series term by term between the 
limi ts 0 and w. In this way he found that 

1 f' 

a„= - 1 /(*) cos nx doc. 
ttJo 

It is curious that these papers seem to have had no effect upon 
the discussion of the problem of the Vibrations of Strings in which, 
as we have seen, d’Alembert, Euler, Bernoulli, and Lagrange were 
about the same time engaged. The explanation is probably to 
be found in the fact that these results were not accepted with 

*fiarUiMdt, *‘£ntwiokIungen nsoh oacillirenden Fnnctionan,” JaAre«6er. d. 
Math. Ver., Leipzig, 10, Heft II (1001), 32. 

tJPofM, Hist. Aead. Set. (1764 [69]), Art. iv. (July 1767). 

XPetrop. N. Aeta, 11 (1703 [08]), p. 04 (M»y 1777). 
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confidence, and that they were only used in determining the 
coefficients of expansions whose existence could be demonstrated 
by other means. 

It was left to Fourier to place our knowledge of the theory of 
trigonometrical series on a firmer foundation. 

The methods he adopted were suggested by the problems he met 
in the Mathematical Theory of the Conduction of Heat. He dis- 
cussed the subject in various memoirs, the most important having 
been presented to the Paris Academy in 1811, although it was not 
printed till 1824-6. These memoirs are practically contained in 
his book, ThSorie analytique de la Chaleur (1$2). In a number of 
special cases he verified that a function /(a;),|given in the interval 
( - TT, tt), can be expressed as the sum of the juries 

®o +(®i ® sin 2®) -1-... 

If" If" ^ 

where «n=-| f{x)tosnxdx, 

ZtTJ -n- TTJ ' 

b„= I fix) sin nxdx, (« 5 1). 

J - tr 

Some of the proofs he gave for the general case of an arbitrary 
function are far from rigorous. One is the same as that given by 
Euler. But in his final discussion of the general case (Cf. §§ 415, 
416 and 423), the method he employs is perfectly sound, and not 
unlike that which Dirichlet used later in his classical memoir. 
However, this discussion is little more than a sketch of a proof, 
and it contains no reference to the conditions which the arbitrary 
function must satisfy. 

Fourier made no claim to the discovery of the values of the 
coefficients 

®o=27rI /(^)^> 

1 f’" 

a„ = ~ I f(x) cos nx dx, 

- nSl. 

1 f’" 

6^ = - 1 f(x) sin nx dx, 

TTJ -IT 

We have already seen that they were employed both by Claiiaut 
and Euler before this time. Still there is an impoirtant difference 
between Fourier’s interpretation of these integrals and that which 
was current among the mathematicians of the eighteenth century. 
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The earlier writers by whom they were employed (with the possible 
exception of Clairaut) applied them to the determination of the 
coefficients of series whose existence had been demonstrated by 
other means. Fourier was the first to apply them to the repre- 
sentation of an entirely arbitrary function, in the sense in which 
that sum was then understood. In this he made a distinct advance 
upon his predecessors. Indeed Riemann* asserts that when 
Fourier, in his first paper to the Paris Academy in 1807, stated 
that a completely arbitrary function could be expressed in such a 
scries, his statement so surprised Lagrange that he denied the 
possibility in the most definite terms. It should also be noted that 
he was the first to allow that the arbitrary function might be given 
by different analytical expressions in different parts of the interval: 
also that he asserted that the sine series could be used for other 
functions than odd ones, and the cosine series for other functions 
than even ones. Further, he was the first to see that, when a 
function is defined for a given range of the variable, its value outside 
that range is in no way determined, and it follows that no one 
before him can have properly understood the representation of 
an arbitrary function by a trigonometrical series. 

The treatment which his work received from the Paris Academy 
is evidence of the doubt with which his contemporaries viewed 
his arguments and results. His first paper upon the Theory of 
Heat was presented in 1807. The Academy, wishing to en- 
courage the author to extend and improve his theory, made the 
question of the propagation of heat the subject of the grand prix 
(le mathematiques for 1812. Fourier submitted his Memoire sur 
la propagation de la Vhaleur at the end of 1811 as a candidate for 
the prize. The memoir was referred to Laplace, Lagrange, 
Legendre, and the other adjudicators; but, while awarding him 
the prize, they qualified their praise with criticisms of the rigour 
of his analysis and methods,! 'the paper was not published at 


*Cf. Riemann, “Cber die Larstcllbarkeit einor Function durch eine trigono- 
metrische Reihe,” Gottingen^ Ahh, Ges. 13 (1867), § 2, and Mathematiache 

Werke (2 Aufl., 1892), p. 232. 

fTheir report is quoted by Darboux in his Introduction (p. vii) to (Euvrea de 
Fourier^ T. I: — “Cette pi^ce renferme les v^ritables Equations diff^rentielles de la 
transmission de la chaleur, soit a rinterieur des corps, soit k leur surface; et la 
nouveaute du sujet, jointe k son importance, a determine la Classe k couronner cet 
Ouvrage, en observant cependant que la mani^re dont TAuteur parvient k ses 
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the time in the M6moires de V Academic des Sciences. Fourier 
always resented the treatment he had received. When publishing 
his treatise in 1822, he incorporated in it, practically without 
change, the first part of this memoir; and two years later, having 
become Secretary of the Academy on the death of Delambre, he 
caused his original paper, in the form in which it had been com- 
municated in 1811, to be published in these Memoires.% Probably 
this step was taken to secure to himself lie priority in his dis- 
coveries, in consequence of the attention the subject was receiving 
at the hands of other mathematicians. It is also possible that he 
wished to show the injustice of the criticisms which had been 
passed upon his work. After the publicaticm of his treatise, when 
the results of his different memoirs had become known, it was 
recognised that real advance had been m^e by him in the dis- 
cussion of the subject and the substantial accuracy of his reasoning 
was admitted.§ 

equations n’eat pas exemptc de difficultes, et que son analyse, pour les integrer, 
laisse encore quelquc chose a desirer, soit relativcment a la generalite, soit meme 
du o6te de la rigueur.” 

XMhnoires de VAcad, dea Sc., 4, p. 185, and 5, p. 153. 

§ It is interesting to note the following references to his work in the writings of 
modern mathematicians: 

Kelvin, CoU. Works, Vol. Ill, p. 192 (Article on “Heat,” Enc. Brit., 1878). 

“Returning to the question of the Conduction of Heat, we have first of all to 
say that the theory of it was discovered by Fourier, and given to the world through 
the French Academy in his Theorie analytique de la Chaleur, with solutions of prob- 
lems naturally arising from it, of which it is difficult to say whether their uniquely 
original quality, or their transcendently intense mathematical interest, or their 
perennially important instructiveness for physical science, is most to be praised.” 

Darboux, Introduction, (Euvrea de Fourier, 1 (1888), p. v, 

“Par Timportance de ses d6couvertes, par rinfluence decisive qu’il a exercee sur 
le d^veloppement de la Physique math4matique, Fourier meritait Phommage qui 
est rendu aujourd’hui a ses travaux et a sa memoire. Son nom figurera digne- 
nicnt a cote des noms, illustres entre tons, dont la liste, destin4e k s'accroitre 
avec les annees, constitue des k present un veritable titre d'honneur pour notre 
pays. La Theorie analytique de la Chaleur ...» que Ton peut placer sans injustice 
k c6te des Merits scientifiques les plus parfaits de tous les temps, se recommande 
par une exposition interessante et originale des principes fondamentaux; il eclaire 
de la lumiere la plus vive et la plus pen4trante toutes les idees ossentielles que nous 
devoiis a Fourier et sur lesquelles doit reposer d4sormais la Philosophic naturelle; 
mais il contient, nous devons le reconnaitre, beaucoup de negligences, des erreurs 
de calcul et de detail que Fourier a su 4viter dans d’autres ecrits.” 

Poincare, TfUorie analytique de la propagation de la Chaleur (1891), p. I, § 1. 

“La th4orie de la chaleur de Fourier est un des premiers exemples de I’appli- 
cation de I'analyse k la physique; en partant d’hypotheses simples qui ne sont 
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The next writer upon the Theory of Heat was Poisson. He 
employed an altogether different method in his discussion of the 
question of the representation of an arbitrary function by a 
trigonometrical series in his papers from 1820 onwards, which 
are practically contained in his books, TraiU de Mioanique (2* 4d., 
1833) and TJdorie matMmatiqvie de la Chaleur (1835). He began 
with the equation 

;; — ST — m 4 =l +2^A“cosn(a:'-«), 

1 -2Acos (* -a:) +«* V 

h being numerically less than unity, and he obtained, by inte- 
gration, 

r (1 -h^)f(x')dx' 

J 1 -2A cos (x' - x) +A® 


= f +2^ A" j /(x') cos n(x' - x)dx'. 

J -It ^ }-w 

While it is true that by proceeding to the limit we may deduce 
that at a point of continuity or ordinary discontinuity 


/(») or \ [/(x +0) +/(x - 0)] 

IS equal to 

lim f(x') dx' + A"! /(x') cos n (x' - x) dx'J, 

we are not entitled to assert that this holds /or the value A = l, 
unless we have already proved that the series converges for this 
value. This is the real difficulty in the theory of Fourier’s Series, 
and this limitation on Poisson’s discussion has been lost sight of in 


autre chose que des faits exp^nmentaux g^n^ralis^, Fourier en a d^duit une 
s6rie de consequences dont I’ensemble constitue une th^orie complete et ooh^rente. 
Les r^sultats qu’il a obtenus sont certes int^ressants par eux-mAmee, mail oe qui 
Test plus encore est la methode qu’il a employ^ pour y parvenir et qui servira 
toujours de module h tous ceux qui voudront cultiver une branche queioonque de 
la physique mathemat!que. J’ajouterai que le livre de Fourier a une importance 
capitale dans 1 histoire des math^matiques et que ranal}r8e pure lui doit peut-6tre 
plus encore que I’analyse appliqu^e.” 

Boussinesq, ThiorU analytique de la ChaUur^ 1 (1901), 4. 

“Les admirables applications qu’il fit de oette m4thode (t.e, his method of inte* 
grating the equations of Conduction of Heat) sont, k la foil, assez simples et'aasex 
g4nerales, pour avoir servi de module aux ^m4tres de la premiere moiti4 de oe 
8i4cie; et elles leur ont 6U> d’autant plus uUles, qu’dles ont pu, aveo de 14g4M 
modifications tout au plus, 4tre transport^es dans d’autxea branches de la 
Physique math^matique, notamment dans rHydrodynamique et la Thdorie 
de r^lasticit^.” 
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some presentations of Fourier’s Series. There are, however, other 
directions in which Poisson’s method has led to most notable 
results. The importance of his work cannot be exaggerated.* 

After Poisson, Cauchy attacked the subject in different memoirs 
published from 1826 onwards using his method of residues, but 
his treatment did not attract so much attention as that given 
about the same time by Dirichlet, to which we now turn. 

Dirichlet’s investigation is contained in two memoirs which 
appeared in 1829t and 1837.J The method which he employed 
we have already referred to in speaking of Fourier’s work. He 
based his proof upon a careful discussion the limiting values 
of the integrals 


J/<*> 


d® ... , o > 0, 


sin fix 
sinx 

sin juz , , 'i 

- ■ - dx ... ,b > $ > 0, 

sm X i 


as fi increases indefinitely. By this meani he showed that the 
sum of the Fourier’s Series for /(x) is J(/(x-i-0) +/(x-0)) at every 
point between - ir and w, and J(/( - w +0) +/(w-0)) at x= ±Tr, 
provided that f{x) has only a finite number of ordinary discon- 
tinuities and turning points, and that it does not become infinite 
in ( - TT, tt). In a later paper, § in which he discussed the expan- 
sion in Spherical Harmonics, he showed that the restriction that 

f{x) must remain finite is not necessary, provided that J f{x)dx 
converges absolutely. ■' 


SECOND PERIOD [1860-1906] 

The principal names in the First Period are those of Fourier and 
Dirichlet, and the position as left by Dirichlet was that, when the 
function /(x) is bounded in the interval ( - tt, x), and this interval 
can be broken up into a finite number of partial intervals in each 
of which /(x) is monotonic, the Fourier’s Series converges at every 
point within the interval to i[/(® +0) +/(x-0)], and at the end- 
points to J [/( - X -f-0) +/(x - 0)]. These sufficient conditions — and 


*for a full traatment of Poiason’s method, refemnoe may be made to Bdcher’e 
paper, '‘Introduction to the Theory of Fourier's Series/’ Ann. of Math. (2), 7 (1006) . 
f Journal fUr Math., 4 (1829). 
tDove'o Repertorium der Phpsik, 1 (1837), 152. 

Vournalflir Math., 17 (1837). 
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their extension to the unbounded function — cover most of the 
cases that are likely to be required in the applications of Fourier’s 
Series to the solution of the differential equations of mathematical 
physics. 

In the Second Period we pass more definitely into the domain of 
the pure mathematician, and the first name we meet is that of 
Riemann. His memoir* TJber die Darstellbarkeit einer Function 
dutch cine trigonometrische Reihe formed his Habilitationsschrift at 
Gottingen in 1854, but it was not published till 1867, after his 
death. It led to most important developments in mathematical 
analysis, as well as to the discovery of many striking properties of 
trigonometrical series, in general, and of Fourier’s Series, in par- 
ticular. His aim was to find a necessary and sufficient condition 
which the arbitrary function must satisfy so that, at a point x in the 
interval, the corresponding Fourier’s Series shall converge to/(a;). 
Dirichlet had shown that certain conditions were sufficient. The 
question Riemann set himself to answer has not yet been solved. 
It is quite probable that it is not solvable. But in the consideration 
of the problem he realised that the concept of the definite integral 
should be widened. And the Riemann Integral we owe to the 
study of Fourier's Series. 

Cauchy in 1823t had defined the definite integral of a continuous 
function as the limit of a sum, much in the way it is still treated 
in elementary text-books. He divided the interval of integration 
into partial intervals by the points 


— ... = 

The sum S was given by the equation 

<S = (ffli - af,)f{xj) + (aj - ai)f{xz) + , . . + (a„ - a„_j)f{x„), 
where x^ is any point in a,). 

He showed that, when the number of points of section tends to 
infinity and the length of the largest partial interval tends to zero, 

the sums S tend to a limit. The definite integral f flx)dx he 
defined to be this limit. 

If the function is continuous in (a. b) except at the point c, in 


*See note on p. 6. 


fCf. Cauchy, Sisumi its lefont dotinees a V£coU 
infiniUaimal, 1 (Pari*, 1823), pp. 81-84, and (Euvret 


roy. Polyteehnigve aur U ealcul 
(2), 4, p. 122-29. 
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the neighbourhood of which it may be bounded or not, the integral 
is taken to be the sum of the limits 

Cr-h rb 

lim I f{x)dx and lim I f{x)dx, 
h-*i)Jn h-*0Jc-\-h 

when these limits exist. And if f{x) is discontinuous at a finite 
number of points Cj, C 2 , ... c„, the interval is divided into parts 
each of which contains only one of these points. To each of these 
parts the preceding definition is applied, when this is possible; and 
then the sum of the numbers so obtained is taken as the integral 
from a to b. 


In dealing with the bounded function, Riemann did not assume 
that it was continuous in the interval, or had only a finite number 
of discontinuities therein. But he used the sum S as before, and 

the infegral j f(x)dx was defined as toe limit of these siuns S, 

Ja 

provided this limit existed. He obtained a necessary and sufficient 
condition for the existence of the limit, and placed the definite 
integral on a wider and purely arithmetical basis. 

With Riemann’s definition of the integral | f{x)dx, for a bounded 


function — given in the text in a slightly modified form — functions 
that were previously without an integral became integrable. A 
striking example* due to him was the sum of the series, 

/ , (2x) {3x) 

"^32 > 


where (nx) stands for the positive or negative difference between nx 
and the nearest integer, unless it lies midway between two consecu- 
tive integers, when {nx) is to be taken as zero. This function is 
discontinuous for every rational number of the form pj2n, where p 
is an odd number, prime to n; and there are an infinite number 
of points of discontinuity in every interval, however small. 

A fundamental theorem proved by Riemann deals with the 
1 r»r sin 

Fourier’s Constants - f{^) showed that for any 

ttJ — 

bounded and integrable function f{x) these constants tend to zero 
as n tends to infinity. And this holds also for the integral 

r/(®)cos”®‘^- 


♦Cf. loc. cit, ' 
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This theorem shows at once that, if/(a;) is bounded and integ- 
rable in ( - w, tt), the convergence of its Fourier’s Senes at a point 
in ( - TT, tt) depends only on the behaviour of /(«) in the neighbour- 
hood of that point. 

Riemann was also led to examine the theory of trigonometrical 
series of the type 

Uo +(ai cos X +bi sin x) +(a 2 <^os 2x +62 sin 2x) + , 
when the coeflBcients are not Fourier’s Constants. He obtained 
many of the properties of such series. The most important (luestion 
to be answered was whether a function could be represented by 
more than one such series in an interval ( -- w, w). This reduces 
to the question whether the sum of a trigonometrical series in 
which the coefficients do not all vanish can be zero right through 
the interval. The discussion of this and similar problems was 
carried on, chiefly by Heine and 6 . Cantor, from 1870 onwards; 
in these papers Cantor laid the foundation of the Theory of 
Sets of Points, another example of the remarkable influence 
the theory of Fourier’s Series has had upon the development 
of mathematics. It will be sufficient in this place to state that 
Cantor showed in 1872 that all the coefficients of the trigono- 
metrical series must vanish, if its sum is zero at all points of 
( ~ TT, tt), with the exception of the points of a set of the nth order.* 

In 1875 P. du Bois-Reymond provedf that if a trigonometrical 
series converges in ( - -tt, tt) to f{x), where f{x) is integrable, the 
series must be the Fourier’s Series for f{x). He also settled the 
question as to whether the Fourier’s Series for a continuous function 
always ha 8 /(x) for its sum; for he gave not only an example of a 
function, continuous in ( — tt, x), whose Fourier’s Series did not 
converge at a particular point, but he also constructed another, 
whose Fourier’s Series fails to converge at the points of an every- 
where dense .?el. Many years later Fej 6 r gave several much 
simpler examples.^ 

The nature of the convergence of Fourier’s Series received 
attention, especially after the introduction by Stokes (1847) and 

*MeUA. Annalen, 5 (1872), 123. 
tAdh. d. Bay. Akad., 12 (1875), p. 117, 

28 \HK»r«« ’ ^**^*^^' 
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Stidel (1848) of the oonoept of uniform convergence. It had been 
known since Dirichlet’s time that the series were, in general, only 
conditionally convergent, if at all; and that their convergence 
depended upon the presence of positive and negative terms. It 
was not till 1870 that Heine showed* that if /(x) is- bounded 
and integrable, and otherwise satisfies Dirichlet’s Conditions in 
( - v, ir), its Fourier’s Series converges uniformly in any interval 
(a, b), which contains neither inside it nor at an end any discon- 
tinuity of the function. 

The importance attached to the question of uniform convergence 
of the series was due to the impression that term by term integra- 
tion would only be permissible, if the^series converged uniformly. 
It was not till much later that it was jfound that a Fourier’s Series 
could be integrated term by term, evin if the series itself did not 
converge. I 

The sufficient conditions of Dirichlj^t were succeeded by three 
conditions, now classical, associated ^ with the names of Dini, 
Lipschitz and Jbrdan. Dinit 1880 showed that the Fourier's 

Series for the integrable function /(x) Aos lim4[/(x+A) +/(x-A)] 

»->-o 

for its sum at any point in (-ir, v) for which this limit exists, pro- 
vided that there is a positive S such that 

C* \f{x+t)+f(x-t)-]im [f{x+h)+f{x-h)]\ 

1 ‘T * 

is a convergent integral. 

A special case of Dini’s criterion had been given in 1864 by 
Lipschitz.^ This can be put in the form; 

The Fourier's Series forf(x) converges atxto 

1““ i [/(® +^) +/(» - *)]> 

*-►0 

when this limit exists, if there is a positive 6 such that 

|/(x+/) +/(x-<)-lim [/(x+A) +/(x-A)]|<C(*, 

when 0<t^S, 

where C and k are positive numbers. 

*JournaifOr Math., 71 (1870). 353. 

fCf. Dini. “Scfie di Fourier e altre reppieeentecioni eaelitiobe detle fnniioiu di 
naa vuinbile reels” (Pin, 1880). p. 102. 
fOf. JoamalfOr Math., 63 (1864), 296. 
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The treatment of Fourier’s Series was simplified by Jordan* 
by the introduction of his functions cf hounded voriotion and his 
criterion states that the Fourier's Series for the irOegroMe function 
fix) converges to 

\[f{x+0)+f{x-0)] 

at every point in the neighbourhood of which f(x) is of bounded 
variation. 

During this period the properties of Fourier’s Constants were 
also examined, and among the important results obtained, when 
the Riemann integral was still used, it is sufficient to cite that 
usually called Parseval’s Theorem,t according to which, when 
f{x) and [/(*)]* are integrable in ( - ir, x), 

- r =2ao® + f) (««* 

‘TrJ -IT 1 

Also, \if(x) and g(x), as well as their squares, are integrable, 

1 00 

f{x)g{x)dx=2aoa^ +2 (“•»«« +bn/?n). 

‘TTJ -IT 1 

where b„, and a^, fin are the Fourier’s Constants ioTf{x) and 
g{x) respectively. 

If Fourier’s Series for f{x) is not convergent, it may converge 
when one or other of the methods of “summation” applied to 
divergent series is adopted. Fejer in 1904 discovered the remark- 
able theorem^ that, when the series is summed by the method of 
arithmetical means, its sum is +/(a;-0)] at every point 

in (-TT, tt) at which /(a; ±0) exist, the only condition attached to 
f(x) being that, if bounded, it shall be integrable in ( - tt, tt), and, 

if unbounded, that f f{x)dx shall be absolutely convergent. 


THIRD PERIOD [1905- ] 

The theory of Fourier’s Series, as built up by Dirichlet, Riemann, 
Cantor, Dini, Jordan and other mathematicians of the nineteenth 
century, with a fuller understanding of the limiting processes 


*Cf. Comptes Rendus, 92 (1881), 228, and Jordan, Coura d'Analyae, 2 (1“ ^d,, 1882), 
Ch, V. 

tCf. de la Valine Poussin, Ann, Soc. sc, Brux„ 17B (1893), 18, and Hurwitz, 
Math, AnnaUjif 57 (1903), 175. 

tCf, Math, Annakn, 58 (1904), 51. 
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involved, placed in the hands of applied mathematicians a quite 
satisfactory instrument. But the properties of the series, which 
we owe to them, failed in many ways to give a theory with which 
the pure mathematician could be fully content. Unity, symmetry 
and completeness were still wanting. In this respect the last 
twenty-five years have seen a great improvement, due, chiefly, to 
the new definition of the definite integral put forward in 1902 by 
Lebesgue in his Paris thesis— Integrale, longueur, aire* — and further 
developed in his Logons sur V integration et la recherche desfonctions 
primitives (1904).t 

Lebesgue’s integral is founded upon the subtle and rather difficult 
idea of the measure of a set of points^ In the modern theory of 
functions of a real variable, Lebesgue’s integral (or one of the others 
associated with it) is indispensable, ^ut for practical purposes 
the Biemann integral will suffice. T^e progress which we now 
describe lies in the field of the specialisi; and in no department of 
pure mathematics has greater activity been displayed in recent 
years than in the theory of trigonometrical series.^ Most im- 
portant contributions have been made by Lebesgue himself, Fej^r, 
Hobson, Hardy and Littlewood, de la Vallee Poussin and W. H. 
Young. 

The first point to notice is that, if f{x) is bounded and integrable 
according to Riemann’s definition, it is also integrable with 
Lebesgue's definition, and the integrals are equal. But a bounded 
function may be integrable with Lebesgue's definition, and fail to 
be integrable with Riemann’s. It is convenient to say that a 
function is integrable (£), when it is integrable according to 
Lebesgue’s definition, and that it is integrable (/?), when it is 
integrable according to Riemann’s definition. If f{x) is integrable 
(L), but not bounded in the interval of integration, the Lebesgue 
integral converges absolutely. Unbounded functions may be 
integrable (L), but not integrable (R); and conversely. 

The fundamental theorems of integratioh apply to both integrals, 
but one of the advantages for our present piurpose of the Lebesgue 
integral is that a function integrable (Z) need not be continuous 

•Annali di Mat. (3), 7 (1002), 231. 

fA revised and enlarged second edition has appeared in 1928. 

t A full account of work in this field is to be found in Hobson's Theory of Functions 
of a Real Variabltt 2 (2nd ed., 1926), Cli. Vlll. 
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“almost everywhere”* in the interval of integration, as is the case 
with a function integrable ( jR).t Also if /„(*) is integrable (L), and 
lim fjx) -exists, finite or infinite, this limit is integrable {L), And 

n-^oo 

more important still, with Lebesgue integrals, under much more 
general conditions,^ we can make use of the relation: 

If /(a:)= lim/„(x), then f /(a:)dx= lim I /„{x)da:. 

Returning to Fourier’s Series, we remark first that Riemann’s 
theorem, according to which the Fourier’s Constants of a bounded 
and integrable function f{x) tend to zero when n tends to infinity — 

Ch sin 

or, more generally, that lim f{x) nx dx=0— applies with the 

n— y a 

Lebesgue integrable to any function, bounded or not, integrable 
(i). This is now usually referred to as the Riemann-Lebesgue 
Theorem — or Fundamental Lemma — and may be stated as 
follows: 

lif{x) is integrable (L) in (a, 6), then 

lim f /(x) nx dx=0. 

n-*» J a ^ 

This was proved by Lebesgue in 1903.§ 

Now the sum s„(x) of the terms up to those in cos nx and sin nx 
of the Fourier’s Series for f{x) integrable (L) can be written 

da. 

TTj 0 Sin a 

and we find from this that 

Iim,.(*)-/W=l limf" ,(,(„) 

n-^to TTfi^aoJo n 

where ^(a) =/ {x +2a) +f{x - 2a) - 2f(x). 

Hence, by the Riemann-Lebesgue Theorem, 

Urn «„(x)=/(x), if lim f* ^(a) 

for some positive h. 


*A property is said to hold almost everywhere in an intetval, if it holds for all 
points except those forming a set of measure xero. 
fCf. Appendix II, § 10. 

JSee Appendix H, 15, 18. 

Mnn^ 8^. de I’tfeote XormOe (3), 20 (1903), 4o3, Also see Lebesgue, Lecons 
«ur he eirtee trtgotumhrtptee (Paris, 1906), 61. 
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Also the question of the convergence of the Fourier’s Series for 
f{x) at a point in the interval ( - 7 , t) depends only on the 
behaviour of f(x) in the neighbourhood of that point. 

In 1905 Lebesgue gave a new sufficient condition for the convert 
gence of the Fourier’s Series for /(*), which included all the 
previously known conditions.* 

Another point to notice is that the question of term by term 
integration of Fourier’s Series does not depend, as used to be 
thought to be the case, on the uniform convergence of the series. 
Indeed, with the usual notation, we lisvef 


I f{x)dx=a^{x +t) + 2 “(®n sin nx +6„(cos nx- cos nx)), 

- IT 1 ft ) 

where x is any point in {-tt, it), for? any function integrable (i), 
whether the Fourier’s Series conve|ges or not. And the new 

series converges uniformly to j in the interval (-tt, tt). 

Term by term integration can then be continued indefinitely. 

This result can be used as a test in determining whether a trigono- 
metrical series is a Fourier’s Series. If, on integrating the series 

term by term, it fails to converge in the range ( - tt, ‘tt), it cannot 

00 

be a Fourier’s Series. In this way it can be seen that 5] , 

log n 

is not a Fourier’s Series, as the integrated series diverges at x=0.J 
Again Parseval’s Theorem, that 

[/(*)?<^=2oo*+2(o»*+h«*), 

-w 1 

holds for any function /(x), whose square is integrable (L) in 
( - TT, tt), and a similar remark applies to the relation 

-J f{x)gix)dx=2af/i^+^(a^an+bn^n), 

where a„, 6„ and a„, are the Fourier’s Constants for the functions 
f{x) and g{x), whose squares are integrable (L) in ( - w, ■jr).§ 


series converges imiformly to 


)dx in the interval ( - tt, tt). 


♦Cf. Math, Antuden, 61 (1905), 82, and Lebesgue, Legons sur les series trigommUri^ 
ques, p. 59. 

fCf. Lebesgue, Legons sur les ehrits irigomrrUiriques, p. 102. 

{This example is due to Fatou, Complee Rendvs, 142 (1906), p. 765. Other 
examples are given by Perron, Math. Annalen, 87 (1922), 84. 

§Cf. Lebesgue, Leqons sur les siries trigonondtriques, p. 100. 

Fatou, Acta Math., 30 (1906), 352. 

C.’^ B 
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As g{x) c£Wi be put equal to zero in the partial intervals ( - x, a) 
and (p, x), it follows that when f(x) and g{x) are functions whose 
squares are integrable (L) in ( - x, x) and (a, P) respectively, the 

integral 1 f(x)g{x)dx may be obtained by substituting for f{x) its 

Fourier's Series and applying term by term integration. 

But one of the most remarkable results which follow from the 
us(‘ of the Lebesgue integral in the theory of Fourier’s Series is the 
converse of Parseval’s Theorem, known from its discoverers as 
the Biesz-Fischer Theorem:* 

oo 

Any trigonometrical series for which (On^+hn*) converges is 
the Fourier's Series of a function whose square is integrable (L) in 

( -X, x). 

Reference has already been made to the application of summa- 
tion by Fejer's arithmetical means to Fourier’s Series. This 
nu'thod is a special case (C, 1) of the general Ces^ro sum, usually 
denoted by ((', r). A great deal of work has been done in the 
investigation of sufficient conditions that Fourier’s Series be 
sunimable (C, r) at a point in (~x, x). The results obtained by 
this method, when r is fractional, have thrown light on ordinary 
convergence and Cesaro summation, when r is integral. 

Another field in which much progress has been made is the 
investigation of the behaviour and properties of Fourier’s Constants 
when Lebe.sgue integrals are used. The Parseval and Riesz- 
Fischer Theorems belong to this class, and extensions of both 
have been made, when the condition that /(x) and g{x) shall be 
function.s whose squares are integrable {L) is replaced by a more 
general condition. 

The convergence problem for Fourier’s Series is still unsolved. 
There is no property of the arbitrary function /(x), integrable {L) 
in ( - X, x), w.iich is known to be both necessary and sufficient for 
the convergence of Fourier’s Series. There are simple sufficient 
c-inditions, which are known not to be necessary, and the necessary 
conditions obtained are known not to be sufficient; and the same 
remark applies to summation by an assigned Ceskro mean. 

•Cf. F. Riesz. Comples Rendus, 144 (1907), 615-619, 734-736. 

Fischer, ('omptea liendus, 144 (1907), 1022. 

Young, . H. and Grace Chisholm, Quarterly J. oj Math., 44 (1912), 49. 




CHAPTER I 


RATIONAL AND IRRATIONAL NUMBERS 
THE SYSTEM OF REAL NUMBERS 

1. Rational Numbers. The question of the convergence of 
Infinite Series is only capable of satisfactory treatment when 
the difficulties underlying the conception of irrational numbers 
have been overcome. For this reason we shall first of all give a 
short discussion of that subject. 

The idea of number is formed by a series of generalisa- 
tions. We begin with the positive integers. The operations 
of addition and multiplication upon these numbers are always 
possible; but if a and b are two positive integers, we cannot 
determine positive integers x and y, so that the equations 
a=6*fx and a = 6y are satisfied, unless, in the first case, a is 
greater than 6, and, in the second case, a is a multiple of 6. 
To overcome this difficulty fractional and negative numbers are 
introduced, and the system of TutiotuU numbers placed at our 
disposal.^ 

The system of rational numbers is ordered^ i.e, if we have two 
different numbers a and b of this system, one of them is greater 
than the other. Also, if a >6 and 6>c, then a>c, when a, 6 
and c are numbers of the system. 

Further, if two different rational numbers u and b are given, 
we can always find another rational number greater than the 


*The reader who wishes an extended treatment of the system of rational 
^ Gmeiner, Theoretischt AHihmeHh (Leipaig, 

1900-1902) and Pringsheim, Vmrksun^tn liber Zahlen- und FunJdionenlebre 
(Leipzig, 1916). 
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one and less than the other. It follows from this that between 
any two different rational numbers there are an infinite number 
of rational numbers.* 

2. The introduction of fractional and negative rational num- 
bers may be justified from two points of view. The fractional 
numbers are necessary for the representation of the subdivision 
of a unit magnitude into several equal parts, and the negative 
numbers form a valuable instrument for the measurement of 
magnitudes which may be counted in opposite directions. This 
may be taken as the argument of the applied mathematician. 
On the other hand there is the argument of the pure mathe- 
matician, with whom the notion of liumber, positive and negative, 
integral and fractional, rests upoi^ a foundation independent 
of measurable magnitude, and iif whose eyes analysis is a 
scheme which deals with number^ only, and has no concern 
per se with measurable quantity. is possible to found mathe- 
matical analysis upon the notion of positive integral number. 
Thereafter the successive definitions of the different kinds of num- 
ber, of equality and inequality among these numbers, and of the 
four fundamental operations, may be presented abstractly .t 

3. Irrational Numbers. The extension of the idea of number 
from the rational to the irrational is as natural, if not as easy, as 
is that from the positive integers to the fractional and negative 
rational numbers. 

Let a and 6 be any two positive integers. The equation **=« 
cannot be solved in terms of positive integers unless a is a perfect 
power. To make the solution possible in general the irrational 
numbers are introduced. But it will be seen below that the 

*Wheii we say that a set of things has a finite number of members^ we mean 
that there is a positive integer n, such that the total number of members of the 
set is less than n. 

When we say that it has an infinite number of members, we mean that it has 
not a finite number. In other words, however large n may be, there are more 
members of the set than n. 

A set is said to be countably infinite (or enumerable) when its members can be 
represented by a sequence tt|, u,, U 3 , ... . 

In this case there is a one -one correspondence between the members of the set 
and the set of positive integers 1 , 2 ^ 3, ... . 

tOf. Hobson, Proc. London Maih» Soc, (1), 35 (1913), 126 ; also the same author’s 
Theofy of Fuwiioni of a Real Variable, 1 (3rd. ed., 1927), 11. 
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systeiii of irrational numbers is not confined to numbers which 
arise as the roots of algebraical equations whose coefficients 
are integers. 

So much for the desirability of the extension from the abstract 
side. From the concrete the need for the extension is also evident. 
We have only to consider the measurement of any quantity to 
which the property of unlimited divisibility is assigned, e.g. a 
straight line L produced indefinitely. Take any segment of this 
line as unit of length, a definite point of the line as origin or 
zero point, and the directions of right and left for the positive 
and negative senses. To every rational number corresponds a 



FIG. 1. 


definite point on the line. If the number is an integer, the point 
is obtained by taking the required number of unit segments one 
after the other in the proper direction. If it is a fraction ±p/y, 
it is obtained by dividing the unit of length into q equal parts 
and taking p of these to the right or left according as the sign is 
positive or negative. These numbers are called the measures of 
the corresponding segments, and the segments are said to be 
commensurable with the unit of length. The points correspond- 
ing to rational numbers may be called rational points. 

There are, however, an infinite number of points on the line 
L which are not rational points. Although we may approach 
them as nearly as we please by choosing more and more 
rational points on the line, we can never quite reach them in 
this way. The simplest example is the case of the points coin- 
ciding with one end of the ^diagonal of a square, the sides of which 
are the unit of length, when the diagonal lies along the line L 
and its other end coincides with any rational point. 

Thus, without considering any other case of incommensur- 
ability, we see that the line L is infinitely richer in points than 
the system of rational numbers in numbers. 

Hence it is clear that if we desire to follow arithmetically all 
the properties of the straight line, the rational numbers are 
insufficient, and it will be necessary to extend this system by the 
creation of other numbers. 
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4. Returning to the point of view of the pure mathematician, 
we shall now describe Dedekind’s method of introducing the 
irrational number, in its most general form, into analysis.* 

Let us suppose that by some method or other we have divided 
all the rational numbers into two classes, a lower class A and an 
upper class B, such that every number a of the lower class is less 
than every number p of the upper class. 

When this division has been made, if a number a belongs to 
the class A, every number less ^an a does so also; and if 
a number p belongs to the class every number greater than p 
does so also. 

Three different cases can arise : 

(I) The lower class can have a greatest number and the dipper 

class no smallest number. 

This would occur, if, for example, we put. the number 5 and 
every number less than 5 in the lower class, and if we put in the 
upper class all the numbers greater than 5. 

(II) The upper class can have a snmllest number and the lower 

class no greatest number. 

This would occur if, for example, we put the number 5 and 
all the numbers greater than 5 in the upper class, while in the lower 
class we put all the numbers less than 5. 

It is impossible that the lower class can have a greatest 
number m, and the upper class a smallest number n, in the 
same division of the rational numbers; for between the rational 
numbers m and n there are rational numbers, so that our hypo- 
thesis that the two classes contain all the rational numbers is 
contradicted. 

But a third case can arise : 

(III) The lower class can have no greatest number and the upper 

class no smallest number. 

For example, let us arrange the positive integers and their 
squares in two rows, so that the squares are underneath the 
numbers to which they correspond. Since the square of a frac- 
tion in its lowest terms is a fraction whose numerator and 

^Dedekind (1831-1916) published his theory in Steiigkeit und irraiiomle 
ZaUtn (Braimschweig, 1872); English translation in Dedekind’s Essays on Number 
(Chicago, 1901). 
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denominator are perfect squares,* we see that there are not rational 
numbers whose squares are 2, 3, 5, 6, 7, 8, 10,11, ... , 

1 2 3 4... 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 ... . 

However there are rational numbem^whose squares are as near 
these numbers as we please. For instance, the numbers 
2, 1-5, 1-42, 1-415, 1-4143, ... , 

1, 1-4, 1-41, 1-414, 1-4142, ... , 

form an upper and a lower set in which the squares of the terms 
in the lower are less than 2, and the squares of the terms in the 
upper are greater than 2. We can find a number in the upper 
set and a number in the lower set such that their squares differ 
from 2 by as little as we please.f 

Now form a lower class, as described above, containing all 
negative rational numbers, zero and all the positive rational 
numbers whose squares are less than 2; and an upper class 
containing all the positive rational numbers whose squares are 
greater than 2. Then every rational number belongs to one class 
or the other. Also every number in the lower class is less than 
every number in the upper. The lower class has no greatest 
number and the upper class has no smallest number. 

.5. When by any means we have obtained a division of all the 
rational numbers into two classes of this kind, the lower class 
having no greatest number and the upper class no smallest 
number, we create a new number defined by this division. We 
call it an irratiorud number, and we say that it is greater than 
all the rational numbers of its lower class, and less than all the 
rational numbers of its upper class. 

Such divisions are usually called tedions.X The irrational 
number ^2 is defined by the section of the rational numbers 
described above. Similar sections would define the irrational 
numbers iJZ, ijb, etc. The system of irrational numbers is 
given by all the possible divisions of the rational numbers into a 
lower class A and an upper class B, such that every rational 

•If a formal jaroof of thia sUtement ia needed, see DedeUnd, toe. c*., HnjiwK 
translation, p. 14, or Hardjr, Course of Pure Mathematke (0th ed., 1988), 6. 
fOfc Hardy, toe. et(., p. 8. 

{French, eoupwre; German, SeknOk 
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number is in one class or the other, the numbers of the lower 
class being less than the numbers of the upper class, while the 
lower class has no greatest number, and the upper class no smallest 
number. 

In other words, every irrational number is defined by its sec- 
tion (A, B). It may be said to ‘‘correspond*’ to this section. 

The system of rational numbers and irrational numbers 
together make up the system of real numbers. 

The rational numbers themselves ‘^o^rrespond*’ to divisions of rational 
numbers. 

For instance, take the rational nambi|r tn. In the lower class A put all 
the rational numbers less than m, and mitself. In the upper class B put all 
the rational numbers greater than m. ifehen m corresponds to this division 
of the rational numbers. | 

Extending the meaning of the term aemion, as used above in the definition 
of the irrational number, to divisions in| which the lower and upper classes 
have greatest or smallest numbers, we miy say that the rational number m 
corresponds to a rcUioncil section (A, B),t^ and that the irrational numbers 
correspond to irrational sections. When the rational and irrational numbers 
are defined in this way, and together form the system of real numbers, the 
real number which corresponds to the rational number m (to save confusion 
it is sometimes called the rationcU-real number) is conceptually distinct from 
w. However, the relations of magnitude, and the fundamental operations 
for the real numbers, are defined in such a way that this rational-real number 
htu^ no properties distinct from those of m, and it is usually denoted by the 
same symbol. 

6. Belfttiong of Magnitude for Beal Numbers. We have extended our 
conception of number. We must now arrange the system of real numbers 
in order; i.e. we must say when two numbers are equal or unequal to, greater 
or less than, each other. 

In this place we need only deal with cases where at least one of the numbers 
is irrational. 

An irrational number is never egual to a rational number. They are always 
different or unequal. 

Next, in § 6, we have seen that the irrational number given by the section 
(A, B) is said to be greater than the rational number m, when m is a member 
of the lower class A, and that the rational number m is said to be greater than 
the irrational number given by the section (A, B), when m is a member oi the 
upper class B. 

•The rational number m could correspond to two sections: the one named in 
the text, and that in which the lower class A contains all the rational numbers 
less than m, and the upper class B, m and all the rational numbers greater than m. 
To save ambiguity, one of these sections only must be chosen. 
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Two irrational numbersarecguoi, when they are both given by the same section. 
They are dijferent or unequal^ when they are given by different sections. 

The irrational number a given by the section (A, B) is greater than the 
irrational number a' ’given by the section (A", B'), when the class A contains 
numbers of the class IV. Now the class A has no greatest number* But if 
a certain number of the class A belongs to the class B^ all the numbers of A 
greater than this number also belong to The class A thus contains an 
infinite number of members of the class B', when a > a'. 

If a real number a is greater than another real number a\ then a* is less than a. 
It will be observed that the notation > , =, < is used in dealing with real 
numbers as in dealing with rational numbers. 

The real number is said to lie between the real numbers a and y, when 
one of them is greater than ft and the other less. 

With these definitions the system of real numbers is ordered. If we have 
two different real numbers, one of them is greater than the other; and if we 
have three real numbers such that a> ft and ft> y, then a> y. 

These definitions can be simplified when the rational numbers themselves 
are given by sections, as explained at the end of § 5. 

7. Between any two different rational numbers there is an infinite number 
of rational numbers. A similar property holds for the system of real numbers, 
as will now be shown: 

(I) Between any two different real numbers a, a' there are an infinite number 

of rational numbers. 

If a and a! are rational, the property is known. 

If a is rational and a' irrational, let us assume a > a. Let a' be given by 
the section (A^ B'). Then the rational number a is a member of the upper 
class B', and B' has no least number. Therefore an infinite number of 
members of the class B' are less than a. It follows from the definitions 
of § 5 that there are an infinite number of rational numbers greater than a' 
and less than a. 

A similar proof applies to the case when the irrational number a' is greater 
than the rational number a. 

There remains the case when a and a' are both irrational. Let a be given 
by the section (A, B) and a' by the section (A', B'). Also let a > a\ 

Then the class A of a contains an infinite number of members of the class 
B' of a'; and these numbers are less than a and greater than a'. 

A similar proof applies to the case when a < a\ 

The result which has just been proved can be made more general : 

(II) Between any two different real numbers there are an infinite number of 

irrational numbers. 

Let a, a' be the two given numbers, and suppose o < a'. 

Take any two rational numbers ft and ft\ such that a< ft < ft' If we 

can show that between ft and ft' there must be an irrational number, the 
theorem is established. 

Let i be an irrational number. If this does not lie between ft and ft\ by 
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adding to it a suitable rational number we can make it do so. For we can 
find two rational numbers m, n, such that m<i<n and (n - ni) is less than 
iff' - P). The number p-m + i is irrational, and lies between p and p\ 

8. Dedekind’s Theorem. We shall now prove a very im- 
portant property of the system of real^ numbers, which will be 
used frequently in the pages which follow. 

If the system of real numbers is divided into two classes A and B, 
in such a way that 

(i) each class contains at least offie number, 

(ii) every number belongs to one class or the other, 

(iii) every number in the lower class A is less than every number 

in the upper class B; f 
then there is a number a such that I 

every number less than a belongsHo the lower class A, and 

every number greater than a belies to the upper class B. 

The separating number a itself rhay belong to either class. 

Consider the rational numbers iii A and B. 

These form two classes— e.jf. A' and B' — such that every rational 
number is in one class or the other, and the numbers in the lower 
class A' are all less than the numbers in the upper class B'. 

As we have seen in § 4, three cases, and only three, can arise. 

(i) The lower class A* can have a greatest number m and the upper 

class jB' no smallest number. 

The rational number m is the number a of the theorem. For 
it is clear that every real number a less than m belongs to the 
class A, since w is a member of this class. Also every real number 
b, greater than m, belongs to the class B. This is evident if b is 
rational, since b then belongs to the class B', and B' is part of B. 
If h is irrational, we can take a rational number n between m and b. 
Then n belongs to B, and therefore b does so also. 

(ii) The upper class B' cun have a smallest number m and the 

lower class A* no greatest number. 

It follows, as above, that the rational number m is the number 
a of our theorem. 

(iii) The lower class A' can have no greatest number and the upper 

class B' no smallest number, 

•It will be observed that the system of rational numbers does not possess this 
property. 
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Let m be the irrational number defined by this section (A^ B'). 
Every rational number less than m belongs to the class A, and 
every rational number greater than m belongs to the class B. 

We have yet to show that every irrational number less than m 
belongs to the class A, and every irrational number greater than 
m to the class B. 

But this follows at once from § 6. For if m' is an irrational 
number less than m, we know that there are rational numbers 
between m and These belong to the class A, and therefore 
m' does so also, 

A similar argument applies to the case when m' > w. 

In the above discussion the separating number a belongs to 
the lower class, and is rational, in case (i); it belongs to the upper 
class, and is again rational, in case (ii); it is irrational, and may 
belong to either class, in case (iii). 

9. The Linear Ciontinuum. Dedekind’s Axiom. We return now 
to the straight line i of § 3, in which a definite point 0 has been 
taken as origin and a definite segment as the unit of length. 

We have seen how to effect a correspondence between the 
rational numbers and the ‘‘rational points’’ of this line. The 
“rational points” are the ends of segments obtained by marking 

1 1 1 

0 1 A 

FlO. 2. 

off from 0 on the line lengths equal to multiples or sub-multiples 
of the unit segment, and the numbers are the measures of the 
corresponding segments. 

Let OA be a segment incommensurable with the unit segment. 
The point A divides the rational points of the line into two classes, 
such that all the points of the lower class are to the left of all the 
points of the upper class. The lower class has no last point, and 
the upper class no first point. 

We then say that A is an irrational point of the line, and that 
the measure of the segment OA is the irrational number defined 
by this section of the rational numbers. 

Thus to any point of the line L corresponds a real number, 
and to different points of the line correspond different real 
numbers. 
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There remains the question — To every real number does there 
correspond a point of the line ? 

For all rational numbers we can answer the question in the 
affirmative. When we turn to the irrational numbers, the question 
amounts to this: If all the rational points of the line are divided 
into two classes^ a lower and an upper ^ so that the lower class has no 
last point and the upper class no first point, is there one, and only 
one, point on the line which brings about this separation ? 

The existence of such 8 point o|i the line cannot be proved. 
The assumption that there is one, alpid only one, for every section 
of the rational points is nothing lesi than an axiom by means of 
which we assign its continuity to th| line. 

This assumption is Dedekind’s 4|Lxiom of Continuity for the 
line. In adopting it we may now Isay that to every point P of 
the line corresponds a number, ratia^l or irrational, the measure 
of the segment OP, and that to every r0al number corresponds a point 
P of the line, such that the measure of OP is that number. 

The correspondence between the points of the line L (the linear 
continuum) and the system of real numbers (the arithmetical con- 
tinuum) is now perfect. The points can be taken as the images 
of the numbers, and the numbers as the signs of the points. In 
consequence of this perfect correspondence, we may, in future, use 
the terms number and point in this connection as identical. 

10. The Development of the System of Beal Numbers. It is 
instructive to see how the idea of the system of real numbers, 
as we have described it, has grown.* The irrational numbers, 
belonging as they do in modern arithmetical theory to the realm 
of arithmetic, arose from the geometrical problems which required 
their aid. They appeared first as an expression for the ratios of 
incommensurable pairs of lines. In this sense the Fifth Book of 
Euclid, in which the general theory of Ratio is developed, and the 
Tenth Book, which deals with Incommensurable Magnitudes, may 
be taken as the starting point of the theory. But the irrationalities 
which Euclid examines are only definite cases of the ratios of 
incommensurable lines, such as may be obtained with the aid of 
ruler and compass; that is to say, they depend on square roots 


♦Cf. Pringsheim, ^Trrationzahlen u. Konyergenz unendlicher ProzeBse/* Enc, 
d, math, Wia$,, Bd. I, Tl. I, p. 49 et aeq, (Leipzig, 1898). 
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alone. The idea that the ratio of any two such incommensurable 
lines determined a definite (irrational) number did not occur to 
him, nor to any of the mathematicians of that age. 

Although there are traces in the writings of at least one of 
the mathematicians of the sixteenth century of the idea that 
every irrational number, just as much as every rational number, 
possesses a determinate and unique place in the ordered sequence 
of numbers, these irrational numbers were still considered to 
arise only from certain cases of evolution, a limitation which is 
partly due to the commanding position of Euclid's methods in 
Geometry, and partly to the belief that the problem of finding 
the n*** root of an integer, which lies between the »•''* powers of 
two consecutive integers, was the only problem whose solution 
could not be obtained in terms of rational numbers. 

The introduction of the methods of Coordinate Geometry by 
Descartes in 1637, and the discovery of the Infinitesimal Calculus 
by Leibnitz and Newton in 1684-7, made mathematicians regard 
this question in another light, since the applicability of number 
to spatial magnitude is a fundamental postulate of Coordinate 
Geometry. “The view now prevailed that number and quantity 
were the objects of mathematical investigation, and that the two 
were so similar as not to require careful separation. Thus 
number was applied to quantity without any hesitation, and, 
conversely, where existing numbers were found inadequate to 
measurement, new ones were created on the sole ground that 
every quantity must have a numerical measure.”* 

It was reserved for the mathematicians of the nineteenth 
century— notably Weierstrass. Cantor, Dedekind and Heine— to 
establish the theory on a proper basis. Until their writings 
appeared, a number was looked upon as an expression for the 
result of the measurement of a line by another which was 
regarded as th». imit of length. To every segment, or, with the 
natural modification, to every point, of a line corresponded a 
definite number, which was either rational or irrationalj and by 
the term irrational number was meant a number defined by an 
infinite set of arithmetical operations [e.g. infinite decimals or 
continued fractions). The justification for regarding such an 

♦Cf. Bussell, Prineiplea of Malhematica ( 1903 ), Ch. XIX, 417 . 
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unending sequence of rational numbers as a definite number was 
considered to be the fact that this system was obtained as the 
equivalent of a given segment by the aid of the same methods of 
measurement as those which gave a definite rational number for 
other segments. However it does not in any way follow from 
this that, conversely, any arbitrarily given arithmetical represen- 
tation of this kind can be regarded in the above sense as an 
irrational number; that is to say, that we can consider as evident 
the existence of a segment which would produce by suitable 
measurement the given arithmetical representation. Cantor* 
has the credit of first pointing out that the assumption that a 
definite segment must correspond to every such sequence is 
neither self-evident nor does it admit of proof, but involves an 
actual axiom of Geometry. Almost at the same time Dedekind 
showed that the axiom in question ^r more exactly one which is 
equivalent to it) gave a meaning,! which we can comprehend, 
to that property which, so far without any sufficient definition, 
had been spoken of as the continuity of the line. 

To make the theory of number independent of any geometrical 
axiom and to place it upon a basis entirely independent of 
measurable magnitude was the object of the arithmetical theories 
associated with the names of Weierstrass, Dedekind and Cantor. 
The theory of Dedekind has been followed in the previous pages. 
Those of Weierstrass and Cantor, which regard irrational 
numbers as the limits of convergent sequences, may be deduced 
from that of Dedekind. In all these theories irrational numbers 
appear as new numbers, to each of which a definite place in the 
domain of rational numbers is assigned, and with which we can 
operate according to definite rules. The ordinary operations of 
arithmetic for these numbers are defined in such a way as to be in 
agreement with the ordinary operations upon the rational numbers. 
They can be used for the representation of definite quantities, and 
to them can be ascribed definite quantities, according to the axiom 
of continuity to which we have already referred. 


*Math. Annakn, 5 ( 1872 ), 127 . 
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CHAPTER II 


INFINITE SEQUENCE AND SERIES 

11. Infinite Aggregates. We areUccustomed to speak of the 
positive integral numbers, the primtf numbers, the integers which 
are perfect squares, etc. These arq all examples of infinite sets 
of numbers or sets which have more |han a finite number of terms. 
In mathematical language they are termed aggregates, afid the 
theory of such infinite aggregates forms an important branch of 
modern pure mathematics.* 

The terms of an aggregate are all different. Their number 
may be finite or infinite. In the latter case the ag^egates are 
usually called infinite aggregates, but sometimes we shall refer to 
them simply as aggregates. After the discussion in the previous 
chapter, there will be no confusion if we speak of an aggregate 
of points on a line instead of an aggregate of numbers. The 
two notions are identical. We associate with each number the 
point of which it is the abscissa. It may happen that, however 
far we go along the line, there are points of the aggregate further 
on. In this case we say that it extends to infinity. An aggregate 
is said to be hounded on the right, or bounded abwe, when there is 

*Cantor may be taken w the founder of this theory, which the Germane call 
MengenUhre. In a series of papers published from 1870 onward he showed its 
importance in the Theory of Functions of a Real Variable, and especially in 
the rigorous discussion of the conditions for the development of an arbitraiy 
function in trigonometric series. 

Reference may be made to the standard treatise on the subject by W. H. and 
Grace Chisholm Young, Thtory of StU of Points (1906), and to the earlier chapters 
of Hobson’s Theory of Fmtetions of a Real Forfoile, Vol. I, already cited. 

The most recent book on the subject, from the advanced point of view, is 
Mengenlehre, by HausdorS (2 Aufl., Berlin, 1927). 

3.3 
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no point of it to the right of some fixed point. It is said to be 
bounded on the left, or bo^inded below, when there is no point of it to 
the left of 3 ome fixed point. The aggregate of rational numbers 
greater than zero is bounded on the left. The aggregate of 
rational numbers less than zero is bounded on the right. The 
aggregate of real positive numbers less than unity is bounded 
above and below; in such a case we simply say that it is bounded. 
The aggregate of integral numbers is unbounded. 

12. The Upper and Lower Bounds of an Aggregate. When 
an aggregate (£')* is hounded on the right, there is a number M which 
possesses the following properties: 

no number of (E) is greater than M; 

however small the positive number e may be, there is a number 
of (E) greater than M -e. 

We can arrange all the real numbers in two classes, A and B, 
relative to the aggregate. A number x will be put in the class A 
if one or more numbers of {E) are greater than x. It will be put 
in the class B if no number of (E) is greater than x. Since the 
aggregate is bounded on the right, there are members of both 
classes, and any number of the class A is smaller than any 
number of the class B. 

By Dedekind’s Theorem (§ 8) there is a number M separating 
the two classes, such that every number less than M belongs to 
the class A, and every number greater than M to the class B. We 
shall now show that this is the number M of our theorem. 

In the first place, there is no number of {E) greater than M, 
For suppose there is such a number M -\^h (A>0). Then the 
number which is also greater than M, would belong to 

the class A, and M would not separate the two classes A and B. 

In the second place, whatever the positive number € may be, the 
number M — i belongs to the class A. It follows from the way 
in which the class A is defined that there is at least one number 
of {E) greater than M-e. 

This number M is called the upper hound of the aggregate {E), 
It may belong to the aggregate. This occurs when the aggregate 

♦This notation is convenient, the letter E being the first letter of the French 
term ensemble. 
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contains a finite number of terms. But when the aggregate 
contains an infinite number of terms, the upper bound need not 
belong to it. For example, consider the rational numbers whose 
squares are not greater than 2. This aggregate is bounded on 
the right, its upper bound being the irrational number which 
does not belong to the aggregate. On the other hand, the aggre- 
gate of real numbers whose squares are not greater than 2 is also 
bounded on the right, and has the same upper bound. But 
belongs to this aggregate. 

K the upper bound M of the aggregate {E) does not belong to 
it, there must be an infinite numl^er of terms of the aggregate 
between M and M-e, however small the positive number «• may 
be. If there were only a finite nun^er of such terms, there would 
be no term of (E) between the greatest of them and M, which is 
contrary to our hypothesis. | 

It can be shown in the same way that when an aggregate (E) 
is hounded on the left, there is a number m possessing the following 
properties: 

ru> number of (E) is smaller than m; 

however small the positive number e may be, there is a number 
of (E) less than m -l-t. 

The number m defined in this way is called the lower bound 
of the aggregate (E). As above, it may, or may not, belong to 
the aggregate when it has an infinite number of terms. But when 
the aggregate has only a finite number of terms it must belong 
to it. 

13. T.iTwitiTig Points of an Aggregate. Consider the aggregate 


There are an infinite nrunber of points of this aggregate in any 
interval, however small, extending from the origin to the right. 
Such a point, round which an infinite number of points of an 
aggregate cluster, is called a limiting point* of the aggregate. 
More definitely, a will be a limiting point of the aggregate {E) if, 
however mall the positive number e may be, there is in (E) a point 
other than a whose distarux from a is less than e. If there be one 

*i^ah, point ImiUi Germui, H&viiingtpimH. 
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such point within the interval (a ~ e, a H-e),. there will be an infinite 
number, since, if there were only n of them, and were the 
nearest to a, there would not be in (J?) a point other than a whose 
distance from a was less than |a - 0^1** In that case a would not 
be a limiting point, contrary to our hypothesis. 

An aggregate may have more than one limiting point. The 
rational numbers between zero and unity form an aggregate with 
an infinite number of limiting points, since every point of the 
segment (0, 1) is a limiting point. It will be noticed that some of 
the limiting points of this aggregate belong to it, and some, namely 
the irrational points of the segment and its end-points, do not. 

In the example at the beginning of this section, 

1 1 1 1 
2’ 3’ 

the lower bound, zero, is a limiting point, and does not belong to 
the aggregate. The upper bound, unity, belongs to the aggregate, 
and is not a limiting point. 

The set of real numbers from 0 to 1, inclusive, is an aggregate 
which is identical with its limiting points. 

14. Weierstrass’s Theorem. An infinite aggregate, hounded above 
and below, ha? at least one limiting point. 

Let the infinite aggregate {E) be bounded, and have M and m 
for its upper and lower bounds. 

We can arrange all the real numbers in two classes relative to 
the aggregate (IS). A number x will be said to belong to the class A 
when an infinite number of terms of {E) are greater than x. It 
will be said to belong to the class (B) in the contrary case. 

Since m belongs to the class A and Jtf to the class B, there are 
numbers of both classes. Also any number in the class A is less 
than any number in the class B. 

By Dedekind ’s Theorem, there is a number p separating the two 
classes. However small the positive number t may be, //-e 
belongs to the class A, and p to the class B. Thus the interval 
contains an infinite number of terms of the aggregate. 

Hence p is a limiting point. 

♦It is usual to denote the difference between two real numbm a and b, 
positive, by (o - 6|, and to coll it the abtduU value or modulus ot(a-b) Witii *>■»« 
notation |»+y| g |*| + \y\, |*y| = |*||y|. ““ 
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As will be seen from the example of § 13, the bounds M and m 
may be limiting points. 

An infinite aggregate, when unbounded, need not have a limiting 
point; e.g. the set of integers, positive or negative. But if the 
aggregate has an infinite number of points in an interval of finite 
length, then it must have at least one limiting point. 


15. Convergent Sequences. We speak of an infinite sequence 
of numbers u, iu u ii 

when some law is given according to which the general term 
may be written down. 

The sequence Ui, u^, Mj,!... 

is said to be convergenl and to have thi limit A, when, by indefinitely 
increasing n, the difference between A find u„ becomes, and thereafter 
remains, as small as we please. , 

This property is so fundamental Ipat it is well to put it more 
precisely, as follows: The sequence is said to be convergent and to 
have the limit A, when, any positive nunAer e having been chosen, 
as small as we please, there is a positive integer v such that 
I A - «„| < f, provide that n S v. 

For example, the sequence 


1 , 


1 

2 ’ 


1 1 


3’ 


has the limit zero, since 1/n is less than e for all values of n greater 
than 1/e. 

The notation that is employed in this connection is 

lim u„=A, 

«-^ao 

and we say that as n tends to infinity^ hm the limit A.^ 

The letter e is usually employed to denote an arbitrarily small 
positive number, as in the above definition of convergence to a 
limit as n tends to infinity. Strictly speaking, the words as small 
as we please are unnecessary in the definition, but they are inserted 
as making clearer the property that is being defined. 

We shall very frequently have to employ the form of words 
which occurs in this definition, or words analogous to them, and 


*The phrase ** tends to the limit Awn tends to infinity*' is also used. 
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the beginner is advised to make himself familiar with them by 
formally testing whether the following sequences are convergent 
or not : 

(а) 1, 2^ (c) 1, 1 +2, 1 +2 +^> ••• • 

(б) 1, J,.... id) 1, -1, 1. -1 

A sequence cannot converge to two distinct limits A and B, 
If this were possible, let €<i\A-B\, Then there are only a 
finite number of terms of the sequence outside the interval 
(A -c, A +e), since the sequence converges to the value A, This 
contradicts the statement that the sequence has also the limit J5, 
for we would only have a finite number of terms in the interval 
of the same length with B as centre. 

The application of the test of convergency contained in the 
definition involves the knowledge of the limit A, Thus it will 
frequently be impossible to use it. The required criterion for 
the convergence of a sequence, when we are not simply asked to 
test whether a given number is or is not the limit, is contained 
in the fundamental general principle of convergence: — * 

A necessary and sufficient condition for the existence of a limit 
to the sequence u^, Wg, ... 

is that a positive integer v exists such that becomes as 

small as we please when n^v, for every positive integer p. 

More exactly: 

A necessary and sufficient condition for the existence of a limit 
to the sequence Wg, ... 

is that, if any positive number e has been chosen, as small as we 
please, there shall be a positive integer v such that 

l^n+j» " '^nl < '^hen n v, for every positive integer p. 

We shall first of all show that the condition is necessary, i.c. if 

♦This is one of the most important theorems of analysis. In the words of 
Pringsheim, “Dieser Satz, mit seiner tJbertragung auf beliebige (z.B. stetige) 
Zahlenmengen — ^von du Bois-Reymond als das 'aUgemtine Convergenzprimip' 
bezeiohnet (AUg. Funct.-Theorie, pp., 6, 260) — ist der eigentliche FundamerUalaaJtz 
der gesamten Analysis und sollte mit gentigender Betonung seines fundamentalen 
Characters an der Spitze jedes rationellen Lehrbuches der Analysis stehen,** 
he, cii., Enc, d, math, Wiss, p. 66. 
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the sequeuce converges, this condition is satisfied; secondly that, 
if this condition is satisfied, the sequence converges; in other 
words, the condition is sufficient. 

(i) The condition is necessary. 

Let the sequence converge to the limit A. 

Having chosen the arbitrary positive number e, then take Je. 

We know that there is a positive integer v such that 
\A-u„\<l€, when n^v. 

But (Mn+, -Wn) = {«»+*- -4) 

Therefore \u„+,-u„\s\u„^-A\ +\A-u„\ 

< ^6 + If, 

if n g K, for every positive integer p, 

; 

(ii) The condition is sujficient. 

We must examine two cases; firstj when the sequence contains 
an infinite number of terms equal to one another; second, when 
it does not. 

(а) Let there be an infinite number of terms equal to A. 

Then, if 

l“n+p ” w„l < f, when n^v, and p is any positive integer, 
we may take u„^^=A for some value of p, and we have 
\A when ngv. 

Therefore the sequence converges, and has A for its limit. 

(б) Let there be only a finite number of terms equal to one 
another. 

Having chosen the arbitrary positive number e, then take Je. 

We know that there is a positive integer N such that 

- Mnl <if. when n g N, for every positive integer p. 

It follows that we have 

when n^N. 

Therefore all the terms of the sequence 

••• 

lie within the interval whose end-points are Uy - Je and Uy 

There must be an infinite number of distinct terms in this 
sequence. Otherwise we would have an infinite number of terms 
equal to one another. 
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Consider the infinite aggregate {E) formed by the distinct 
terms in i/j, Ws, ••• • 

This aggregate is bounded and must have at least one 
limiting point A within, or at an end of, the above interval. 
(Cf.§14.) 

There cannot be another limiting point A', for if there were 
we could choose e equal to ^\A - A'\ say, and the formula 

|w«+p - «n| <e> when n ^ v, for every positive integer p, 
shows that all the terms of the sequence 


«!• «s. «s. — . 

except a finite number, would lie within an interval of length 
i\A-A'l. This is impossible if A, A' are limiting points of the 
aggregate. 

Thus the aggregate (£) has one and only one limiting point A. 
We shall now show that the sequence 


Ml, Mj, «8, — 

converges to i4 as n tends to oo . 

We have m„-/1 = (m„-mj,)+(mjv-.4). 

Therefore \Un-A\^\Un-uii\+\ut,-A\ 

< + i®, when n^N, 

< ®, when nsiV. 

Thus the sequence converges, and has A for its limit. 

We have therefore proved this theorem: 

A necessary and sufficient condition for the convergence of the 
s^^enee 

is that, to the arbitrary positive number e, there shaU correspond a 
positive integer v such that 

|Mn+, “ M„| <6, when n g v,for every positive integer p. 

It is easy to show that the above condition may be replaced by the 
following; 

In order that the sequence 


may converge, it is necessary and evfficient that, to the arbitrary positive number e, 
there shall correspond a positive integer n sudt that 

l^n+e ~ M«l < efor every positive integer p. 

It is clear that if the sequence converges, this condition is satisfied by n s v. 
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Further, if this condition is satisfied, and c is an arbitrary positive number, 
to the number there corresponds a positive intef^er n such that 

Jc for every positive integer p* 

But + 

< 4* + 4*» p" «« any positive integers. 

Therefore the condition in the text is also satisfied, and the sequence con 
verges. 

16 . Divergent and Osdllatoiy Sequences.* When the sequence 

••• 

does not converge, several different oases arise. 

(i) In the first place, the terms giay have the property that 
if any positive number A, however, large, is chosen, there is a 

positive integer v such that . 

> 

u„>A, when|ngv. 

In this case we say that the sequence is divergent, and that it 
diverges to + oo , and we write this 

lim M„= +«c. 

»!-►«» 

(ii) In the second place, the terms may have the property that 
if any negative number - ^ is chosen, however large A may be, 
there is a positive integer v such that 

Un<-A, when n^v. 

In this case we say that the sequence is divergerd, and that it 
diverges to -co ^ and we write this 

lim u„= “OO. 

The terms of a sequence may all be very large in absolute value, 
when n is very large, yet the sequence may not diverge to + oo or 
to - 00 . A sufficient illustration of this is given by the sequence 
whose general term is ( - l)"n. 

After some value of n the terms must all have the same sign, 
if the sequence is to diverge to + oo or to “ oo , the sign being 
positive in the first alternative, and negative in the second. 

(iii) When the sequence does not converge^ and does not diverge 
to +00 otto - CO y it is said to oscillate. 

*Iii the first edition of this book, the term divergent was used as meaning 
merely not convergent. In this edition the term is applied only to the case of 
divergence to + oo or to ~ oo , and sequences which oscillate infinitely are placed 
among the oscillatory sequences. 
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An oscillatory sequence is said to oscillate finitely, if there is 
a positive number A such that |w„|<-4,/or all values of n\ and it 
is said to oscillate infinitely when there is no such number. 

For example, the sequence whose general term is ( - 1)” oscillates 
finitely; the sequence whose general term is (~l)"n oscillates 
infinitely. 

We may distinguish between convergent and divergent se- 
quences by saying that a convergent sequence has a finite limit, 
i.e. lim Un = A, where 4 is a definite number; a divergent sequence 

n— 

has an infinite limit, i.e. lim H-oo or lim u^^ - oo . 

n— »>Qo n~»>ao 

But it must be remembered that the symbol oo , and the terms 
infinite, infinity and tend to infinity, have purely conventional 
meanings. There is no number infinity. Phrases in which the 
term is used have only a meaning for us when we have previously, 
by definition, attached a meaning to them. 

When we say that n tends to infinity, we are using a short and 
convenient phrase to express the fact that n assumes an endless 
series of values which eventually become and remain greater than 
any arbitrary (large) positive number. So far we have supposed n, 
in this connection, to advance through integral values only. This 
restriction will be removed later. 

A similar remark applies to the phrases divergence to -\-co or 
to - ^ , and oscillating infinitely, as well as to our earlier use of 
the terms an infinite number, infinite sequence and infinite aggre- 
gates. In each case a definite meaning has been attached to the 
term, and it is employed only with that meaning. 

It is true that much of our work might be simplified by the 
introduction of new numbers + oo , — oo , and by assuming the 
existence of corresponding points upon the line which we have 
used as the domain of the numbers. But the creation of these 
numbers, and the introduction of these points, would be a matter 
for separate definition. 

17. 1. Monotonic Sequences. If the terms of the sequence 

u^, ^^ 2 > W 3 , ... 

satisfy either of the following relations 

^ W'2 ^ ^8 • • • ~ . • . 

^ ^ ^2^ U^ ... ^ ... , 

the sequence is said to be monotonic. 



16-17. 2] INFINITE SEQUENCES AND SERIES 


43 


In the first case, the terms never decrease, and the sequence may 
be called monotonic increasing', in the second case, the terms never 
increase, and the sequence may be called monotonic decreasing* 
Obviously, when we are concerned with the convergence or 
divergence of a sequence, the monotonic property, if such exist, 
need not enter till after a certain stage. 

The tests for convergence or divergence are extremely simple in 
the case of monotonic sequences. 

If tiu sequence u^, u^, ... 

is monotonic increasing^ and its terms are all less than some fixed 
number B, the sequence is convergent and has for its limit a number 
p such that Un^ P B for every positive integer n. 

Consider the aggregate formed by (jistinct terms of the sequence. 
It is bounded by u^ on the left andfby B on the right. Thus it 
must have an upper bound P (cf. §12) equal to or less than B, 
and, however small the positive number r may be there will be a 
term of the sequence greater than - f . 

Let this term be u^. Then all the terms after are to the 
right of /S - € and not to the right of p. If any of them coincide 
with p, from that stage on the terms must be equal. 

Thus we have shown that 

Ii8--Wni<e, when n^v, 

and therefore the sequence is convergent and has P for its limit. 
The following test may be proved in the same way : 

If the sequence Mj, u^, u^, ... 

is monotonic decreasing, and its terms are all greater than some fixed 
number A, then the sequence is convergent and has for its limit a 
number a such that Un^oL^ d for every positive integer n. 

It is an immediate consequence of these theorems that a mono- 
tonic sequence either tends to a limit or diverges to H- oo or to ~ oo . 

17. 2. The Upper and Lower Limits of Indetermination of a Bounded Sequence. 

Let iq, ... be a sequence, bounded above and below. 

Let My be the upper bound of Uy, ?/*, Wj, ^ 4 , ... , 

and be the upper bound of Wj, Wg. U 4 , ... , 

and so on. 

♦The words steadily increasing and steadily decreasing are sometimes employed 
in this connection, and when none of the terms of the sequence are equal, the 
words in the stricter sense are added. 
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Similarly let m,, m2, m3, ... be the lower bounds of the corresponding 
sequences. 

Then if, ^ ilf* = if a g ~ m^. 

Thus lim exists (§ 17. 1.). 
n-^oo 

Let this limit be A. 

To the arbitrary positive number € there corresponds a positive integer 
such that 

A < A + €, when n g i/. 

But My is the upper bound of Uy, ... # 

Therefore ^ My, when n g v. 

Thus < A + c, when 

Also at least one of the set Uy, Uy^^, Uy ^^, ... (say w.v) is greater than My - c, 
and thus greater than A - c. 

Take v' a positive integer > N. 

Then A^My'^My. 

And at least one (say «v0 of the set Uy% Uy*^^, Uy \^^, ... is greater than A ~ e. 

In this way we have the infinite set 

„ , , “Wa* «^a', Us 

all greater than A ~ c. 

We have thus shown that there is a number A associated with the bounded 
sequence Mj, Wj, W3 ... which has the following properties : 0 

If e i 8 an arbitrary positive number, u^ < A e, far aU positive integers greater 
than a definite integer depending on c; and u^> A -€, for an infinite number of 
positive integers. 

Similarly for the lower bounds m^, m2, m3, we see that lim m,^ exists. 

n— 

Denoting this limit by A, we have the corresponding result; > A - c, for 
all values of n greater than a defiriite value depending one-, and it„ < A + «, for 
an infinite number of values of n. 

The numbers A and A are called the upper and lower limits of indeterminatwn 
of the sequence,* and we write 

A=limit„, A=lini 

^—►00 fl^^QO 

It IS clear that A g A. 

17. 3. Lei u^, Mj, ... , Vi, Vg, V3, ... 6e sequences of positive terms, the first 
sequence b^ng hounded above, and in the second lim being equal to unity. 

Then fim (u„?f„} =lim u„. 

fl-^OO li- 
lt is clear that as u^, Ug, Ug, are positive and the sequence u^, u^, ... is 

hounded above, the sequence of positive terms u^Vi, UjU,, u^v ^, ... is bounded 
above. 

•French : la plus grande limiU and la plus petite limite, or limites d'indetermina^ 
tton. German : obere and untere Unbestimmtheitsgrenze. Other terms are used; 
e.g. o6erc (untere) Hdu/ungsgrenze ; oberes (unteres) limes; and limes superior 
(tnfertcr). ^ 
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H possible, let lim (»„»„) =/x'> =lim 

n-^oo 

Take 2€=ft'-/A, and let the upper bound of Wj, w,, ... be K. 

Since lim there is a positive integer such that 

Thus - uj = |«,|Io, - 1 1 < A X 2 ^ < J(, when n S v,. 

Therefore when n ^ 

But since lim there is a positive integer r,, such that 

< /Ut + when n ~ i/,. 

Therefore < /x 4 - c, whan n S r, 

where r is the larger of the integers and ik^. 

But since lim (u^v^) =/a', we know that uLv^^ > jjl' -e, for an infinite number 

n-^oo . 

of values of ti. [ 

Therefore cannot be greater than fi, \ 

Similarly it can be shown that fi' is noi l^Bs than //. 

Hence and the theorem is proved. - 

17. 4. (i) If the sequence Wj, ... convenes, then lim =lim —lim 

n->eo n— n-*-® 

Since ... converges, it must be a bounded sequence, and lim 

lim both exist. 

n-4-« 

We have to show that they are equal to lim u^. 

n— Hjo 

Let lim limi4„=A, and lim 14,, = A. 

!!—»>« n-^ 

If possible, let A > Z, and take 2e=A~l. 

Then there is a positive integer v, such that 

<l -I- €, when n ^ 

But we are given that i4„ > A - c, for an infinite number of values of n. 
These two inequalities cannot both be true. 

Thus A cannot be greater than L 

In a similar way we can show that A; cannot be less than U 
But AiA. 

Therefore we must have A = A = 1. 

(ii) Conversely, if the upper and lower limits of indeiermination of the bounded 
sequence i4j, i 4 j, i 4 j, ... are equal, then the sequence converges to their common 
value. 

We are given that 

lim i4„=A=A=^ i4„. 

n— 

Thus, to the arbitrary positive number c, there corresppnd positive integers* 
V, and v„ such that «, < A + «, when » S i-„ 

u,>A-€, when n^v^, 
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Hence |«b - A| < «, when n^y, 

when y is the larger of the two positive integers and i/,. 

Thus lim = Um =lim 

n-<>oo n— NX) n— ►« 

(iii) With this notation it is easy to establish the general principle of con- 
vergence (p. 38), namely that a necessary and sufficient condition for the exist- 
ence of a limit to the sequence u^ ... is that, if any positive number e has 

been chosen, as mall as we please, there shall he a positive integer v, such that 
Kn+i> ~ ^nl ^ when n^ v and p is any positive integer. 

liiere is no difficulty in showing that this condition is necessary for the 
convergence of the sequence. (Cf. p. 39.) 

The difficulty in our former proof was to show that the condition was 
sufficient. 

But, it is clear that with this condition, the sequence Uj, u^, ... is bounded. 


Its upper and lower limits of indetermination therefore exist. 

With the same notation as before, let A and A be unequal. 

Take 2e=A-A. 

There is a positive integer v, such that 

l^n+p ““fil < when v and p=^\, 2, 3 (1) 

But < A + Je, for an infinite number of values of n (2) 

And > A - Jc, for an infinite number of values of n (3) 


Let v\ v'* be the first positive integers greater than v which satisfy (2) and 
(3) respectively. 

Then \uv'-Uv'\> €, contrary to (1). 

Therefore A and A are equal, and by (ii) lim u^ exists. 

n-Mo 

18. Let Ai, A 2 , A^, ... be an infinite set of closed intervals, each 
lying entirely within the preceding, or lying within it and having 
with it a common end-point; also let the length of A ^ tend to zero 
as n tends to infinity. Then there is one, and only one, point which 
belongs to all the intervals, either as an internal point of all, or, from 
and after a definite stage, as a common end-point of all, 

— I 1 1 \ 1 1 1 1 

a p b„ b, 

Fxo. 3. 

Let the representative interval ^4^ be given by 

an^x^b„. 

= ®2 = ®3 ••• < bi, 

b, b, = b, ... 


Tlien we have 
and 
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Thus the sequence of end-points 

(^) 

has a limit, say a, and a„ for every positive integer n (§ 17. 1). 
Also the sequence of end-points 

(^) 

has a limit, say / 8 , and p for every positive integer n (§ 17. 1). 


Now it is clear that, under the given conditions, P cannot be 
less than a. 

Therefore, for every value of n, 

bn-a^>p-a=^0. 

But lim (fe„-an)= 0 . 

n— *-ao 

It follows that a =j 8 .* 

Therefore this common limit of the# sequences (1) and (2) satisfies 
the inequalities ^ 

flt„ = a ^ 6 „ for every positive integer n, 

and thus belongs to all the intervals. 

Further, no other point {e.g. y) can satisfy a„^ y ^b„ for all 
values of n. 

Since we would have at the same time 

lim On^y and lim b„ S y, 

n— ►« 

which is impossible unless y = a. 

19. The Sum of an Infinite Series. 

Let Wj, U2t ••• 

be an infinite sequence^ and let the successive sums 

be formed. 

If the sequence s^, S 2 , ^ 3 , ... 

is convergent and has the limit s, then s is called the sum of the infinite 
series + W 2 + Wg -f . . . 

and this series is said to be convergent. 


*Thi8 result also follows at once from the fact that, if lim Ofi— -a and lixn 
then lim (a^i - 6^) = a - /3. (Cf. § 26, Theorem I.) 
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It must be carefully noted that what we call the sum of the 
infinite series is a limit, the limit of the sum of n terms of 

Mi+Mj+«8+-- . 

as n tends to infinity. Thus we have no right to assume without 
proof that familiar properties of finite sums are necessarily true 
for sums such as s. 

When lim = + oo or lim s„= - ao , we shall say that the 

n-^oo n-»>ao 

infinite series is divergent^ or diverges -f oo or - oo , as the case 
may be. 

If $n does not tend to a limit, or to + oo or to - oo , then it 
oscillates finitely or infinitely according to the definitions of these 
terms in § 16. In this case we shall say that the series oscillates 
finitely or infinitely* 

The conditions obtained in § 15 for the convergence of a sequence 
allow us to state the criteria for the convergence of the series in 
either of the following ways: 

(i) The series converges and has s for its sum, if, any positive 
number e having been chosen, as small as we please, there is a positive 
integer v such that •— 5,ij <C e, when n^ v, 

(ii) A necessary and sufficient condition for the convergence of 
the series is that, if any positive number e has been chosen, as small 
as we please, there shall be a positive integer v such that 

\^n+p ^nl < when n g: v, for every positive integer 
It is clear that, if the series converges, lim This is con« 

n-*-ao 

tained in the second criterion. It is a necessary condition for 
convergence, but it is not a sufficient condition; e,g, the series 

1 J +§ + ••• 

is divergent, though lim u^ = 0. 

n-4.00 

If we denote 

the above necessary and sufficient condition for convergence of 
the series may be written 

\pRn \ < when n'^v, for every positive integer p. 


*Cf. footnote, p. 41. 

fAe remarked in § 15, this condition cbxi be replaced by: To the arbitrary 
positive number c there must correspond a positive integer n such that 
Mfi+p-^nl<«/er every positive integer p. 
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Again, if the aeries H-Uj + 1(3 + ... 

converges and has a for its sum, the series 

**n+l + ^n+t + M„+3 + . . . 

converges and has s - s^for its sum. 

For we have «n+,=Sn +,^». 

Also keeping n fixed, it is clear that 

lims„+,as«. 

Therefore lim (p 22 „) = ^ 

►« 

Thus if we write for the sum ol the series 


Wft+i +^n+2 ■!"••• > 

we have 

The first criterion for convergencmcan now be put in the form 
|^n|<f» whe4 

R^ is usually called the remainder of the series after n terms, 
and pjRn> or ^ partidl remainder. 


20. Series whose Terms are all Positive. 

Let Wj-ht/g+Ws-f... 

be a series whose terms are all positive. The sum of n terms of this 
series either tends to a limit, or it diverges to ^-oo . 

Since the terms are all positive, the successive sums 


form a monotonic increasing sequence, and the theorem stated 
above follows from § 17. 1. 

When a series whose terms are all positive is convergent, the series 
we obtain when we take the terms in any order we please is also 
convergent and has the same sum. 

This change of the order of the terms is to be such that there 
will be a one-one correspondence between the terms of the old 
series and the new. The term in any assigned place in the one 
series is to have a definite place in the other, 
c.i. n 
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Let 


Sj — Wj, 

S3 = Mi+M2+M3» 


Then the aggregate {U), which corresponds to the sequence 

® 2 > ® 3 > 

is bounded and its upper bound s is the sum of the series. 

Let [V*) be the corresponding aggregate for the series obtained 
by taking the terms in any order we please, on the understanding 
we have explained above. Every number in (V') is less than $, 
In addition, if A is any number less than 5 , there must be a number 
of (J 7 ) greater than A, and a fortiori a number of (Z7') greater than 
A, The aggregate (C/') is thus bounded on the right, and its upper 
bound is s. The sum of the new series is therefore the same as the 
sum of the old. 

It follows that if the series 

whose terms are all positive , dwerges, the series we obtain by changing 
the order of the terms must also diverge. 

The following theorems may be proved at once by the use of 
the second condition for convergence (§ 19): 

If the series 4-^3 -f . . . 

is convergent and all its terms are positive, the series we obtain from 
this, either 

{1) by keeping only a part of its terms, 
or ( 2 ) by replacing certain of its terms by others, either positive 
or zero, which are respectively equal or inferior to them, 
or (3) by changing the signs of some of its terms, 
are also convergent, 

21. Absolute and Conditional Convergence. The trigono- 
metrical series, whose properties we shall investigate later, belong 
to the class of series whose convergence is due to the presence of 
both positive and negative terms, in the sense that the series would 
diverge if all the terms were taken with the same sign. 

A series with positive and negative terms is said to be absolutely 
convergent, when the series in which all the terms are taken with the 
same sign converges. 
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In other words, the series 

+^8 + M8 + ... 

is absolutely convergent when the series of absolute values 

ImiI+KI+KI 

IS convergent. 

It is obvious that an absolutely convergent series is also con- 
vergent in the ordinary sense, since the absolute values of the 
partial remainders of the original series cannot be greater than 
those of the second series. There aie, however, convergent series 
which are not absolutely convergentf, 

e.g, 1 - J ... is convergent. 

1 + J J ... is divergent. 

Series in which the convergeruie depifnds upon the presence of both 
positive and negative terms are said tope conditionally convergent. 

The reason for this name is that| as we shall now prove, an 
absolutely convergent series remains convergent, and has the same 
sum, even although we alter the (irder in which its terms are 
taken; while a conditionally convergent series may converge for one 
arrangement of the terms and diverge for another. Indeed we 
shall see that we can make a conditionally convergent series have 
any sum we please, or be greater than any number we care to 
name, by changing the order of its terms. There is nothing very 
extraordinary in this statement. The rearrangement of the terms 
introduces a new function of n, say instead of the old function 
Sny as the sum of the first n terms. There is no a priori reason why 
this function s\ should have a limit as n tends to infinity, or, if it 
has a limit, that this should be the same as the limit of s^-"^ 

22. Absolutely C!onvergent Series. The sum of an absolutely 
convergent series remains the same when the order of the terms is 
changed. 

Let (S) be the given absolutely convergent series; (/S') the 
series composed of the positive terms of {S) in the order in which 
they appear; (S") the series composed of the absolute values of 
the negative terms of (/S), also in the order in which they appear. 

If the number of terms either in (/S') or (5") is limited, the 
theorem requires no proof, since we can change the order of the 

*Cf. Osgood, Irdroduction to Infinite Series (1897), 44. 
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terms in the finite sum, which includes the terms of {S) up to the 
last of the class which is limited in number, without altering its 
sum, and we have just seen that when the terms are of the same 
sign, as in those which follow, the alteration in the order in the 
convergent series does not affect its sum. 

Let <r be the sum of the infinite series formed by the absolute 
values of the terms of (S). 

Let be the sum of the first n terms of (S). 

In this sum let n' terms be positive and n" negative. 

Let be the sum of these n' terms. 

Let be the sum of the absolute values of these n" terms, taking 
in each case these terms in the order in which they appear in (S). 

Then 

Sn'<a, 

s„-<a. 

Now, as n increases «„• never diminish. Thus, as n increases 
without limit, the successive values of s„-, form two infinite 
monotonic sequences such as we have examined in § 17. 1, whose 
terms do not exceed the fixed number a. These sequences, there- 
fore, tend to fixed limits, say, s' and s". 

Ttus lim(s„)= 5 '-s". 

n— ►x 

Hence the sum of the absolutely convergent series {S) is equal to 
the difference between the sums of the two infinite series formed one 
with the positive terms in the order in which they appear, and the 
other With the absolute values of the negative terms, also in the order 
in which they appear in (S). 

Now any alteration in the order of the terms of (5) does not 
change the values of s' and s"; since we have seen that in the case 
of a convergent series whose terms are all positive we do not alter 
the sum by rearranging the terms. It follows that {S) remains 
convergent and has the same sum when the order of its terms is changed 
in any way we please, provided that a one-one correspondence exists 
between the terms of the old series and the new. 

We add some other results with regard to absolutely convergent 
series which admit of simple demonstration: 

Any series whose terms are either equal or inferior in absolute 
value to the corresponding terms of an absolutely convergent series is 
also absolutely convergent. 
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An absolutely convergent series remains absolutely convergent when 
we suppress a certain number of its terms, 

V1+V2 + ... , 

are two absolutely convergent series whose sums are V and F, the 

series (u^ +v^) -f (wg -hVg) 4- ... 

and (Wi-Vj) 4 -(w2~^2) 4-*.. 

are also absolutely convergent and their sums are equal to 17 ±F 

respectively. 

23. Conditionally Convergent Series. The sum of a conditionally 
convergent series depends essentially <m the order of its terms. 

Let (S) be such a series. The positive and negative terms 
must both be infinite in number, siiice otherwise the series would 
converge absolutely. I 

Further, the series formed by the positive terms in the order 
in which they occur in (5), and the Series formed in the same way 
by the negative terms, must both be divergent. 

Both could not converge, since in that case our series would be 
equal to the difference of two absolutely convergent series, some 
of whose terms might be zero, and therefore would be absolutely 
convergent (§ 22). Also {S) could not converge, if one of these 
series converged and the other diverged. 

We can therefore take sufficient terms from the positive terms 
to make their sum exceed any positive number we care to name. 
In the same way we can take sufficient terms from the negative 
terms to make the sum of their absolute values exceed any number 
we care to name. 

Let a be any positive number. 

First take positive numbers from (5) in the order in which they 
appear, stopping whenever the sum is greater than a. Then take 
negative terms from (5), in the order in which they appear, stopping 
whenever the combined sum is less than a. Then add on^as many 
from the remaining positive terms as will make the sum exceed a, 
stopping when the sum first exceeds a; and then proceed to the 
negative terms; and so on. 

In this way we form a new series {S') composed of the same 
terms as (5), in which the sum of n terms is sometimes greater 
than a and sometimes less than a. 
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Now the series (S) converges. Let its terms be Mj, Mj, Mj 

Then, with the usual notation, 

|«„|<e, when n^r. 

Let the points and A, (Fig. 4) correspond to the sums obtained 
in (S'), as described above, when v groups of positive terms and 
V groups of negative terms have been taken. 

1 1 

A, « B,. 

Ilia. 4. 

Then it is clear that {a~A„) and (By- a) are each less than e, 
since each of these groups contains at least one term of (S), and 
(a - Ay), (By -a) are at most equal to the absolute value of the last 
term in each group. 

Let these 2v groups contain in all v' terms. 

The term «'„< in (S'), when n' ^ v', is less in absolute value than e. 
Thus, if we proceed from Ay, the sums «'„* lie within the interval 
(a-e, a +e), when n' = v'. 

In other words, \s'^. - o| < e, when n' g v'. 

Therefore lim s V = <*. 

A similar argument holds for the case of a negative number, 
the only difference being that now we begin with the negative 
terms of the series. 

We have thus established the following theorem; 

If a conditionally convergent series is given, we o§n so arrange 
the order of the terms as to make the sum of the new series converge 
to any value we care to name. 
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CHAPTER III 


FUNCTIONS OF A SINGLE VARIABLE 
LIMITS AND CdfTINUITY 

24. The Idea of a Function. In Mementary Mathematics, when 
we speak of a function of x, we ufljually mean a real expression 
obtained by certain operations, e.^. x^, Jx, logx, sin’^x. In 
some cases, from the nature of the! operations, the range of the 
variable x is indicated. In the firrt of the above examples, the 
range is unlimited; in the second, x i^O; in the third x>0; and 
in the last |x| i 1. 

In Higher Mathematics the term “function of x” has a much 
more general meaning. Let a and b be any two real numbers, where 
b>a. If to every value of x in the interval a-x=ib there corresponds 
a (real) number y, then we say that y is a fiindion of x in the interval 
{a, b), and we write y=fix). 

Sometimes the end-points of the interval are excluded from the 
domain of x, which is then given by a<x<b. In this case the 
interval is said to be open at both ends; when both ends are 
included {i.e. a ^ x 6) it is said to be closed. An interval may be 
open at one end and closed at the other {e.g. a<x s? b). 

Unless otherwise stated, when we speak of an interval in the 
rest of this work, we shall refer to an interval closed at both ends. 
And when we say that x lies in the interval {a, b), we mean that 
a — x^b, but when x is to lie between a and b, and not to coincide 
with either, we shall say that x lies in the open interval {a, b).* 

Consider the aggregate formed by the values of a function /(x), 

•In Ch, II, when a point x lies between o and b, and does not coincide with 
either, we have referred to it as within the interval (a, 6). This form of words is 
convenient, and not likely to give rise to confusion. 

65 
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given in an interval (a, b). If this aggregate is bounded (cf. § 11), 
we say that the function f{x) is bounded in the interval. The 
numbers M and m, the upfer and lower bounds of the aggregate 
(cf. § 1 2), are called the upper and lower bounds of the function in the 
interval. And a function can have an upper bound and no lower 
bound, and vice versa. 

The difference {M — m) is called the oscillation of the function in 
the interval.* 

It should be noticed that a function may be determinate in an 
interval, and yet not bounded in the interval. 

let /(0)=0, and /(x) = ^ when a:>0. 

X 

Then f(x) has a definite value for every x in the interval 0 S rr “T a, 
where a is any given positive nunoiber. But/(x) is not bounded in 
this interval, for we can make f(x) exceed any number we care to 
name, by letting x approach sufficiently near to zero. 

Further, a bounded function need not attain its upper and 
lower bounds; in other words, M and m need not be members of 
the aggregate formed by the values of f(x) in the interval. 

E.g. let /(0) = 0, and /(x) = l -a? when 0<x~ 1 

This function, given in the interval ( 0 , 1 ), attains its lower bound 
zero, but not its upper bound unity. 

25 . lim f(x). In the previous chapter we have dealt with the 

X -*a 

limit when n->ao of a sequence ^3, ••• • In other words, 

we have been dealing with a function 0(n), where w is a positive 
integer, and we have considered the limit of this function as w->oo . 

We pass now to the function of the real variable x and the limit 
oif(x) when a:->a. The idea is familiar enough. The Differential 
Calculus rests upon it. But for our purpose we must put the 
matter on a precise arithmetical footing, and a definition of what 
exactly is meant by the limit of a function of x, as x tends to a 
definite value, must be given. 

f{x) is said to have the limit b as x tends to a, when^ any positive 
number e having been chosen, as small as we please, there is a positive 
number rj such that \f{x) - b\ <ie,for all values of x for which 

0<|x~a| —77. 

’^Hobson, he. cit. 1 (3rd ed., 1927), 280, uses the tern fiuctualion. 
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In other words \f{x)-b\ must be less than e for all points in 
the interval {a-ri, a+rj) except the point a. 

When this condition is satisfied, we employ the notation 
lim/(x) = b, for the phrase the limit of f(x), as x tends to a, is b, and 

X-H» 

we say that f{x) converges to 6 as x tends to a. 

One advantage of this notation, as opposed to lim/(x) = 6, is 

a;=*a 

that it brings out the fact that we say nothing about what happens 
when X is equal to a. In the definition it will be observed that a 
statement is made about the behaviour oif{x) for all values of x 
such that 0< |a: ~ a| rf. The first of these inequalities is inserted 
expressly to exclude x = a. 

Sometimes x tends to a from the ,^ight-hand only (i.e. x>a), or 
from the left-hand only (t,e. x<a), ) 

In these cases, instead of 0<\x—u\ we have 0<(x~a) 
(right-hand) and 0<(u-x) (left-liand), in the definition. 

The notation adopted for these right-hand and left-hand limits 

is lim f(x) and lim f(x). 

rr— ►a+O x--*a—0 

The assertion that lim/(x) = 6 thus includes 
lim /(x)= lim f(x)^b, 

X— >a+0 0 

It is convenient to use /(a +0) for lim /(x) when this limit exists, 

X-Hl+0 

and similarly /(a ~0) for lim f{x) when this limit exists. 

X— wi— 0 

When f{x) has not a limit as x->a, it may happen that it diverges 
to 4- 00 , or to - 00 , in the sense in which these terms were used 
in § 16. Or, more precisely, it may happen that if any positive 
number A, however large y is chosen^ there corresponds to it a positive 
number rj such that 

f{x)>A, when 0<|x-a|^?j. 

In this case we say that lim/(x) = + oo . 

X-*€t 

Again, it may happen that if any negative number - A is chosen^ 
however large A may be, there corresponds to it a positive number t] 
such that f(x)< - A, when 0< |x - a| = rj. 

In this case we say that lim/(x) = - oo • 

The modifications when /(a±0)= ±oo are obvious. 
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When lim/(a:) does not exist, and when /(*) does not diverge 

j*->a 

to +00 , or to - 00 , as it is said to oscillate as x-hi. It 

oscillates finitely it f{x) is bounded in'some neighbourhood of that 
point.* It oscillates infinitely if there is no neighbourhood of o in 
which f(x) is bounded. (Cf. § 16.) 

The modifications to be made in these definitions when x->o only 
from the right, or only from the left, are obvious. 

26. Some General Theorems on Limits. I. The Limit of a Sum. 

//lim/(x) = a and limg{x) = ^, then lim [/(x) +5»(x)]=a + /8.t 

x—Hi x—Hi a:— wi 

Let the positive number e be chosen, as small as we please. 
Then to there correspond the positive numbers tji, such that 
|/(x)-a|<|t, when 0<|x-a| 

\g{x)-^\<\e, when 0<|x-o|g»/2. 

Thus, if r} is not greater than or 
|/(x) +g{x) - a - /?| Sr I /(x) - a| + \g{x) - , 

< + Je, when 0<|x-o| S ?;, 

< e, when 0<|x-a| ;5»?. 

Therefore lim [/(x) +g(x)] — a + ^. 

X—Hl 

This result can be extended to the sum of any number of 
functions. The Limit of a Sum is equal to the Sum of the Limits. 

II. The Limit of a Product. If lim/(x) = a and \img(x) = p, 

x-r^a 

then lim[f{x)g(x)] = ap. 

Let /(^)=a and g{x) = p -\-yf{x). 

Then lim <p(x) = 0 and lim %p(x) = 0. 

x-*a x-*a 

■Also f(r:)g{x) = aP + Pfi{x) +ay>{x) + fi(x)y>{x). 

From ThevTem I our result follows if lim [^(x)v»(x)]=0. 

HI 

^f(x) is said to satisfy a certain condition in the neighbourhood of af=o 
when there is a positive number h such that the condition is si^tisfied when 
0<|a;-a| 

Sometimse the neighbourhood is meant to include the point x—a itself. In 
this case it is defined by \z-a\‘^ h, 

tThe corresponding theorem for functions of the positive integer w, as n-^oo , 
is proved in the same way, and is useful in the argument of certain sections of 
the previous chapter. 
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Since <p(x) tends to zero as x— >a and y)(x) tends to zero as x-xi, 
a proof of this might appear unnecessary. But if a formal proof 
is required, it could run as follows : 

Given the arbitrary position number e, we have, as in (I), 
|^(x)|< Vf. when 0<|x-o|^?ji, 

|v»(a:)|<Ve, when (i<\x-a\^irj^. 

Thus, if r] is not greater than at rj^, 

|^(x)v»(a:)|<f, when 0<|x-a|^);. 

Therefore lim [ tp(x)y){x)] = 0. 

X-Hl 

This result can be extended to aijiy number of functions. The 
Limit of a Product is equal to the Ptoduct of the Limits. 

III. The Limit of a Quotient. > 

(i) ^ lim/(x)=a . ;0, then lim >1-. = -• 

x-*a x-Hi ^ 

This follows easily on putting /(x) = ^(x) +a and examining the 
expression 1 1 

a (f}{x) 4*0 

(ii) If lim/(x) = a, and lim g{x) = ^ 0, then lim [ -v 1 = 

x-*a z-*a x-*-a P 

This follows from (II) and (III (i)). 

This result can obviously be generalised as above. 

IV. The Limit of a Function of a Function, lim f[(^(x)]. 

X-Hl 

Let lim</j(a:)=6 and lim f(u)=f{b). 

Then lim/l.<^(a:)l ~f[ lim </>(a:)]. 

j->a x~Hi 

We are given that lim f(u) —f(h). 

Therefore to the arbitrary positive number c there corresponds a positive 


number such that 

|/[</>(*)] -/(*•)!< «. when \<l>{x)-b\^rti (1) 

Also we are given that lim <f>(x) =6. 

Therefore to this positive number tfi there corresponds a positive number 
V that ~ 6| < r/j, when 0 <|a; - a| = r; (2) 


Combining (1) and (2), to the arbitrary positive number c there corresponds 
a positive number t) such that 

l/W*)] -/(*•)! <*. when 0<|*-a|g?j. 
lim/[<^(*)]=/{h)=/[liin <«*)]. 


Thus 
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EXAMPLES. 

1. If « is a positive integer, lim x"=0. 

ar -*-0 

2. If n is a negative integer, lim ar" = + oo ; and lim a;” = - « or + oo 

according as n is odd or even. 

[If n =0, then a:” = 1 and lim a:” = L] 

x-M) 


3. lim + . . . + iX + a^) ~a^, 

x-M) 

4. lim + ••• 6 0. 

V" + V"“* + -”+*'n-l* + ^n ' K 

5. lim a;”=a”, if n is any positive or negative integer. 

jr— *'flf 


P(x) = o„x”> + o,x™-> + . . . + o,„_ ,x + a„, 
limF(x) = P{a). 


6. If 
then 

7. I-.et P(x)~aQX^ + a^x^-^^ 

and Q(x) ^h^x^ + + b^. 

8- If lira f(x) exists, it is the same as lira f(x-\-a), 

x~>a x-*() 

9. If f (x) < g(x) for a-h<x<a + h, 

and lim f{x)~ a, lim — 

X—Hl X-*(l 

then a ~ p. 

10. If lim /(a*) ==0, then lim | f(x) \ =0, and conversely . 


11. If lira/(a:)=i.;^0, then lim |/(a*)|-|Z|. 

a->a x-Hi 

The converse does not hold. 


12. Let f(x) be defined as follows: 

/(x)=a:sin 1/ar, when x. 0 
/( 0 )= 0 

Then lim /(a ) =/(a) for all values of a. 


27. liinf(x). A precise definition of the meaning of the term 

X — ►00 

^‘the limit oif{x) when x tends to -f-oo (or to — oc )” is also needed. 

f(x) is said to have the limit b as x tends Zo -f cx) , if, any positive 
number e having been chosen, as small as we please, there is a positive 
number X such that 


I f{x) ~ 6| < e, when x S X. 
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When this condition is satisfied, we Mrrite 

lim f(x) = b. 

X 

A similar notation, lim f{x) = b, 

ar ~>— 00 

is used when f{x) has the limit 6 as x tends to ~ oo , and the precise 
definition of the term can be obtained by substituting “a negative 
number -X'* and “rr ~ -X” in the corresponding places in the 
above. 


When it is clear that only positive values of x are in question, the notation 
lim f{x) is used instead of lim /(«). 

Z— ►00 a*— ►-foo 

From the definition of the limit of f{x) as x tends to ioo , it follows that 


lim f{x^ = b 
.r-^+oo 

carries with it lim ^ ^ =6. 

And, conversely, if lim /{3k) = b, 

x -*+0 

then lim 

^‘-►4-oo 

Similarly we have lim /(x)= lim /(*)• 

The modifications in the above definitions when 
(i) lim /(x)=+oo or -oo, 


and (ii) 


lim /’(a;) = -f X or - x 
00 


will be obvious, on referring to § 25. 

And oscillation, finite or infinite, as x tends to -f x or to - x , is treated 
as before. 


28. A necessary and sufficient condition for the existence of a 
limit to f(x) as x tends to a. The general principle of convergence.* 

A necessary and s)/fficient condition for the existence of a limit 
to f[x) as X tends to a is that, when any positive number e has been 
chosen, as small as we please, there shall be a positive number rj such 
that \f{x') -/(x')| <€ for all values of x\ x for which 
0<|r"-a|<|r' -a| 

(i) The condition is necessary. 

Let lim/(x) = 6. 


♦See footnote, p. Ss. Another treatment of this question is given belo^fr in 
§§29. 2 and 29. 3. 
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Let c be a positive number, as small as we please. 

Then to there corresponds a positive number r) such that 
|/(a;)-6|< Je, when 0<|x-o|gij. 

Now let x’, x" be any two values of x satisfying 
0<|x''-a|<|x'-a| =r]. 

Then |/(x'') -/(x')|g|/(x'') - 6| + |/(x') - 6| 

< fe -f Je 

< e. 

(ii) The condition is sufficient. 

liCt 62 > ••• 

be a sequence of positive numbers such that 

+ I™ e„ = 0* 

w-^oo 

Let jjj, rji, tja, ... 

be corresponding positive numbers such that 

|/{x’')-/(x')|<6„, when 0<|x''-o|<|x'-o| =?;„ ) 

(n=l,2,3,...)./ 

Then, since e„+i<e„, we can obviously assume that 
Now take ej and the corresponding r)y 
In the inequalities (1) put x'=a + >?i and x''=x. 

Then we have 

0<l/(*)-/(«+>/i)|<ei, when 0<(x-o(<??i. 
Therefore 


/(®+»?i)-fi</(a:)</(a+j?j) +fi, when 0<|x-o|<»;i. ...(2) 
In Fig. 5 Six) lies within the interval A-^ of length 2ei, with 
centre at/(a+jji), when 0<(x-a|<?ji. 



/C^+v,) 

Fio. 5. 


/f^) 


~\ 


Now take and the corresponding rj^y remembering that rj^^rh. 
We have, as above, 

/(® +»?2) “ f2</(^)</(« +^ 2 ) -f f 2 > when 0<|a;-a|<7;f2. .,.(3) 
Since the interval for x in (3) cannot extend beyond 

the interval for x in (2), and /(a + 1 ^ 2 ) is in the open interval Ai. 
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Therefore, in Fig. 6,/(a;) now lies within the interval A 2, which 
lies entirely within Ai, or lies within it and has with it a common 
end-point. An overlapping part of 

{/(a+ 7 jj)-ej, /(a-i-T/2)-he2} 

could be cut ofi, in virtue of (2). 


f 


r 






4- 




/fa+i/aj-ea /(a+n,) 

FlQ. 6. 


/ifa+ijij+e 


In this way we obtain a series of Intervals 
Ai, A2, Ast ••• > 

each lying entirely within the pre(|eding, or lying within it and 
having with it a common end-pomt; and, since the length of 
A„^ 2 £„, we have lim A„= 0 , for wi are given that lim e„=0. 

n~*cc n-*co 

If we denote the end-points of these intervals by Oi, Oj, 03, ... 
and pi, ySj, p3, , where then we know from § 18 that 

lim a„= lim /3„. 

n-M» n-»-oo 

Denote this common limit by a. 

We shall now show that a is the limit oif(x) as x~^a. 

We can choose «„ in the sequence ej, (3, €3, ..• so that 2e„<6, 
where e is any given positive number. 

Then we have, as above in (2) and (3), 

when 0<i*-a|<??„. 

But a =^„. 

Therefore |/(x)-a|</J„-a„ 

<2e„ 

< e, when 0<|a:-a|<»?n- 

It follows that lim/(x) = a. 

a;~HI 

As a matter of fact, we have not obtained 

|/(ar)-a|<e, when 0<\x-a\Qr^n 

in the above, but when Q<\x-a\ . xu 

However, we need only take ?/ smaller than this and we obtam the 

inequalities used in our definition of a limit. 

29 . 1 . In the previous section we have supposed that x tends to 
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a from both sides. The slight modification in the condition for 
convergence when it tends to a from one side only can easily be 
made. 

Similarly, a necessary and svffident condition for the existence 
of a limit to f(x) as x tends to +00 , is that, if the positive number e 
has been chosen, as sntaU as we please, there shall he a positive 
nunber X such that 

|/(x*) -/(i')l<c. when x'’>x'^X. 

In the case of lim /(x), we have, in the same way, the condition 


|/(x'')-/(x')|<e, when x''<x'g -X. 

The conditions for the existence of a limit to f(x) as x tends 
to +00 or to - 00 can, of course, be deduced from those for the 
existence of a limit as x tends to +0 or to - 0. 

Actually the argument given in the preceding section is simpler 
when we deal with + qo or - 00 ,* and the case when the variable 
tends to zero from the right or left can be deduced from these 


two, by substituting x = -; when it tends to a, we must substitute 

1 “ 
x=a -I- . 
u 


29. 2. The Upper and Lower Limits of Indetermination of the Bounded 
Function f(x), when x-^-a. 

As in $ 17. 2, there is some advantage to be obtained by using what are 
called the upper and lower limits of indetermination of the function at the point 
considered. They are defined in much the same way as in that section. 

Take a sequence ^ 

where >/i> V2> ••• and lim 7/„=0. 


Let be the upper bound oif(x), when 0 <|a: -a( i- and its upper 
bound, when 0 <|a; -a| 1% and so on. 

Similarly let ... be the corresponding lower bounds. 

Then .l/j S’ J/g JI/3 ... = Wj, and this monotonic sequence is bounded 
below. 

Therefore lim 3/^ exists, and we denote it by A. 

It is clear that any other sequence r/,', ... 
where and lim 

will give the same limit A. 


•Cf. Osgood, Lehrbuch der Funktionentheorie, 1 (4 Aufl., Leipzig, 1923), 33. 

The general principle of convergence of § 15 can also be established in this way. 
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To the arbitrary positive number there corresponds a positive integer y, 
such that < A + €, when 7 i r. 

Thus /(jc) <A-i-€, when 0 < |x ~ a| ^ 

Now take a positive number a < r;„, and let rjs ~ a. 

Then A = ™ My, 

And /(x) > My - € for at least one value xy in 0 < |x - a| *5 17.x. 

Therefore J(x) > A ~ € for at least one value Xy in 0 < j* - o| ^ a. 

If we now take p < |a:A - a | and proceed in the same way, we see that 
f{x) > A - € for at least one value a: in 0 < j a: - a | 

It is thus clear that when 0 < | a: - a 1 a, there are an infinite number of 
points at which f(x)> A-€. 

This number A is called the upper limit of Melermination of /(x), when 

x-^a, and we write A = lim /(x). 

x—*-a 

If € is an arbitrary positive number ^ theit is a neighbourhood 0 <|x -a| = 17, 
such that for every point of this neighbourh0od /(x) < A + c; and in every neigh- 
hourhood of a, however smaUy there is a poir4 {other thin a) at which /(x) > A - c. 

The lower limit of indetermination A oi^ /(x), when x->>a, is obtained in a 
similar way, and we write A = lim f(x). 

x-*a 

If € is an arbitrary positive number, there is a neighbourhood 0 < |x -o| ^?7, 
such that for every point of this neighbourhood f{x) > A - c; and in every neigh- 
bourhood of a, however small, there is a point {other than a) at which f{x) < A -f c. 
It is clear that lim /(x) ^ lim f{x), 

X-*^ X-Hl 

These definitions may also be extended to the case when we approach a from 
the right-hand or the left-hand. In this way we have lim /(x) and Um /(x), 

X~Hl+0 X-Hl-\-0 

which are conveniently written f{a -f 0) and /(a - 0). Similarly for lim /(x) 

x-Hi—O 

and lim /(x), which are written f{a - 0) and f{a - 0). 

jr~*-a—0 

29. 3. The following theorems are obtained at once (cf. § 17. 4). 

(i) //lim f{x) exists, then lim /(x)=lim /(x)=lim /(x), 

x-^a X— x-*a x->a 

(ii) Conversely, t/lim /(x) = lim /(x), then lim f{x) exists and is equal to thetr 

X—ya X— X-Hl 

common value, 

(iii) The general principle of conveigence for lim f{x), when x-^o; 

A necessary and sufficient condition for the existence of a limit tof(x) as x tends 
to a is that, when any positive number c has been chosen,- as small as we please, 
there shall be a positive number r) such that |/(x^) -/(*^)| << values of 

x', x'* for which 0 < jx'^ - a| < |x' - a| = 17, 

When the upper and lower limits of indetermination are used the proof that 
this is a sufficient condition for the convergence of/(x) as x->a is much shorter 
and simpler than that given in § 28. See also § 17. 4 (iii). 
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29. 4. The Oscilletion of a Bounded Function at a Potot. In § 24 wc 

have defined the oscillnlion of a fiuiction in an inter I'al We now define the 
oacilhihn at a point 

Let a be a point in the interval in which f(x) is given, and j/j, »/», Va* ••• O’ 
sequence, where ,/,> »„> % • • • and lim = 0. For any positive integer n let 

M„ and m„ be the upi»r and lower bounds of f{r) in the neighbourhoo<l of 
x=a, defined by l-J-a-l . Vn' “ I*®'"* 

neiglibonrhood. 

Then ns in § 29. 2, we have 

-? 3/3 ... 

r] Wg wjg ... "^ 3/i. 

Also lim and lim exist and are independent of the particular sequence 

n— ► /- ^ 

chosen. 

Jf these limits are M and m respecMvely, then {M -rn) is called the oscillation 
of f(x) at the point a.* 

Jt is clear that the oscillation at a is the limit of the oscillation of the function 
in the interval a - ™ — a + ?/, as ?; -> 0. 

Also the oscillation at a is the difference between (i) the greater of /(a) 

and lim J{x) and (ii) the smaller of /(a) and lim f(x). 

j— ►a x-*^t 

At a point where f(x) is continuous, the oscilllition is zero, and atKiny other 
point it is different from zero. y 

If the oscillation at a: = a is A:, then in every neighbourhood a - x" a + »/, 
the oscillation of f(x) is greater than or equal to Ic. 

30. Continuous Functions. The function f(x) is said to be 
continuous when x=Xq, ii f(x) has a limit as x tends to Xq from 
either side, and each of these limits is equal to /(Xq), 

Thus /(x) is continuous when x^^x^y if, to the arbitrary positive 
number < , there corresponds a^positive number rj such that 

I f(^) ’-/(^o)l <4 1^ - ^ol - V- 

When f{x) is defined in an interval (a, 6), we shall say that it 
is continuous in the interval (a, 6), if it is continuous for every value 
of X between a and b (a<x<b)y and if /(a+0) exists and is equal 
tof(a), andf(b - 0) exists and is equal to f{b). 

In such cases it is convenient to make a slight change in our 
definition of continuity at a point, and to say that f(x) is con- 
tinuous at the end-points a and b when these conditions are 
satisfied. 

It follows from the definition of continuity that the sum or 

♦It may be noted that Hobson {loc. eit i (Srd ed., 1027). 800) uses the terra saHtts, 
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product of any number of functions, which are continuous at a 
point, is also continuous at that point. The same holds for the 
quotient of two functions, continuous at a point, unless the deno- 
minator vanishes at that point (cf. § 26). A continuous function 
of a continuous function is also a continuous function (cf. §'26 

(IV)). 

The poljmomial 

P(x)=a^” +ajX’‘-^ +... +a„_ia: +o„ 

is continuous for all values of x. 

The rational function 

R(x)=P{x)fQ(x) 

is continuous in any interval which does not include values of x 
making the poljrnomial Q(x) zero. 

The functions sin x, cos x, tan tL etc. and the corresponding 
functions sin“^, co8~%, tan~%, ‘e^. are continuous except, in 
certain cases, at particular points. 

e* is continuous everywhere; log x is continuous for the interval 
®> 0 . * 

31. 1. Properties of Ciontinuous Functions.* We shall now prove 
several important theorems on continuous functions, to which 
reference will frequently be made later. It will be seen that in 
these proofs we rely only on the definition of continuity and the 
results obtained in the previous pages. 

Theorem I. f{x) be continuous in the interval {a, 6)t, and 
let the positive number e be chosen, as small as we please. Then 
Jthe interval (a, b) can always he broken up into a finite number of 
partied intervals, such that \ f(x') - /(a:")| < e, when x' and x" are any 
two points the same partial interval. 

Let us suppose that this is not true. Then let c=i(oH-6). 
At least one of the intervals (a, c), (c, b) must be such that it is 
impossible to break it up into a finite number of partial intervals 
which satisfy the condition named in the theorem. Denote by 
(®i> ^i) tfii® interval, which is half of (a, b). Operating on 

•This section follows closely the treatment given by Qoursat, toe. eit., 1 (4* 6d., 
1923), §8. 

fin these theorems the continuity of /(sc) is supposed given in the closetf 
interval (a^x^b), at explained in § 30. 

} i.e. in or at the ends of the partial interval. 
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(Oj, 6 j) in the same way as we have done with (a, h), and then 
proceeding as before, we obtain an infinite set of intervals such 
as we have met in the theorem of § 18. The sequence of end- 
points o, Hi, Oj, ... converges, and the sequence of end-points 
h, hi, 62 , ... also converges, the limit of each being the same, say a. 
Also each of the intervals (o„, 6 „) has the property we have ascribed 
to the original interval (a, h). It is impossible to break it up into 
a finite number of partial intervals which satisfy the condition 
named in the theorem. 

Let us suppose that a does not coincide with a or b. Since the 
function /(a:) is continuous when x=a, we know that there is a 
positive number rj such that \f(x)-f(a)\<\e when \x-a\^ri. 
Let us choose n so large that (&„ - a„) is less than ?/. Then the 
interval (o„, 6 „) is contained entirely within (a-r}, a+jj), for we 
know that a„ ^ a ^ 6 „. Therefore, if x' and x" are any two points 
in the interval (a„, 6 „), it follows from the above that 
[fix') -f(a) I < ie and | /(x") -/(a) | < ^e. 

But I fix') -/(x')| g I fix') -fia)\ + 1 fix") -fia)\. 

Thus we have | fix') - fix") | < e, 

and our hypothesis leads to a contradiction. 

There remains the possibility that a might coincide with either 
a or b. The slight modification required in the above argument 
is obvious. 

Hence the assumption that the theorem is untrue leads in every 
case to a contradiction, and its truth is established. 

CoBOLLABY I. Let o, Xj, Xj, ... x„_i, 6 be a mode of subdivision 
of (a, 6 ) into partial intervals satisfying the conditions of 
Theorem I. 

Then 

l/(*) lS|/(a) K|/(x)-/(a)| 

<i/{®)l+ whenO<(x-a) r^ixi-a). 

Therefore 

l/(»i)l<l/(a)| + 

In the same way 
l/(^)|r?l/(*i)l+l/(x)-/(x,)| 

< l/(®i)l + e> when 0<(x - Xj) sS (xg - x^) 

< l/(®) I + 2e, when 0<(x - Xj) g (x 2 - x^). 
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Therefore 

l/(®2)l<l/(a) 1+ 2e. 

Proceeding in the same way for each successive partial interval 
we obtain from the interval 

l/(a:)|<|/(a)i +n€, when 0<(z-x„_i) :Z{b-x„_i). 

Thus we see that in the whole interval (o, b) 

l/(*)l<i/(«)|+»f- 

It follows that a fttnction which is continuous in a given interval 
is bounded in that interval. 

Corollary II. Let us suppose the interval (a, 6) divided up 
into n partial intervals (a, Xj), (X|, ... 6), such that 

!/(*') -/(x")! < Je for any two points in the same partial interval. 
Let 't] be a positive number smaller <4ian the least of the numbers 
(Xj-a), ... Now take any two points x* and 

x' in the interval (a, 6), such that jo?' ^ If these two 
points belong to the same partial interval, we have 

On the other hand, if they do not belong to the same partial 
interval, they must lie in two consecutive partial intervals. In 
this case it is clear that \f{x') -f(x'')\<\^ +^e = €. 

Hence, the positive number e having been chosen, as small as we 
please, there is a positive number rj such that \f(x')-f{x'')\<€, 
when x\ x are any two values of x in the interval (a, 6) for which 
\x'-x''\^r]. 

We started with the assumption that f{x) was continuous in 
(a, b). It follows from this assumption that if x is any point in 
this interval, and e any arbitrary positive number, then there is 
a positive number rj such that 

\f{x')-f(x)\<€, when \x'-x\^ri. 

To begin with, we have no justification for supposing^ that the 
same i] could do for all values of x in the interval. But the 
theorem proved in this corollary establishes that this is the case. 
This result is usually expressed by saying that/(a;) is uniformly 
continuous in the interval (a, 6). 

We have thus shown that a function which is continuotis in an 
interval is also uniformly continuous in the interval. 



70 FUNCTIONS OF A SINGLE VARIABLE [cH. lU 

Theobbm II. If f{a) and f{b) are unequcd and f{x) is coniinmus 
in the interval {a, b), as x passes from a to b,f{x) takes at least once 
every value between f{a) andf{b). 

First, let us suppose that /(a) and f(b) have different signs, 
e.g. f(a)<0 and f{b)>0. We shall show that for at least one 
value of X between a and b,f(x)=0. 

From the continuity of /(x), we see that it is negative in the 
neighbourhood of a and positive in the neighbourhood of b. Con- 
sider the set of values of x between a and b which makes f(x) 
positive. Let k be the lower bound of this aggregate. Then 
a<X<b. From the definition of the lower bound /(x) is negative 
or zero in ogx<A. But lim /(x) exists and is equal to /(A). 

^-►A— 0 

Therefore /( X) is also negative or zero. But /( X) cannot be negative. 
For if /(A)=-m, m being a positive number, then there is a 
positive number tj such that 

|/(^)*"/(^)l<^» when \x--X\^ri, 

since f(x) is continuous when x= X, The function f{x) would then 
be negative for the values of x in (a, b) between X and X + 7 ;, and X 
would not be the lower bound of the above aggregate. We must 
therefore have /(A)=0. 

Now let N be any number between f{a) and f{b), which may 
be of the same or different signs. The continuous function 
i>(x)=f(x) - N has opposite signs when a;=a and x = b. By the 
case we have just discussed, <l>{x) vanishes for at least one value 
of X between a and 6, i.e. in the open interval (a, 6). 

Thus our theorem is established. 

Again, if f{x) is continuous in (a, b), wc know from Corollary I 
above that it is bounded in that interval. In the next theorem 
we show that it attains these bounds. 

Theorem III. 1/ f{x) is continuous in the interval (a, 6), and 
My m are its upper and lower bounds, then f{x) taJces the value M 
and the value m at least once in the interval. 

We shall show first that /(x) = M at least once in the interval. 

Let c=|(a+6); the upper bound of f{x) is equal to M, for at 
least one of the intervals {a, c), (c, 6). Replacing (a, 6) by this 
interval we bisect it, and proceed as before. In this way, as in 
Theorem I, we obtain an infinite set of intervals {a, b), (a^, b^), 
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(®2> ^2)> ••• tending to zero in the limit, each lying entirely within 
the preceding, or lying within it and having with it a common end- 
point, the upper bound of f(x) in each being M, 

Let X be the common limit of the sequences a, a^, ••• and 

6, 6i, 62, ... . We shall show that /( = 

For suppose/(A) = Af - A, where A>0. Since f{x) is continuous 
at A, there is a positive number tf such that 

l/(®)-’/(^)l<i*, when [x- A| 

Thus f{x)<M when \x-X\^ri, 

Now take n so large that (b^-a^) will be less than rj. The 
interval (a„, 6„) will be contained ;wholly within (A~?y, X+rj). 
The upper bound of f{x) in the inlferval {a^, b„) would then be 
different from Af, contrary to our hjlpothesis. 

Combining this theorem with t%e preceding we obtain the 
following additional result: 

Theorem IV. If fix) is cotUinuouM in the interval (a, 6), and Af, 
m are its upper and lower bounds, then it takes at least once in this 
interval Ike values Af , m, and every value between M and m. 

Also, since the oscillation of a function in an interval was defined 
as the difference between its upper and lower bounds (cf. §24), 
and since the function attains its bounds at least once in the 
interval, we can state Theorem I afresh as follows; 

Iff(x) is continuous in the interval (a, 6), then we can divide (a, b) 
into a finite number of partial intervals 

(a, x^), (xj, Xj), ... (Xn_i, b), 

in each of which the oscillation of f{x) is less than any given positive 
number.^ 

And a similar change can be made in the statement of the 
property known as uniform continuity. 

31. 2. The Heine-Borel Theorem. Let an interval (a, 6) and an infinite 
set A of intervals, all in (a, .6), he given such that every point x of a'^x^h is an 
interior point of at least one of the intervals of A. (The ends a and b being 
regarded as interior to an interval of the set, when a is the left-hand end of an 
interval, and b the right-hand end of another interval.) 

Then a set consisting of a finite number of the intervals of A has the same 

*The argument of Theorem I, adapted to this case, leads to the theorem : If the 
oscillation at every point of a’-- x'Z^b is less than a giv n number k, then the interval can 
be divided up into a finite number of partial intervals in each of which the oscillation 
is less than k. 
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property ; namely, every point of the closed interval (a, h) is an interior point of 
at least me of the intervals of this finite set {iviih the same convention as to the 
ends a and b). 

Let us suppose that this is not true. Then let c = i(a-h 6). 

At least one of the closed intervals (a, c) and (c, b) must be such that all its 
points are not interior points of at least one interval of a finite set of intervals 
of the set A. 

Denote by (a^, 6j) this new interval, which is half of (a, b). 

Operating on (a^, b^) as we have done on (a, b), and then proceeding as 
before, we obtain an infinite set of closed intervals (a, b), (Oj, b^), (a^, tj) ... 
such that their ends a, a^, Oj, ... form a bounded monotonic ascending sequence 
(or from and after some value of n are all identical), and their ends b, b^, 
form a bounded monotonic descending sequence (or from and after some value 
of n are all identical). 

Thus lim a„ and lim b„ exist, and they are equal, since &« - «» = on (^ *” ®)* 

11-H.oo n— >-00 " 

Suppose that lira a,j=a, different from a and b. 

II— ►CO 

Then a is an interior point of one of the intervals of A, say (a', 6'). And by 
taking n large enough, we can bring and b^ inside (a', b'). Then all thj 
points of this interval (a„, b^) are interior points of one of the intervals of A, 
contrary to our hypothesis. 

A similar argument applies to the case when a coincides with a or 6. 

Thus our theorem is proved. 

Special cases of the Heine- Borel Theorem are the first theorem of § 31. 1 and 
the theorem stated in the footnote on p. 71. 

It can be at once extended to the case of a rectangular domain instead of 
the linear interval ; and is equally useful in dealing with the properties of 
functions of two variables (Cf. § 37). Indeed the proof is independent of the 
number of dimensions. And it finds a place also in the general theory of sets 
of points.* 

The title Heine- Borel Theorem is so generally used by English writers that 
it has been adopted in the text. But German and French mathematicians 
now refer to it as BoreFs Theorem, and there is no doubt that this is the better 
name. The theorem (for the case of a countably infinite set of intervals) was 
first enunciated and proved by Borel. [Th^se, Paris, 1894 ; Annales Sci, de 
VEcok Normals (3), 12 (1896), 61 : Legons sur la thiorie des fonctions (Paris, 
1898).] Because of the similarity of Borel’s proof and that by means of which 
Heine f established the uniformity of the continuity of a function, given as 
continuous in a closed interval, it became customary to call it the Heine- Borel 
Theorem. But it may well be the case that the theorem is contained im- 
plicitly in similar demonstrations by authors previous to Heine. And, as 
Lebesgue remarks, the theorem is not one of those of which the demonstration 


♦ Cf. Hobson, he, cit. 1 (3rd ed., 1927), § 73. 
t Journal far Math,, 74 (1872), 188. 
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offers great difficulties.* The merit lay in perceiving it, enunciating it, and 
divining its interest, not' in demonstrating it. He refers to it always as 
BoreFs Theorem, and regards the other title as unsuitable. 

32. Contmuity in an Infinite Interval. Some of the results ot tne last 
section can be extended to the case when f{x) is continuous in a; 2 where 
a is some definite positive number, and lim f(x) exists. 

ar— ►<» 

Let u=alx. When x i: a, we have 0 < ~ 1. 

With the values of in 0 <u^l, associate the values of f(x) at the corre- 
sponding points in x2 a, and to u=0 assign lim /(x). 

*--►00 

We thus obtain a function of u, which is continuous in the closed interval (0, 1 ). 
Therefore it is bounded in this interval, and attains its bounds M, m. Also 
it takes at least once every value betweei| M and m, as u passes over the 
interval (0, 1). 

Thus we may say that /(x) is bounded in^the range! given by x 2 a and the 

new “point" x = <» , at which /(x) is given t|e value lim /(x). 

*“►00 

Also/(x) takes at least once in this rangf its upper and lower bounds, and 
every value between these bounds. 

x^ 

For example, the function is continuous in (0, oo ). It does not 

attain its upper bound — unity — when x20, but it takes this value when 
X = 00 , as defined above. 

33. Discontinuous Functions. When f(x) is defined for 
and the neighbourhood of (e,g, 0<|x-Xq|^A), and 

/(Xq+0)=/(xq~0)=/(Xq), then f{x) is continuous at x^. 

On the other hand, when f{x) is defined for the neighbourhood 
of Xq, and it may be also for x^, while f{x) is not continuous at 
X0, it is natural to say that/(x) is discoinlinuous at Xq, and to call Xq 
a point of discontinuity of /(x). 

Points of discontinuity may be classified as follows: 

I. /(Xq+O) and /(a^o-O) may exist and be equal. If their 
common value is different from/(Xo), or if /(x) is not defined for Xq, 
then we have a point of discontinuity there. 

£x. /(x) = (X - Xo) sin l/(x - Xo), when x x©- 

Here/(Xo+0)=/(Xo~0)=:0, and if we give/*(x)o any value other than zero, 
or if we leave /(x©) undefined, x© is a point of discontinuity of/(x). 


* In a review of W. II. and G. C. Young’s “ Theory of Sets of Points " in the 
Bull, dc8 sciences math. (2) 31 (1907), 134. 

fit is convenient to speak of this range as the interval (a, x ), and to write 
/(x ) for lim /(x). 
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II. /(a:„ +0) and /(®o - 0) may exist and be unequal. Then is a 

point of discontinuity of f{x), whether /( scq) defined or not, 

Here f(xt+0)=0 and /(*o-0) = l. 

In both these cases f{x) is said to have an ordinary or simple 
discontinuity at Xg. And the same term is applied when the 
point Xg is an end-point of the interval in which /(x) is given, and 
/(xg-l-0), or f(Xff-0), exists and is different from /(Xg), it fix) is 
defined for Xg. 

III. /(x) may have the limit -f- oo , or - oo , as x-^Xg on either 
side, and it may oscillate on one side or the other. Take in this 
section the cases in which there is no oscillation. These may be 
arranged as follows: 

(i) /(®o +0) =/(®o - 0) = + 00 (or - 00 ). 

Ex. /(*) = l/(*-Xo)*, when 

(ii) /(Xg+0)= -1-00 (or - oo ) and /(xg-0)= - oo (or -f-oo ). 

Ex. f(x) = ll(x-x^), when x^.x^. 

(iii) /(xg-t-0)= - 1-00 (or -oo)) or fix^-0) = -foo (or -oo)) 

/(Xg-0) exists / /(xg-(-0) exists /' 

Ex. /(*) = !/(*“ *o)» when x > x, i 

/(x)=x-Xo, when x — x^l 

In these cases we say that the point Xg is an infinity of fix), 
and the same term is used when Xg is an end-point of the interval 
in which fix) is given, and /(xg+0), or /(Xg-0), is -f-oo or - oo . 

It is usual to say that fix) becomes infinite at a point Xg of the 
kind given in (i), and that/(Xg) = -i- oo (or - oo ). But this must be 
regarded as simply a short way of expressing the fact that fix) 
diverges to -f-oo (or to - oo ) as x->Xg. 

It will be noticed that tanx has an infinity at but that 
tan \Tr is not defined. On the other hand, 

tan (|■Jr-0)= -f 00 and tan (|ir -f-0) = - oo . 

IV. When/(x) oscillates at Xg on one side or the other, Xg is said 
to be a point of oscillatory discontinuity. The oscillation is finite 
when fix) is bounded in some neighbourhood of Xg; it is infinite 
when there is no neighbourhood of Xg in which fix) is bounded 
(cf.§25). 
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Ex. (i) /(a:)=sin l/(a?-a:o), when x^x^. 

(ii) f{x) = l/(a: - x^) sin ll{x - Xq), when x Xq. 

In both these examples Xq is a point of oscillatory discontinuity. 
The first oscillates finitely at the second oscillates infinitely. 
The same remark would apply if the function had been given only 
for one side of x^. 

The infinities defined in (III) and the points at which/(x) oscillates 
infinitely are said to be points of infinite discontinuity. 

34. Monotonic Functions. The function /(x), given in the interval 
(a, 6), is said to be monotonic in that interval if 

either (i) f(x')ZyJ(x'')y wheifi a^x' <x'* ^b\ 
or (ii) /(x') Irr f{x'')y whm a ^ x'<x" ^ 6. 

Ill the first case, the function ne\ter decreases as x increases 
and it is said to be monotonic increasing] in the second case, it 
never increases as x increases, and it is said to be monotonic de- 
creasing* 

The monotonic character of the function may fail at the end- 
points of the interval, and in this case it is said to be monotonic 
in the open interval. 

The properties of monotonic functions are very similar to those 
of monotonic sequences, treated in § 17.1, and they may be estab- 
lished in precisely the same way: 

(i) If /(x) is monotonic increasing when x^X, and f{x) is less 
than some fixed number A when x'^Xy then lim /(x) exists and is 
less than or equal to A. 

(ii) If f{x) is monotonic increasing when x £ Z, and f{x) is greater 
than some fixed number A when x’^X, then lim /(x) exists and is 
greater than or equal to A. 

(iii) If f{x) is monotonic irwreasing in an open interval (a, 6), 
and f(x) is greater than some fixed number A in that open interval, 
then f{a +0) exists and is greater than or equal to A, 

(iv) If f(x) is monotonic increasing in an open interval (a, 6), 
andf{x) is less than some fixed number A in that open interval, then 
f(b - 0) exists and is less than or equal to A. 


*Tho footnote, p. 43, also applioH here. 
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These results can be readily adapted to the case of monotonic 
decreasing functions, and it follows at once from (iii) and (iv) that 
if f{x) is bounded and monotonic in an open interval, it can only have 
ordinary discontinuities in that interval, or at its ends. 

It may be worth observing that if f{x) is monotonic in a closed 
interval, the same result follows, but that if we are only given that 
it is monotonic in an open interval, and not told that it is bounded, 
the function may have an infinity at either end. 

E.g. f(x) = ljx is monotonic in the open interval (0, 1), but not 
bounded. 

At first one might be inclined to think that a function which 
is bounded and monotonic in an interval can have only a finite 
number of points of discontinuity in that interval. 

The following example shows that this is not the case: 

Let f{x) = 1 , when | < x 1 ; 

let f(x) = i, when < * S' 
and, in general, 

let fix) = 1 when ~<x'J.^, 

(n being any positive integer). 

Also let /(0) = 0. 

Then /(x) is monotonic in the interval (0, 1). 

This function has an infinite number of points of discontinuity, 

namely at ^ = being any positive integer). 

Obviously there can only be a finite number of points of dis- 
continuity at which the jump would be greater than or equal to k, 
where k is any fixed positive number, if the function is monotonic 
(and bounded) in an interval.* 

35. Inverse inunctions. Let the function /(a:), defined in the interval (a, 6), 
be continuous and monotonic in the stricter sensef in (a, b). 

For example, let y=f{x) be continuous and continually increase from A 
to B as X passes from a to b. 

Then to every value of y in (A^ B) there corresponds one and only one 
value of X in (a, b). [§ 31. 1, Theorem II.] 

♦It follows that if there are an infinite number of points ri discontinuity, this 
set of points is countably infinite. 

fCf. footnote, p. 75. 
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This value of a; is a function of y — Bsy <f^^y) — ^which is itself continually 
increasing in the interval (A, B). 

The function <f>(y) is called the inverse of the function /(a;). 

We shall now show that is a continuous function of y in the interval in 
which it is defined. 

For let y^ be any number between A and Bj and Xq the corresponding 
value of X, Also let € be an arbitrary positive number such that — c and 
ajo-f € lie in (a, h) (Fig. 7). 

Let Vs “ yo + Vt the corresponding values of y. 

Then, if the positive number t; is less than the smaller of and it is 
clear that |a? - a:o| < e, when |y - yol ^ 7* 

Therefore |</>(y) - <^(yo)| < €, when |y - ^ol - >/• 

Thus is continuous at y^. 



Fiq. 7. 

A similar proof applies to the end-points A and B, and it is obvious that 
the same argument applies to a function which is monotonic in the stricter 
sense and decreasing. 

The functions sin cos-^ar, etc., thus arise as the inverses of the functions 
sin X and cos re, where 0 ^ a; ^ Jir, and so on. 

In the first place these appear as functions of y, namely sin“^y, where 
1, cos^^y, where 0~y=l, etc. The symbol y is then replaced by 
the usual symbol x for the independent variable. 

In the same way log x appears as the inverse of the function e^. 

There is a simple rule for obtaining the graph of the inverse function f~\x) 
when the graph of f(x) is known. /“*{«) is the ima^e of f(x) in the line y=x. 
The proof of this may be left to the reader. 

The following theorem may be compared with that of § 26 (IV): 

Let f{u) be a continuous function^ monotonic in the stricter sense^ and let 

lim /[<M^)]=/(6) 
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Then lim exiaU and is equal to h, 
ar-wi 

A strict proof of this result may bo obtained, relying on the proj^erty proved 
above, that the inverse of the function f(u) is a continuous function. 

The theorem is almost intuitive, if we are permitted to use the graph oif(u). 
The reader is familiar with its application in finding certain limiting values, 
where logarithms are taken. In these cases it is shown that lim log tt=log 6, 
and it is inferred that lim it =5.^ 


36. l.f Let the bounded function f{x), given in the interval (a, 6), be such 
that this interval can be divided up into a finite number of open partial 

intervals, in each of which 
f(x) is monotonic; or, in 
accordance with the more 
usual but less exact expres- 
sion, let the function have 
only a finite number of 
maxima and minima in the 
interval. 

Sup];> 08 e that the points 
Xj, Xj, ... divide this in- 
terval into the open intervals 

(o, Xj), (Xj, .Xjj), ... 5), 

in which /(x) is monotonic. 
Then we know that /(x) can 
only have ordinary discon- 
tinuities, which can occur at the points a, x,, Xj, ... b, and also at any 
number of points within the partial intervals. (§ 34.) 

I. Let us take first the case where /(x) is continuous at a, x^, ... 6, and 

alternately monotonic increasing and decreasing. To make matters clearer, 
we shall assume that there are only three of these points of section, namely 
* 3 >/(^) being monotonic increasing in the first interval (a, x,), decreasing 
in the second (xj, Xg), and so on (Fig. 8). 

It is obvious that the intervals may in this case be regarded as closed, 
the monotonio character of/(x) extending to the ends of each. 

Consider the functions F(x), 0(x) given by the following scheme: 



F(x) 

a{x) 

/(») 

0 

a 1 X . Xj 

/(*i) 


X| rx - .Xj 

/(*l) -f(Xt) +f(x) 

f(^i) -/(**) 

x* X Xj 

f(^l) ~/(^f) +./*(^3) 

/(*i) -/(**) +/(*,) -f(x) 

Xj ^ X h 


*Cf. Hobson, Plane Trigonomeiry (7th wl., 1028), p. 1.30. 

fFor an alternative treatment of the subject matter of this section, see $ 36. 2. 
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It is clear that F{x) and G(x) are monotonic increasing in the closed interval 
(a, b), and that f(x) = F(x) - (i(x) in (o, h). 

If /’(.r) is dwreasing in the first partial interval, we start with 

=/(«). =/(a) ~/(a?), when 

and proceed as before, t.e. we begin with the second line of the above diagram, 
and substitute a for Xj, etc. 

Also, since the function /(a?) is bounded in (a, 6), by adding some number 
to both F(x) and Q(x)^ we can make both these functions positive if, in the 
original discussion, one or both were negative. 

It is clear that the process outlined abovo applies equally well to n partial 
intervals. 

We have thus shown that when the houndei function f{x), given in the interval 
(a, h)f is such that this interval can he divide^ up into a finite number of partial 
intervals^ f(x) being alternately monotonic inkreasing and monotonic decreasing 
in these intervals, and continuous at their en$8, then we can express f(x) as the 
difference of two (hounded) functions, which ark positive and monoUmic increasing 
in the interval (a, 6). I 

II, There remains the case when some or cdl of the points a, x^, ajj, • • • ^ 

are points of discontinuity oif(x), and the |Kroviso that the function is alter- 
nately monotonic increasing and decreasing is dropped. 

We can obtain from/(a;) a new function <^(a?), with the same monotonic 
properties as /(a;) in the open partial intervab (o, xf), (Xj, x ^), ... 
continuous at their ends. 

The process is obvious from Fig. 9. We need only keep the first part of 
the curve fixed, move the second up or down till its end-point (.r,, A-'Pi+O)) 



coincides with (a?!, f(Xi - 0)), then proceed to the third curve and move it up 
or down to the new position of the second, and so on. 

If the values of f(x) at a, Xj, x^, ... h are not the same as 

/(a + 0), /(a?i + 0) or /(a:i-0), etc., 

we must treat these points separately. 
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In this waj^, but arithmetically,* we obtain the function <^(ar) defined as 
follows; 

In a < Xy, €t}(x) =f{x), supposing for clearness /(a) =/(a + 0). 

At a?! , </)(a:)=/(a;)+ai. 

In a;i<a; <x^, ^(a:)=/(a:) + 01+02- 

At X2 , </)(a:)=/(a;)+ai + 02 + 03- 

And so on, 

fli, Oj, 03, ... being definite numbers depending on/farj ±0), /(a-j), etc. 

We can now apply the theorem proved above to the function f/>(x) and 

write (l>{x)=^(x) - 'P(a;) in (a, 6), 

4>(a:) and ^(x) being positive and monotonic increasing in this interval. 

It follows that: 

In a ^-zZKXi, f(x)^^(x) - ^^(a;). 

At Xi , /(«)=«^(ar)-‘^(ar)-Oi. 

In Xi<x<x^, /(a:) = 4>(a:)-'F(x)-ai-02. 

And so on. 

If any of the terms Oi, 03, ... are negative we put them with d>(a-): the 
positive terms we leave with 'F(x). Thus finally we obtain, as before, that 

f(x) = F(x) - Glx) in (a, b), 

where F(a;) and G(x) are positive and monotonic increasing in this interval. 

We have thus established the important theorem; 

If the hounded' function /(a;), given in the interval (a, 6), is such that this 
interval can be divided up into a finite number of open partial intervals^ in each 
of which f(x) is monotonic, then we can express f(x) as the difference of two (bounded) 
functions, which are positive and monotonic increasing in the interval (a, b). 

Also it will be seen from the above discussion that the discontinuities of 
F(x) and G(x), which can, of course, only be ordinary discontinuities, can 
occur only at the points -where f(x) is discontinuous. 

It should, perhaps, also be added that, while the monotonic properties 
ascribed to f(x) allow it to have only ordinary discontinuities, the number 
of points of discontinuity may be infinite (§ 34). 

36. 2. Functions of Bounded Variation.t The functions discussed in § 36. 1 
are a special case of the class of functions known os functions of bounded varia- 
tion introduced into Analysis by Jordan,^ and used by him in the treatment 
of Fourier’s Series. The principal properties of such functions are obtained 
in this section* which may replace § 36. 1. 

*It will be noticed that in the proof the curves and diagrams are used simply 
as illustrations. 

I There is a very complete treatment of functions of bounded variation (fonctions 
& variation born^e) in Lebesgue’s Legons sur V Integration, (2** ed,, Paris, 1928), 
Ch. IV. See also de la Valine Poussin’s Cours d' Analyse 2 (4® cd., 1922), Ch. II, 
§ 

XCL Jordan, Cours d" Analyse, 1 (2® 6d., Paris, 1893), 54. 
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Definition. Letf(x) be hounded in (a, b) and leta=x„, x-^, x ^, ... x„_i, x„=b, 
be a tnode of division of this interval. Lei y^, y„ ... he the values off(x) 

at these points. 

Then '2(yr+i - Vr) =/(*) -/(«) =P - 

0 

where p is the sum- of the positive differences^ and- - n the sum of the negative 
differences, 

«-i 

The sum Sli/r+i ~ vA denoted by U and we have 
0 

w-1 

«=2|yri.i-yrl*j>+»- 

0 

To every mode of division of (a, h) into such partial intervals, there correspond 
sums ty p and n. 

When the sums f , c/yrresponding to all posCible modes of division of (a, b), are 
hounded and their upper bound is T, we say that T is the total variation of f{x) 
in (a, b)y and that f(x) is (^bounded variati^ in this interval. 

Since 2p-t 4-/(6) -/(o), 

and 2n = t-f(b) 4-/(a), 

it is clear that, if f{x) is of bounded variation, the sums p and n are also 
bounded. 

If their upper bounds are P and JV, we have 

2P = !r+/(6)-/(a), 

and 2N = T -f(b) +f(a), 

P and - N are sometimes called the positive variation and the negative varia- 
Hon in the given interval. 

Again it is clear that a bounded monotonic function is of bounded variation. 
And that, if/(a:) is of bounded variation in (o, b), it is also of bounded variation 
in (a, /i) where a'--a<Pr-b, Further f(x) does not cease to be of bounded 
variation, if its value is altered at a finite number of points. 

These facts follow at once from the definition just given, and we proceed 
now to establish further properties of such functions. 

I. If f{x) is of bounded variation in (a, c) and (c, b), where a<c<b, it is of 
bounded variation in (a, h). 

Take any mode of division of (o, 6), say, a—x^, Xj, ... x„ = b. 

If one of these points coincides with c, then its sum t satisfies t — ti^t^t 
where t^ and t^ are the sums for this mode of division of (a, c) and (c, b) respec- 
tively. 

If c lies between two points x^ and x^^i, since 

\yr^i-yA - l^r+i -f{c)\ + \f(c)-yA^. 

it is clear that f fj 4* f 2 » with the same notation as before. 

But if Tj and Tg are the total variations in (a, c) and (c, b) respectively, 
h ^ and fg ~ Tg. 

Therefore < ^ 4- Tg* 

Thus we have shown that /(x) is of bounded variation in (a, b). 
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II. Let che^a point betueen a, h and f(x) he of bounded variation in (a, b), 
Tt Ti and being its total variatiotis in {a, b), (a, c) and (c, 6). 

Then + 

We have seen that if f{x) is of bounded variation in (a, b), it is also of bounded 
variation in (a, c) and (r, &), and the concluding line of the argument of 
Theorem I shows that 

+ (i) 

Now take the usual arbitrary positive number c. 

There is a mode of division of {a, c) and also of (c^ b), for which the sums 
ti and satisfy 

Tg — ^€<t^. 

Thus + 

But these modes of division of (a, c) and (c, b) form a mode of division of 
(o, b). 

Therefore fj + f * ~ T. 

Thus + (ii) 

It follows from the inequalities (i) and (ii) that 

T = Ti + Ti. 

III. If f(x) is hounded in (a, b), and this interval can be broken up into a 
finite number of partial intervals (open or closed) in which the function is mono- 
ionic^ then f(x) is of bounded variation in (a, 6). 

This follows from Theorem I, since in all these intervals f(x) is of bounded 
variation. 


^It might be thought that a function with an inBnito number of turning points 
in a finite interval could not be of ’bounded variation in that interval. But the 
following example shows that this is not the case. 

Let /(x) =a:* sin when x > 0, and/(0) =0. 


It is easy to show that there is one turning point and only one in 


(((n + l)T)*’ (n»)0’ 


where n is any positive integer. 

If the interval extends to the origin, the number of turning points is infinite. 
But the absolute value of the maximum or minimum in the interval 

( ^ k. isleMthan — 

\((»+ !)»•)* («ir)V (nir)» 

It follows that the total variation in any interval, (0, o), where a > 0, is less than 

A|l. 

On the other hand the functions 

/(*)=siniwhena:>ol _ , /(»)=» sin - when »> 0 1 

/(0)=0 ) /(0)=0 i 

are not of bounded variation in such an interval. 
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rV. If f(x) is nf hounded variation in (a, b), it is the differen^ie of two positive^ 
movudonic increasing functions^ and the difference of itoo bounded monoUmic 
iiusreasing funUiom is a function of bounded variation. 

(i) First, let P{x) and - N(x) be the positive and negative variations for the 
interval (a, x), where a <x<b. 

Then, by the definition of P and N, we have 

m-na)=P{x)-^N(x). 

Also P(x) and N(x) are positive and monotonic increasing functions of x. 
Thus f(x) ==[P(x) +f(a) 4- \f(a)\] ^[N{x) + \f(a)\l 

which establishes the first part of the theorem. 

(ii) Next let f(x) = F{x) - G{x)y 

where F(x) and 0{x) are bounded, monotoni<i increasing functions in (a, 6). 
Take any mode of division of the interval 

a=a:o. x^=:b. 

Then f(Xr^,) -f(xr) =[F(a;,, - [G{Xr+,) - G(Xr)l 

and 2’|/(=>:r+i) -/(*r)l rS S - i(i,)] +'2 [G(ir+i) - «(*r)l 

0 0 0 

Therefore f(x) is of bounded variation in (a, h). 


V. If fi(x) and f^{x) are two functions of bounded variation^ so are fi{x)±fi{x) 
and ft{x)Ux). 

Also, if f(x) is of bounded variation, and | f{x) \ < some definite positive number 
in the interval, then \lf{x) is of hounded variation. 


(i) Let /i(ar) = F^(x) - G^(x) and f^{x) = F^(x) - 0^(x), 
where Fi(x), F^{x), Oi(x) and G 2 {x) are positive monotonic increasing 
functions. 

Then Ux) +/*(a:) = [Fi(a:) + F,(x)] - [G,{x) +(?,(a:)j, 

and the sum of the given functions is of bounded variation by Theorem IV. 

Similarly for the difference and product. 


(ii) With the usual notation, 


_1 _ 1 
Pr+i Vr 


. |yr+i “1^1 ^ I,/ - « I 


if |/(a;;l>^>0. 

Thus the sum ( for !//(«) is less than Tlp\ where T is the total variation 
oif{x) in the interval. 


VI. A function of bounded variation has ordy ordinary discontinuities. 

This follows at once from Theorem IV, for the discontinuities oif(x) must 
also be discontinuities of F(x) and G(x), and these are ordinary discontinuities. 
(§ 34 .) 
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If the discontinuities of f(x) are infinite in number, they are countably 
infinite. 

For, if we have a sequence r/j, i] 2 , yz* ••• when 

Vi > '/2 > »/3 * lim =0, 

n— ►« 

we know that there is only a finite number of points at which 
J’(a:+0)-J’(»-0)|>»j„. 
where n is any positive integer. 

VII. Iff{x) is of hounded variation in (a, b) and continuous at a point c of that 
interval, then T(x), P{x) and N{x) are also continuous at c. 

Take the arbitrary positive number c. There is a mode of division of (o, c), 
say o, a?!, x^, ... c, such that the sum t for it satisfies 

T(c)-\e<t^T{c). 

Also there is a neighbourhood of c such that 

l/(i*^)~/(c)| <K when 0<c-a:^r;. 

It is clear that we can take within this neighbourhood, for if it were 
outside it, by adding a point of section within it, we do not diminish the sum t. 

Also t = t\ Vr+i - yrl + I /(c) -/(*n-i) I 

'=^T(c-0) + h, 

since T(x) is a monotonic increasing function. 

Thus T(c) -i€< T(c - 0) + h, 

and T(c) < T(c - 0) -f €. 

It follows that T(c) T{c - 0). 

But, since T{x) is monotonic increasing, T{c) < T(c - 0). 

Therefore we must have T{c) = T{c - 0). 

Taking a neighbourhood to the right of o, we find in the same way that 

T(c) = T(c + 0). 

Thus T(a;) is continuous at a;=c, and the same holds for P(a:) and N{x), 

37, Functions of Several Variables. So far we Jbave dealt only 
with functions of a single variable. If to every value of x in the 
interval a x^h there corresponds a number y, then we have said 
that y is a function of x in the interval (a, 6), and we have written 
y=f(x). 

The extension to functions of two variables is immediate : 

To every pair of values of x and y, such that 

a^_x^a\ b~y^b\ 

let there correspond a number z. Then z is said to be a function of 
X and y in this domain, and we write z=f{x, y). 
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If we consider x and y as the coordinates of a point in a plane, 
to every pair of values of x and y there corresponds a point in the 
plane, and the region defined by a^x ca', b'ly-sV will be 
a rectangle. 

In the case of the single variable, it is necessary to distinguish 
between the open interval {a<x<h) and the closed interval 
(a-^x'^b). So, in the case of two dimensions, it is well to 
distinguish between open and closed domains. In the former the 
boundary of the region is not included in the domain; in the latter 
it is included. 

In the above definition we have tak^ a rectangle for the domain 
of the variables. A function of two variables may be defined in 
the same way for a domain of which the boundary is a curve C: 
or again, the domain may have a curvefO for its external boundary, 
and other curves, C', C\ etc., for its ijiternal boundary. 

A function of three variables, or any number of variables, will 
be defined as above. For three variables, we can still draw upon 
the language of geometry, and refer to the domain as contained 
within a surface S, etc. 

We shall now refer briefly to some properties of functions of 
two variables. 

A function is said to be bounded in the domain in which it is 
defined, if the set of values of z, for all the points of this domain, 
forms a bounded aggregate. The upper and lower bounds, M and 
m, and the oscillcUion, are defined as in § 24. 

f(x, y) is said to have the limit I as (x, y) tends to (Xq, y^), when, 
any positive number e having been chosen, as small as we please^ 
there is a positive number rj such that \f(x, y) - 1 \ < e for all values 
of (x, y) for which 

\x-x^\^rj, \y-y^\rir} and 0 <|x-3:o| +|y-yol- 

In other words, |/(x, y) - 1\ must be less than c for all points in 
the square, centre at (x^,, y^, whose sides are parallel to the co- 
ordinate axes and of length 2r], the centre itself being excluded 
from the domain. 

A necessary and sufficient condition for the existence of a limit 
^0 f(x, y) as {x, y) tends to (Xq, y^ is that, to the arbitrary positive 
number e, there shall correspond a positive number rj such that 
l/(*'. /)-/(*', y'')|<c, wAere («', y') and {x^y”) are any two 
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points other than (x#, y^) in the square, centre at {x^, y^), whose aides 
are paraUd to the coordinate axes and of length 2rj. 

The proof of this theorem can be obtained in exactly the same 
way as in the one-dimensional case, squares taking the place of the 
intervals in the preceding proof. 

A function /(x, y) is said to be continuous when x=Xq and 
y=yo» y) hmit/(Xo, y^) as (x, y) tends to (x^, y^). 

Thus,/(x, y) is continuous when x=Xq and y=yQ, if, to the arbi- 
trary positive number e, there corresponds a positive number rj such 
that \ f{x, y) -/(Xj, y^\<e for <M values of {x, y) for which 

|x-Xo|^»/ and |y-yol = »?- 

In other words, \f(x, y)-f{x^, yo)l must be less than e for all 
points in the square, centre at (xg, y^), whose sides are parallel to 
the coordinate axes and of length 2^.* 

It is convenient to speak of a function as continuous at a point 
Vo) instead of when x=Xg and y=yQ. Also when a function 
of two variables is continuous at (x, y), as defined above, for every 
point of a domain, we shall say that it is a continuous function of 
(x, y) in the domain. 

It is easy to see that we can substitute for the square, with 
centre at (Xg, yg), referred to above, a circle with the same centre.f 
The definition of a limit would then read as follows: 

/(x, y) is said to have the limit I as (x, y) tend to (Xg, yg), if, to 
the arbitrary positive number e, there corresponds a positive number 
j/ su(h that I /(x, y) - 1| <e for all values of (x, y) for which 

0<V{(x - Xg)2 -f{y - yg)2} ^ n. 

If a function converges at (Xg, yg) according to this definition 
(based on the circle), it converges according to the former defini- 
tion (based on the square); and conversely. And the limits in 
both cases are the same. 

Also continuity at (xg, yg) would now be defined as follows: 

/(x, y) is continuous at (Xg, yg), if, to the arbitrary positive number e, 


*There aro obvious changes to be made in these statements when we are dealing 
with a point y^) on one of the boimdaries of tho domain in which the function 
is defined. 

tWe may also use a rectangle, centre at (x^ yj, and sides 2i?, 2^' say. 
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there corresponds a positive nuntber rj such that | /(*, y) ^o)! 

for all values of lx, y) for which 

Every function, which is continuous at (x^, y^ under this de- 
finition, is continuous at (Xq, y^) under the former definition, and 
conversely. 

It is important to notice that if a function of x and y is continuouB with 
respect to the two variables, as defined above, it is also continuous when con- 
sidered as a function of x alone, or of y alc^e. 

For example, let/(ar, y) be defined as folbws: 

( y) = when at least one of the variables is not zero, 

"I ar + y* 

1 /( 0 , 0 )= 0 . : 


Then /(a-, y) is a continuous function of ^, for all values of ar, when y has 
any fixed value, zero or not; and it is a con|inuous function of y, for all values 
of y, when x has any fixed value, zero or n^t. 

But it is not a continuous function of (ofi, y) in any domain which includes 
the origin, since /(x, y) is not continuous when a;=0 and y~0. 

For, if we put x=r cos 6, y=r sin 0, we have f(x, y)=Bin 20, which is inde- 
pendent of r, and varies from - 1 to -f 1. 

However, it is a continuous function of {x, y) in any domain which does 
not include the origin. 

On the other hand, the function defined by 


1 /( 0 , 0 )= 0 , 


when at least one of the variables is not zero, 


is a continuous function of (a:, y) in any domain which includes the origin. 

The theorems as to the continuity of the sum, product and, in certain 
cases, quotient of two or more continuous functions, can be readily extended 
to the case of functions of two or more variables. A continuous function of 
one or more continuous functions is also continuous. 

In particular we have the theorem: 

Let u = <li{x, y), v = ylr{x, y) be continuoihs at (Xq, t/q), and let Wo = </'(^o» ^o)* 


Lei zi=:f{Uf v) he conlinitous in (u, v) at (Mq, Vq), 

Then z=f[ </»(a:, y), y)] is continuous in (ar, y) at {x^, y^). 

Further, the general theorems on continuous functions, proved in § 31, 
hold, with only verbal changes, for functions of two or more variables. 

For example: 

1/ a function of two variables is continuous at every point of a closed domain^ 
it is un^ormly continuous in the domain. 

In other words, when the positive number c has been chosen, as smaU as we 
please, there is a positive number i/ sucih that \f(x\ y*^) \ <«» when 

(x\ y') and (xf*, y^) are any two points in the domain for which 



88 


FUNCTIONS OF A SINGLE VARIABLE 


REFERENCES. 

Db la Vall^b Poussin, loc. cit., 1 (5^ 4d., 1923), Introduction, § 3. 
Goubsat, he. eit., 1 (4^ 4d., 1923), Ch. 1. 

Habdy, loc. dt. (6th ed., 1928), Ch. V. 

OsooOD, LelaMt der Funktiomntheorie, 1 (4 Aufl., Leipzig, 1923), Kap. I. 
PiBRPONT, Tkory of FunctioM of Red Variables, 1 (Boston, 1906), cL VI 
and VII. 

And 

Pringshbim, “Grundlagen der aligemeinen Funktionenlehre," Enc. d math. 
Wise., Bd. II, TI. I (Leipzig, 1899). 



CHAPTER IV 


THE DEFINITE INTEGRAL 


38. In the usual elementary treatment of the Definite Integral, 
defined as the limit of a sum, it is awumed that the function of x 
considered may be represented by- a curve. The limit is the 
area between the curve, the axis of i and the two bounding ordi- 
nates. 

For long this demonstration was accepted as sufiicient. To-day, 
however, analysis is founded on a more solid basis. No appeal 
is made to the intuitions of geometry. Further, even among the 
continuous functions of analysis, there are many which cannot 
be represented graphically. 

let /(x)=xsin-, when x<0, 

and /(0)=0. 

Then /(x) is continuous for every value of x, but it has not a 
differential coefficient when x=0. 


It is continuous at a;=0, because 

and \f(x) -/(^)l <«» 0 < I a; I ^ r/, if 7/ < c. 

Also it is continuous when x ^ 0, since it is the product of two continuous 
functions [cf . § 30]. 

It has not a differential coefficient at because 


m-m) 

h 



and sin Ijh has not a limit as ^-^0. 

It has a differential coefficient at every point where and at such 
points 

/ (ar)=sin cos . 

89 
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More curious still, Weierstrass discovered a function, which is 
continuous for every value of a;, while it has not a differential 
coefficient anywhere.*** This function is defined by the sum of 
the infinite series « 

^ a” cos b^irXf 
0 

a being a positive odd integer and b a positive number less than 
unity, connected with a by the inequality a6>l -f iiTr.f 

Other examples of such extraordinary functions have been 
given since Weierstrass’s time. And for this reason alone it would 
have been necessary to substitute an exact arithmetical treatment 
for the traditional discussion of the Definite Integral. 

RiemannJ was the first to give such a rigorous arithmetical 
treatment. The definition adopted in this chapter is due to him. 
The limitations imposed upon the integrand f(x) will be indicated 
as we proceed. 

In Higher Analysis the Riemann Integral has now been super- 
seded by the Lebesgue Integral, or by one of the others allied to it. 
This advance dates from Lebesgue’s first memoir, which appeared 
in 1902. § Much has since then been done in this field, but the 
ideas involved are far from elementary; and, though it is especially 
in the rigorous treatment of the Theory pf Fourier’s Series that the 
advantages of the new definition of the integral are to be found, 
it does not seem proper to introduce it into this work. In an 
Appendix 1 1 the Lebesgue Integral is defined and some of its 
distinctive properties are obtained; also it is shown in what way 
its introduction simplifies and completes the more elementary 
treatment of the text. 

*It seems impossible to assign an exact date to this discovery. Weierstrass 
himself did not at once publish it, but communicated it privately, as was his habit, 
to his pupils and friends. Du Bois-Beymond quotes it in a paper published in 1874. 
fHardy has shown that this relation can be replaced by 0< a< 1, 6 > 1 and 
[of. Trans, Amer, M<Uh, Soc., 17 (1916)]. An interesting discussion of 
Weierstrass's function is to bo found in a paper, *Tnfinite Dorivates,** Quart. J, of 
Math., 47 (1916), 127, by Grace Chisholm Young. 

4 In his classioal paper, Vber die DarsteUbarkeit einer Function durch eine trigono- 
meirische Beihe. See above, p. 6. 

But the earlier work of Cauchy and Dirichlet must not be forgotten. 

S“Int4grale, Longueur, Aire,** Annali di Mat, (3), 7 (1902), 230. 

II See Appendix II, where references to books and memoirs on this subject will 
be found. 
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39. Hie Sums S and s.* Let/(x) be a bounded function, given 
in the interval (a, b). 

Suppose this interval broken up into n partial intervals 

(®i ®i)» (®j> * 2 ), b), 

where tKx^Kx^ ... 

Let M, m be the upper and lower bounds otf{x) in the whole 
interval, and M^, m, those in the closed interval *,), writing 
a=Xg and b=x„. 

Let S=Mi{xi - a) +M 2 {x^ - x^) + ... +M„{b - 
and 8 = (x^ — a) +m^ {x^ — x-j^^ ... +»w„ (6 — / 

To every mode of subdivision of (u^ 6) into such partial intervals, 
there corresponds a sum S and a suah s such that s^S. 

The sums have a lower bound, fince they are all greater than 
•«t(6 - o), and the sums s have an u^per bound, since they are all 
less than Jlf(& - a). ^ 

Let the lower bound of the sums S be J, and the upper bound 
of the sums a be /. 

We shall now show that 1-^J. 

Let a, Xj, x^, ... ®n-i» ^ 

be the set of points to which a certain S and s correspond. 

Suppose some or all of the intervals (o, a:^), (x^, x^), ... (ain-n &) 
to be divided into smaller intervals, and let 

Vi’ Vif Vk-ii Vicf yfc+i> ••• Ui-if Vii ••• b 

be the set of points thus obtained. 

The second mode of division will be called consecutive to the 
first, when it is obtained from it in this way. 

Let S, <r be the sums for the new division. 

Compare, for example, the parts of S and Z which come from 
•he interval (a, z^). 

Let M\, m\ be the upper and lower bounds of f{x) in (a, yj), 
w'j in (yi, ya). and so on. 

The part of 2 which comes from {a, Xj) is then 

+M'2(ya-yi)... +M\(xi-y^_i). 

But the numbers M\, M'g, ... cannot exceed M^. 

Thus the part of Z which we are considering is at most equal 
to Mj{xi - a). 


*The argument which follows is taken, with slight modifications, from Goursat's 
Coun d* Analyse, 1 (4* 4d., 1923), pp. 171 ei seq* 
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Similarly the part of 2 which comes from {x^, X 2 ) is at most 


equal to ^ 2(^2 " 

Adding these results we have 2 ^ aS. 

Similarly we obtain <r i? s. 

Consider now any two modes of division of (a, 6). 

Denote them by 

® 2 > ••• ^m-v sums S and s, (1) 

and a, y^y ^ 2 * ••• with sums /S' and s' (2) 


On superposing these two, we obtain a third mode of division (3), 
consecutive to both (1) and (2). 

Let the sums for (3) be 2 and cr. 

Then, since (3) is consecutive to (1), 

iS 2 and cr s. 

Also, since (3) is consecutive to (2), 

/S' ^ 2 and or s'. 

But ^^cr. 

Therefore 5 ^ s' and /S' ^ s. 

Thus the sum S arising from any mode of division of (a, b) is 
not less than the sum s arising from the same, or any other, mode 
of division. 

It follows at once that 1 :5J- 

For we can find a sum s as near I as we please, and a sum S 
(not necessarily from the same mode of division) as near J as we 
please. If />J, this would involve the existence of an s and an 
S for which s>S. 

The argument of this section will offer less difficulty, if the reader follow 
it for an ordinary function represented by a curve, when the sums 8 and 8 
will refer to certain rectangles associated with the curve. 

40, Darboux’s Theorem. The sums S and s tend respectively 
to J and /, when the points of division are multiplied indefinitely , 
in such a way that all the partial intervals tend to zero. 

Stated more precisely, the theorem reads as follows: 

If the positive number e is choseUy as small as we pleascy there 
is a positive number rj such thaty for all modes of division in which 
all the partial intervals are less thin or equal to ?/, the sum S is greater 
than J by less than e, and the sum s is smaller than I by less than e. 

Let e be any positive number as small as we please. 
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Since the sums S and s have J and I for lower and upper bounds 
respectively, there is a mode of division such that the sum S for 
it exceeds J by less than 

Let this mode of division be 

o, aj, Oj, ... b, with sums 8^ and Sj (1) 

Then Si<J +Je. 

Let T] he & positive number such that all the partial intervals 
of (1) are greater than r). 

Let 

a=XQ, Xi, X 2 , ... x„_i, with sums and Sg (2) 

be any mode of division such that 

whea r=l, 2, ... n. 

The mode of division obtained by superposing (1) and (2), 

e.g. a, x^, x^, a^, x^, Og, x*, ... 6, - with sums 8^ and Sg ( 3 ) 

is consecutive to (1) and (2). 

Then, by § 39 , we have s S^. 

But 8i<J +\e. 

Therefore 8^<J 

Further, 

^2 — ^3 = 2 ®r){*r ~ ®r-l) “ ®Jfc)(®t “ ®r-l) 

-M(ag, x,)(x,-oJ], 

M{x', x") denoting the upper bound of f(x) in the interval (x', x"), 
and the symbol 2 standing as usual for a summation, extending 
in this case to all the intervals x,) of (2) which have one of 
the points a^, Ug, ... internal point, and not an end- 

point. From the fact that each of the partial intervals of (1) is 
greater than tj, and that each of those of (2) does not exceed r}, 
we see that no two of the a’s can lie between two consecutive x’s 
of (2). 

There are at most (p~l) terms in the summation denoted by 
2 . Let |/(a 5 )| have A for its upper bound in (a, 6). 

We can rewrite S2 ~ S3 above in the form 

/Sg - /Ss = 2 [{ilf(x,_i, X,) - il/(x,_i, ag)}(aj - x,_i) 

+{Af(x,_i, X,) - M{a^, x,)}(x, - Og)]. 

But { 3 f(x,_i, X,) - Af(x,_i, Og)} and {M(x,_i, x,) - ilf(Og, x,)} • 
are both positive or zero, and they cannot exceed 2 A. 
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Therefore S 2 - 

the summation having at most (j?~l) terms, and being 

at most equal to rj. 

Thus 82 - 82 ^ 2{p - l)Ari. 

Therefore S 2 <J 4-ie +2{p - 

since we have seen that ^8<«? + Je. 

So far the only restriction placed upon the positive number rj 
has been that the partial intervals of (1) are each greater 
than rj. 

We can thus choose t) so that 

f 

With such a choice of rj, S>J +e. 

Thus we have shown that for any mode of division such that the 
greatest of the partial intervals is less than or equal to a certain 
positive number rj, dependent on e, the sum S exceeds J by less 
than e. 

Similarly for s and /; and it is obvious that we can make the 
same fj satisfy both 8 and s, by taking the smaller of the two to 
which we are led in this argument. 

41. The Definite Integral of a Bounded Function. We now 

come to the definition of the definite integral of a bounded function 
f{x)y given in an interval (a, 6). 

A bounded function f(x), given in the interval (a, ft), is said to be 
irUegrable in thal intervalj when the lower bound J of the sums 8 
and the upper bound I of the sums ^ of § 39 are equal. 

The common value of these bounds I and J is called the definite 
integral of f(x) between the limits a and 6, and is wriUen 

\'mdx.^ 

Ja 

It follows from the definition that | f(x)dx cannot he greater 

than the sum S or less than the sum s corresponding to any mode 
of division of (a, b). These form approximations by excess and 
defect to the integral. 


♦The bound J of the sums 8 is usually called the upper irUegral of f{x) and the 
bound 1 of the sums s the Unoer integral 
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We can replace the sums 

« = (xi - a) + m 2 (^2 ~ a;i) + . . . 4- (6 - f 

by more general expressions, as follows: 

^21 ••• fr> ••• In any values of x in the partial intervals 
(®j ^i)> (^i> ®2)» ••• ^r)> ••• respectively. 

The sum 

/(li)K - a) +/(f 2)(2^2 - ^ 1 ) + ... +/(fj(6 ~ (1) 

obviously lies between the sums S and s for this mode of division, 
since we have m^ ^ for eac]i of the partial intervals. 

But, when the number of points of division (a;^) increases inde- 
finitely in such a way that all the partial intervals tend to zero, 

the sums S and s have a common limH, namely f f(x)dx. 

i Jo 

Therefore the sum ( 1 ) has the same limit. 

Thus we have shown that, for an integrable function /(a;), the 

+/(l2)(aJ2“2:i) +... +/{f 

has the definite integral f{x)dx for its limit, when the number 

J a 

of points of division (x,) increases indefinitely in such a way that all 
the partial intervals tend to zero, fj, ^2> •.• In being any values of x 
in these partial intervals* 

In particular, we may take a, x^, a^g, ... or x^, Xg, ... b, 
for the values of Ig, ... 

42. Necessary and Sufficient Cionditions for Integrability. Any 

one of the following is a necessary and sufficient condition for the 
integrability of the bounded function f{x) given in the interval 
(a, b): 

I. When any positive number e has been chosen, as small ae we 
pleaee, there shall be a positive number rj such that S ~ s<e for every 
mode of division of (a, b) in which all the partial intervals are less 
than or equal to tj. 

We have S ~ s<€, as stated above. 

But S^J and s^L 


*We may Bubstituto in the above, for/(^i),/(fi), .../(^«)* any values mi* a<i» ... Mn 
intermediate between {My, m^), (M^, m,), etc., the upper and lower bounds of /(:r) 
in the partial intervals. 
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Therefore . J - /< e. 

And J must be equal to /. 

Thus the condition is sufficient 
Further, if I =J, the condition is satisfied. 

For, given e, by Darboux's Theorem, there is a positive number 
tj such that S-J<l€ and I-s<^€ for every mode of division 
in which all the partial intervals are less than or equal to rj. 

But S -s — {S -J) +{I -s), since /=«/. 

Therefore S-s<€. 


II. When any positive number e has been chosen^ as small as we 
please, there shall be a mode of division of (a, b) such that S-s<€. 

It has been proved in (I) that this condition is sufficient. Also 
it is necessary. For we are given /=J, as f{x) is integrable, and 
we have shown that in this case there are any number of modes 
of division, such that S -s<€. 

III, Let (1), (r he any pair of positive numbers. There shall he a mode of 
division of (a, 6) such that the sum of the lengths of the jmrtial intervals in which 
th>e oscillation is greater than or equal to w shall he less than cr.* 

This condition is sufficient. For, having chosen the arbitrary positive 
number €, take 

where i/, m are the upper and lower bounds respectively of f(x) in (a. b). 

Then there is a mode of division such that the sum of the lengths of the 
partial intervals in which the oscillation is greater than or equal to (i> shall 
be less than (t. I-iCt the intervals Xj-) in which the oscillation is greater 

than or equal to (u be denoted by I),., and those in which it is less than oi by 
and let the oscillation - m,.) in Xj.) be denoted by Wf. 

Then we have, for this mode of division. 

8 8 ~ -f ^Wfdf 


< {M -m) 


€ € 
2(M-m)'^2{b-a] 


(b-a) 


< 


C 

2 




2 


< 

and, by (II), /(a;) is integrable in (a, h). 

Also the condition is necessary. For, by (II), \if(x) is integrable in (a, 6), 
there is a mode of division such that 8 -s< imt. Using Z),., dr as above, 

^:^u>rDr 




*Cf. Pierpont, Theory of Functions of Real Variables, 1 (1905), § 498. 
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cofr > 

< (T. 

43. Integrable Functions. 

I. Iff{x) is continuous in (a, 6), it is integrable in (a, b). 

In the first place, we know that/(x) is bounded in the interval, 
since it is continuous in (a, h) [cf. § 31. 1]. 

Next, we know that, to the arbitrary positive number e, there 
corresponds a positive number r] such that the oscillation of f{x) 
is less than e in all partial intervals less than or equal to r] 
[cf.§31. 1]. 

Now we wish to show that, given the arbitrary positive number e, 
there is a mode of division such that S-sKe [§ 42, II]. Starting 
with the given e, we know that for t^l(b-a) there is a positive 
number rj such that the oscillation oif{x) is less than e/(6 - a) in all 
partial intervals less than or equal to 

If we take a mode of division in which the partial intervals 
are less than or equal to this rj, then for it we have 

€ 

S-s<(b-a), — = e. 

' '6 -a 

Therefore f(x) is integrable in (a, 6). 

II. // f(x) is monotonic in (a, b), it is integrable in (a, 6).* 

In the first place, we note that the function, being given in the 
closed interval (a, 6), and being monotonic, is also bounded. We 
shall take the case of a monotonic increasing function, so that 
we have /(«) - /(x,) ^/(x„_^) ^f(b) 

for the mode of division given by 

o, x^^, Xj, ... x„_j, b. 

Thus we have 

^ =/(*l)(*l - «) 1 

s=f(a) (Xi - a) +/(Xi)(x 2 - ari)....+/{x„_i)(6 - x„_i)./ 

Therefore, if all the partial intervals are less than or equal to t), 
S-s^ri[f{b)-f{a)l ^ 

since -f{a), f{x^) ...f{b) -/(x„_i) 

are none of them negative. 

* Since a function of bounded variation (cf. § 36. 2) is the diiference of two 
monotonic functions, it follows from § 45, III that functions of bounded variation 
are integrable. 
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If we take 

it follows that S-s<c» 

Thus f{x) is integrable in (a, 6). 

The same proof applies to a monotonic decreasing function. 

We have seen that a monotonic function, given in (a, 6), can 
only have ordinary discontinuities, but these need not be finite in 
number (cf. §34). W^e are thus led to consider other cases in 
which a bounded function is integrable, when discontinuities of the 
function occur in the given interval. A simple test of integra- 
bility is contained in the following theorem: 

III. A bounded function is integrable in (a, 6), when all its points 
of discontinuity in (a, b) can be enclosed in a finite number'^ of intervals 
the sum of which is less than any arbitrary positive number. 

Let e be any positive number, as small as we please, and let 
the upper bound of \f{x)\ in (a, 6) be .4. 

By our hypothesis we can enclose all the points of discontinuity 
of/(.T) in a finite number of intervals, the sum of which is less than 
c/^A. 

The part of S~s coming from these intervals is, at most, 2 A 
multiplied by their sum. 

On the other hand, f(x) is continuous in all the remaining 
(closed) intervals. 

We can, therefore, break up this part of (a, b) into a finite 
number of partial intervals such that the corresponding portion 
of S-s<y [cf. (1)1. 

Thus the combined mode of division for the whole of (a, b) is 
such that for it - s<f. 

Hence /(.r) is integrable in (a, 6). 

In particular, a bounded function, with only a finite number of 
discontinuities in (a, 6), is integrable in this interval. 

The discontinuities referred to in this Theorem III need not 
be ordinary discontinuities, but, as the function is bounded, they 
cannot be infinite discontinuities. 

♦It will be shown in Appendix II, § 10 that a bounded function is also integrable 
according to Hiemann’s definition of the integral, when the points of discontinuity 
can be enclosed in an infinite number of intervals, if the sum of the lengths 
of these intervals can be made as small as we please, and, in particular, when its 
points of discontinuity form a countably infinite set. 
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IV, If a bounded function is irUegrable in each of the partial 

intervals (a, a^), (a^, ag), 6), it is integrable in the whole 

interval {a, b). 

Since the function is integrable in each of these p intervals, 
there is a mode of division for each {e.g, a^), such that S-s 

for it is less than ejpy where € is any given positive number. 

Then 5 — s for the combined mode of division of the whole 
interval (a, b) is less than e. 

Therefore the function is integrable. 

From the above results it is clear that if a bounded function is 
such that the interval (a, h) can be broken up into a finite number 
of open^ partial intervals, in each of u0iich the function is monotonic 
or continuous, then it is integrable in 6). 

V. If the bounded function f{x) is <^ntegrahle in (a, b), then |/(a;)| 

is also integrable in (a, b). | 

This follows at once, since S-s lor |/(x)| is not greater than 
5 - s for f(x) for the same mode of division. 

It may be remarked that the converse does not hold. 

E.g. let/(a;) = l for rational values of x in (0, 1), 
and f(x) = - 1 for irrational values of x in (0, 1). 

Then |/(x)| is integrable, but f(x) is not integrable, for it is obvious that 
the condition (II) of § 42 is not satisfied, as the oscillation is 2 in any interval, 
however small. 

44. If the bounded function f(x) is mtegrable in (a, b), there are an infinite 
number of points in any partial interval of (a, b) at which f(z) is continuous. 

Let (i>i>( 02 > <i >3 ••• be an infinite sequence of positive numbers, such that 

lim (u,j=0. 

Let (a, p) be any interval contained in (a, b) such that a § a < )^ < 6. 

Then, by § 42, III, there is a mode of division of (a, b) such that the sum 
of the partial intervals in which the oscillation of f(x) is greater than or equal 
to 6>| is less than {/} -a). 

If we remove from (a, b) these partial intervals, the remainder must cover 
at least part of (a, P), We can thus choose within (a, P) a new interval 
(Oi, Pi) such that (^i -aj) < -a) and the oscillation in (oi, Pi) is less 

than fii|. 

Proceeding in the same way, we obtain within (oj, Pi) a new interval (a^, /?,) 
such that -a,) < J(/?x -Ui) and the oscillation in (a^, p^) is less than w,. 
And so on. 


•Cf. Pierpont, he, eU,, $ 608. A more general theorem is given in Appendix IT, 

1 10 . 
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Thus we find an infinite set of intervals Ai, ... » each oontained erUirdy 
mthin the preceding, while the length of A^^ tends to zero as n^cc , and the 
oscillation of f(x) in A^ also tends to zero. 

By the theorem of § 18, the set of intervals defines a point (e,g, c) which 
lies within all the intervals. 

Let € be any positive number, as small as we please. 

Then we can choose in the sequence ci)^, ( 02 , ... a number (o^ less than c. 
Let Ay be the corresponding interval (Oy, Pr), and rj a positive number smaller 
than (c - Qy) and (Pr - c). 

Then l/(«) -/(c)| <«, when \x-c\^rj, 

and therefore we have shown that /(a;) is continuous at c. 

Since this proof applies to any interval in (a, 6), the interval (a, p) contains 
an infinite number of points at which f{x) is continuous, for any part of (a, p), 
however small, contains a point of continuity. 

45. Some Properties of the Definite Integral. We shall now 

establish some of the properties of f f(x)dx, the integrand being 

J a 

bounded in (a, 6 ) and integrable. 

I. If f{x) is integrable in {a, b), it is also integrate in any interval 
(a, |ff) contained in (a, b). 

From § 42, I we know that to the arbitrary positive number e 
there corresponds a positive number rj such that the difference 
S-s<€ for every mode of division of {a, b) in which all the partial 
intervals are less than or equal to 77 . 

We can choose a mode of division of this kind with (a, )3) as 
ends of partial intervals. 

Let S, o- be the sums for the mode of division of (a, p) included 
in the above. 

Then we have 0^'2,-cr^S-s<e. 

Thus f(x) is integrable in (a, P) [§ 42, II]. 

II. If the value of the integrable function f{x) is altered at a finite 
number of points of (a, b), the function <p{x) thus (btained is integrable 
in (a, b), and its integral is the same as that off{x). 

We can enclose the points to which reference is made in s 
finite number of intervals, the sum of which is less than e/iA, 
where e is any given positive number, and A is the upper bound 
of | 0 (®)| in (a, b). 

The part of for <f>(x), arising from these intervals, is at 
most 2A multiplied by their sum, i.e. it is less than 
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On the other hand, f{x) and 0(x), which is identical with f(x) 
in the parts of (a, b) which are left, are integrable in each of these 
parts. 

Thus we can obtain a mode of division for the whole of them 
which will contribute less than to - s, and, finally, we have 
a mode of division of (o, h) for which S - s<e. 

Therefore ^(x) is integrable in (o, 6), 
eb n 

Further, 0(x)dx= f(x)dx. 

J a J a 

For we have seen in § 41 that f </>{$) dx is the limit of 


0(<fl)(^’l ■“ + 0 (^ 2)(^2 “ ^ l ) *+••• “ ^n-l) 

when the intervals (a, to zero, and 

^ 2 ? fn any values of x in thfese intervals. 

We may put .../(fj for r/>(fi), 0 (^ 2 ), ... </>(Sn) in 
this sum, since in each interval there are points at which ^(x) and 
f{x) are equal. 

In this way we obtain a sum of the form lim S/(fr)(^f 
Cb 

which is identical with I f{x)dx, 

J a 

III. It follows immediately from the definition of the integral, 
that if fix) is integrable in (o, h), so also is Cf{x), where C is any 
constant. 

Again, if /j(x) and ff^x) are integrable in (a, b), their sum is 
also integrable. 

For, let {S, s), {S', s') and (2, cr) be the sums corresponding to 
the same mode of division for fi{x),f 2 {x) and /i(x) +f^x). 

Then it is clear that 


2-crS(-S-s)+(-S'-s'), 


and the result follows. 

Also it is easy to show that 


f Cf(x)dx=c\ f{x)dx, 

J a J a 

and J* {ff^x)+f^x)}dx—^ y’j(x)<fx+j* f2{x)dx. 


IV. The product of two integrable functions fi{x), ff^x) is integ- 
rable. 

To begin with, let the functions /i(x),/ 2 (x) be positive in (a, 6). 
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Let Mf , «»,; M\, m, be the upper and lower bounds of 
aaAfi(x)ft{x) in the partial interval ®,). 

Let {S, s), (s', «') and (2, a) be the corresponding sums for a 
certain mode of division in which (x^-i, x^) is a partial interval. 
Then it is clear that 

M, - m, g MfM'r - mfin'r = - m',) + - w,). 

A fortiori, M, - m, ^ - m',) + - m,), 

where M, M' are the upper bounds oif^ix^f^ix) in (a, b). 

Multiplying this inequality by (a;,-x,_i) and adding the corre- 
sponding results, we have 

'Z-cr^M{S'-s')+M'(S-s). 

It follows that 2 - <r tends to zero, and the product of /i(x), /a(x) 
is integrable in (a, 6). 

If the two functions are not both positive throughout the 
interval, we can always add constants Cj and Cj, so that/i(x) -f Cj, 
/g(a;) -f Cj remain positive in (o, 6). 

The product 

(/l(®) +®l)(/*(®) +^a)=/l(®)/2(®) +®l/2(®) +<52 /i(®) -f ClCg 

is then integrable. 

But Cifi{x) 4-C2/i(®) +C 1 C 2 i® integrable. 

It follows that /i(x) / 2 (x) is integrable. 

On combining these results, we see that if fi[x),fi{x) .../„(ir) 
are integrable functions, every polynomial in 

/i(*). M^)-’-fn(x) 
is also on integrable function.* 

46. Properties of the Definite Lit^al (continued). 

I. [ f(x)dx= - f f{x)dx. 

J a *>b 

In the definition of the sums S and s, and of the definite integral 

'b 

f(x)dx, we assumed that a was less than b. This restriclaon is, 

• a 

lowever, unnecessary, and will now be removed. 

If a>hy we take as before the set of points 

U, Xj, X2, ••• ^9 

and we deal with the sums 

- a) +M2(x2 ~ -f ... 

s==Wi(a?i -a)+m2(a;2 ^ 

♦This result can be extended to any continuous function of the n functions 
[cf. Mofaeon, Theory of Funaiona of a Heal Variable, 1 (3rd cd., 1927), § 337 (0)1. 
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The new sum S is equal in absolute value, but opposite in sign, 
to the sum obtained Irom 

®n-l» ®n-a> ••• ®li 

The existence of the bounds of S and s in (1) follows, and the 
definite integral is defined as the common value of these bounds, 
when they have a common value. 

It is thus clear that, with this extension of the definition of 

§ 41, we have [ f(x)dx= - ^J(x)dx* 

a, b being any points of an interval if which f{x) is bounded and 
integrable. ;; 

II. Let c be any point of an interval (h, b) in which f(x) is bounded 
and integrable. i 

Then f f{x)dx~\ f{x)dx^{ J{x)dx. 

J a J a I * ^ 

Consider a mode of division of (a, bS which has not c for a point 
of section. If we now introduce c as an additional point of section, 
the sum S is certainly not increased. 

But the sums S for (o, c) and (c, b), given by this mode of 

division, are respectively not less than j f{x)dx and j f{x)dx. 

J a J c 

Thus every mode of division of (a, b) gives a sum S not less than 

f /(x)dx + [ f{x)dx. 

It follows that • “ 

[ /(x)dx2f /(a:)daj + f f{x)dx. 

J a J a ' r 

If we consider the sum s, in the same way we find that every 
mode of division of (a, b) gives a sum s not greater than 

[ /(x)da! + [ f(x)dx. 

It follows that • " 

f f{x)dxA f{x)dx + \ f{x)dx. 

J a w a ^ e 

Thus we must have 

[ /{a:)<ia:=f /(a:)da: + f f{x)dx. 

Ja Ja Jc 


*The rosults proved in §§ 42-45 are also applicable, in some cases with slight 
verbal alterations, to the I>oBnite Integral thus generalised. 
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If c lies on (a, 6) produced in either direction, it is easy to 
show, as above, that this result remains true, provided that f{x) 
is integrable in (a, c) in the one case, and (c, b) in the other. 

47. If f(x)gg(z), and both functions are integrable in (a, b), 
thenj^ f(x)dx5;j^ g(x)dx. 

Let ^(x) =f{x) - g{x) S 0. 

Then ^(a;) is integrable in (a, 6), and obviously, from the sum s, 

f </){x)dx^0. 

^ Ja ^ 

Therefore 1 f{x)dx-\ g{x)dx]^0. 

J a J a 

Corollary I. If f{x) is integrable in {a, b), then 
|r/(a:)dxUr |/(a:)|dx. 

\Ja 1 •'a 

We have seen in § 43 that if f{x) is integrable in {a, b), so also 
is |/(x)|. 

And - I fix) I rt:f(x) S 1 /(x) | . 

The result follows from the above theorem. 


Corollary II. Let f{x) be integrable and never negative in (a, 6). 

If f{x) is continuous at c in (a, 6) and /(c) >0, then I /(x)rfx>0. 

i a 

We have seen in § 44 that if f(x) is integrable in (a, 6), it must 
have points of continuity in the interval. What is assumed here 
is that at one of these points of continuity f{x) is positive. 

Let this point c be an internal point of the interval (a, 6), and 
not an end-point. Then there is an interval (c', c"), where 
a<c'<c<c''<6, such that f{x)>k for every point of (c', o'"), 
h being some positive number. 

Thus, since /(x) ^ 0 in (a, c'), j f(x)dx ^ 0. 

And, since /(x) > I; in (c', c"), j f{x)dx ':^ k{c” - c')>0. 

•"c' 

Also, since/(a:)^0 in (c", 6), J f(x)dx^0. 

Adding these results, we have f f(x)dx>0. 

Ja 

The changes in the argument when c is an end-point of (a, b) 
are slight. 
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Corollary III. Let f{x)^g{x), and bath he integrable in (a, b). 
At a point c in {a, b), Jet f(x) and g{x) Jjoth be continuous, and 

/(<’)>ff(c)- 2’AenJ f(x)dx>^ g{x)dx. 

This follows at once from Corollary II by writing 

<i>{x)=f{x)-g(x). 

By the aid of the theorem proved in § 44, the following simpler result may 
be obtained; 

o>nd both are integrable in (o, 6), then 
\ f(x)dx>[ g(m)dx. 

For, if f(x) and g(x) are integrable in (i, 6), we know that f(x) - g(x) is 
integrable and has an infinite number of points of continuity in (a, 6). 

At any one of these points /(x) ~ g{x) is positive, and the result follows from 
Corollary II. 

48. The First Theorem of Mean Value. Let ^(rr), \J/{x) be two 
bounded functions, integrable in (a, 6), and let \J/(x) keep the same 
sign in this interval; e,g. let \fr(x) ^0 in (a, 6). 

Also let M, m be the upper and lower bounds of it>(x) in (a, 6). 
Then we have, in (a, 6), 

m ^ €f}(x) ^ ilf , 

and multiplying by the factor \f/{x), which is not negative, 
m\f/(x) ^ <t>{x)\ff{x) ^ M\}f{x), 

It follows from § 47 that 

m\ \f/{x)dx^ I fp{x)^(x)dx ^ Ml \l^{x)dx, 

J a ^ a ^ a 

since ip{x)\f/^{x) is also integrable in (a, b). 

Therefore f \ff{x)dx 

Ja 

where [i is some number satisfying the relation M. 

It is clear that the argument applies also to the case when 

\lf(x) ^ 0 in (a, 6). 

If 0(a;) is continuous in (u, 6), we know that it takes the value 
IX for some value of x in the interval (cf. § 31). 

We have thus established the important theorem: 

If 0(x), ^{x) are two bounded functions, integrable in (a, 6), 0(x) 
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being continuous and \f/{x) keeping the same sign in the interval, 
then [ ^(x)\/r(*)dx=^(f)f •\j/(x)dx, 

J a J a 

where ^ is sotne definite value of x in aSx'^h. 

Further, if g>{x) is not continuous in (a, b), we replace 
by p, where p satisfies the relation p^ M, and m, M are the 
bounds of ^{x) in (a, b). 

This is usually called the First Theorem of Mean Value. 

As a particular case, when 0(x) is ooi&tiniieus, 

j g>{x)dx=(b-a)^(i), where ‘o ^ 

Ja 


It will be seen from the corollaries to the theorem in § 47 that in certain 
cases we can replace b by a <L* 

However, for most applications of the theorem, the more general statement 
in the text is sufficient. 


49. The Integral considered as a Function of its Upper Limit. 

Let/(x) be bounded and integrable in (a, b), and let 

where x is any point in (a, b). 

Then if (x +h) is also in the interval, 

fj+h 

F(x +^) - F{x) = I /(x) dx. 

J X 

Thus F(x +h) - F(x) = ph, 

where mS p'^M, the numbers M, m being the upper and lower 
bounds of /(x) in (x, x +h). 

It follows that F(x) is a continuous function of x in (a, b). 
Further, if /(x) is continuous in (a, b), 

F{x+h)- F(x)=hf{$), where xgf^x+A. 

When h tends to zero, /(f) has the limit /(»). 


Therefore '^^®^=:/(x). 

Thus when f(x) is continuous in (o, 6), f f(x)dx is, continuous 

in (a, b), and has a differential cdejfioient for every value of x in 
{a, b), this differential coefficient being equal td /(*). 


*Cf. Pierpont, loe. eU., pp. 367-8. 
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This is one of the most important theorems of the Calculus. 
It shows that every continuous function is the differential coeffi- 
cient of a continuous function, usually called its primitive, or 
indefinite integral. 

It also gives a means of evaluating definite integrals of con- 
tinuous functions. For if /(z) is continuous in (o, b) and 

. ■?'W=f f{x)dx, 

J a 

we know that f'{x)=f{x). Suppose that, by some means or 
other, we have obtained a eontinuous function such that 

{ j 

We must then have F(x) = </.(z) + 6 ', i^ince , {F{x) - ,i>{x)) =0 in 
(a, b)* : 

To determine the constant C, we usa the fact that F(x) vanishes 
at x=a. 

Thus we have | f(x)dx = ij}(x)-^>{a). 

Ja 


50« 1. The Second Theorem of Mean Value, We now come to a 


theorem regarding tlie 


integral | c/»(x)>//(wr)(7x of which frequent 
J a 


use 


will be made, especially in the more symmetrical form given in (III). 
The proof is simpler, when we begin with the special case taken in 
(I), where </){x) is monotonic decreasing and never negative in (a, 6 ). 

I. Let </}{x) be bounded, monotonic decreasing^ and never negative in 
(a, b ) ; and let \l/(x) be bounded and integrable, and not change its sign 
tnore than a finite number of times in (a, 6 ).t 


Then j^ 0 (x)\//(x)da;=^>{a) J \l/(x)dx, 


where f is some definite indue of x in a ' x = b. 

Since we are given that does not change sign more than a 
definite number of times in (a, 6 ), we can take 

a=ao, Oj, Og, ... 

such that \j/{x) keeps the same sign in the partial intervals 

(ct, Oi), (0|, a^, ... Un)* 


♦Cf. Hardy, Zoc, cU, (5th ed,, 1928), 228. 

fThis limitation will bo removed in the proof of § 50. 2. 
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Then j (/>{x)'^{x)dx=^ j (f^{x)\}/{x)dx. 

Now, by the First Theorem of Mean Value, 

Av A*r 

I il>{Q^)ylr{;x)dx = j \]/^{x)dx, 

where ^ </>{^r)- 

Therefore f 0(x) \f/{x) dx = /Ar [F{ar) - F(a^^i)], 

where we have written F(x)= \l/{x)dx, 

•'a 

fb n 

Thus we have j <l)(T)yfr{x)dx=y] fir (1) 

•*« 1 

Since F{a)=0, we may add on the term F(a)^{a), and we rewrite 
(1) in the form 

f <l){x)\f^(x)dx-(^{a) - fli)F{a) + '^{flr-i - Mr)t'(ar-i) +.UnP(b). (2) 

Jit 2 

But none of these multipliers of F{a), F{ai), ... F{b) are negative. 
We may, therefore, replace the right-hand side of (2) by 

M[(^(a) -fii)+{fii-fi2) + ... +{l^n-i -/“»)+/«„]. (3) 

where M is some definite number between the greatest and least of 
F{a), F{aj), ... F{b), or coinciding with one or other. 

Since F{x)= f \}/(x)dx, we know that F(x) is continuous in (o, 6). 

Therefore there is a number | satisfying a-^x^b, such that 
M=if(f) [cf.§31. 1]. 

It follows from (2) and (3), that 

I (j>(x)yfx(x)dx=^(a) I \Ji{x)dx, 

Ja Ja 

where $ is some definite value of x in o = x^b. 

The corre.- ponding theorem for the case when ^(x) is monotonic 
inr . Vising and never negative in (a, b) is' stated in (II). It can be 
proved in exactly the same way as (I), or deduced from it by the 
mbstitution y=b-x in the integral 

^(x)^(x)dx. 

II. Let (j)(x) be bounded, monoUmic increasing, and never negative in 
(a, b) ; and lei \}/(x) satisfy the same conditions as in (I). 
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Th^n 0(a:) dx=(ji(b) \lr{x) dx, 

where f is some definite value of x in a '^x:^b. 

We now come to the more general case where </>{x) is monotonic^ 
but not necessarily of the same sign in (a, 6). 


III. Let fp{x) be bounded, and monotonic in (a, 6) ; 
satisfy the same conditions as in (I). 


and lef\[r{x) 


Then 0(a;) \fr(x) dx = 0(a) ^(a?) ix + 0(6) \^(^) dx, 

where f is some definite value of xina^x^b. 

Let (p{x) be monotonic decreasing, and/(a5)=0(a:)-0(5). 

Then /(a:) is monotonic decreajsing, and never negative in (a, b). 
Using (I) we have 

^ fi^)i'{x)dx^f (a) \/r(x)dx, 


where f is some definite value of x in a S a? ^ 6. 
It follows that 


r 0(^)^(®)4^=(0(®)~0(6)) f 0’(x)dx+0(6) f \}r(x)dx. 
Ja *'« Ja 

Thus J* <f){x) \jr(x) dx = (f>{a) J \fr{x) dx + (p{b) \/r(a:) dx, 


where f is some definite value oixina^x^b. 

If 0(x) is monotonic increasing, we put f(x) = ^(x)-^{a), and 
use (II). 

The form of the Second Theorem of Mean Value given in (III) is 
the most useful and easily remembered. 

Other modifications may be mentioned : 

Since 0(x) is monotonic in (o, b), 0 (a + 0 ) and <f>{b - 0 ) exist. Also 
we may give (/>{x) these values at a:=a and x=& respectively, without 
changing the monotonic character of ^{x), or the value of the 
integral 



We thus obtain the theorem : 


IV. Let <p{x) be hounded and monotonic in (a, b) ; and let \fr[x) be 
hounded a^ integrable, and not change its sign more than a Jinitfi 
number of times in (a, b). 
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Then j V>^{rp)(te+r/r(6--0)j^V'(a?)rf»^ 

where f is some definite value of x in a ^ ic . &.* 

Also it is clear that we can in the same way replace 0(a +0) 
and 0(6-0), respectively, by any numbers A and J5, provided 
that A^ <f>(a+0) and 52^0(6-0) in the case of the monotonic 
increasing function; and -4 i^0(a+O), B^tl>{b-0) in the case of 
the monotonic decreasing function. 

We thus obtain, with the same limitation on <p{x) and as 
before, 

cb n n 

V. J 0(x)0^(x)d^ = .4j \f/{x)dx + B^^y]/(x)dx, 

where A ^ 0(a + 0) and B ^ 0(6 - 0), if 0(x) is monotonic increasing, 
and ^g:0(a-fO), £^0(6-0), if 0(x) is monotonic decreasing, 
f being some definite value of x in a^x^b. 

The value of f in (I)-(V) need not, of course, be the same, and 
in (V) it will depend on the values chosen for A and B. 

Theorems (I) and (II) are the earliest form of the Second Theorem 
of Mean Value, and are due to Bonnet, f by whom they were 
employed in the discussion of the Theory of Fourier’s Series. 

Theorem (III) was given by Weierstrass in his lectures and du 
Bois-Reymond,J independently of Bonnet. 

50. 2. In the proof of the Second Theorem of Mean Value given in §50. 1, 
it is assumed that the second function 0(x) does not change sign more than a 
finite number of times in the interval (a, 6). 

In this section, we show that this restriction is unnecessary. 

It will be sufficient to prove (I), as the other results (II) -(V) follow directly 
from (I). 

Let be hounded, nwnotonic decreasing, and never negative in (a, b); and 
let 0(x) be bounded and integrable in (a, b). 

Then [ f/)(a;)0(a:)</a;=0(a) 0(x)^/a:, 

.'a .'a 

where ^ is sow- e definite value of x in a : ~ x "I b. 

Let the positive number « be chosen, as small os we please. 

^Corresponding results hold for (I) and (II) ; 

e.( 7 , ( <f>{x)}l/{x)dx~4t{a+0) [ \Ux)dx, 

’o ja 

takes the place of (I). 

t Jfem. cour. Acad, roy. BruxeUea, 23 (1850), 8; also Journal de Math., 14 (1849), 
249. 

tJournalfUr Math., 69 (1869), 81; and 79 (1876), 42. 
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There is a mode of division of (a, 6), say 

Xj^, ... x^^~h, 

such that for it 

the sum S for <l>{x)}f^{x) < <fi{x)\f^(x)dx + ^ 

and the sum s for <f)(x) ^(a;)> ^ iji(x)yff(x)dx - c J 

Ja 

also the sum 8 for yff(x) < I yfr(x)dx + ] 

.a fp(^) v . 

and the sum a for y^{x) > yff(x)dx - J 


Let cr — 2 4^(^r) ^(^r) (^r+i ^r) 
0 


( 1 ) 

( 2 ) 


n- 1 

= 2'/>(a:r)«r» where Cr = ylr(Xf){Xr^i^Xr\ 

0 

n-1 ) 

=<^o</>{^o) + 2</>(^r)(dr-<ir>i)» wheife = Co + Ci + ... +C;.. 

1 ; 

=^o W^o) - ~ <Hh)] + ••• 

+ ^n-2 [</>{^n-.2) </>(^n>l) +^n-W>(^«-l)]* 

None of the multipliers of d^, d^, ... aie negative. 

Let dp and dg be the smallest and largest of d©, d., . . . d„_i. 

Then we have 

‘i»|*2[<lWa;r)-'/>(*r+l)3 + </*(*n-l)|- 2l<W*r) " '/'(*r+l)] + ‘/'(*n-l)|. 

2.C. -- (^) 

Thus O' = /x <^a), where p. is some number satisfying dg. 


Now dp = £c, = I: V'(a:r)(*r+l - ®r)- 
0 0 

Therefore the sum a for ^(x) for (a;^, ... dp % the sum 8 for 

\lf{x) for (Xgf ajj, ... 


And \lf{r)dx lies between these numbers a and 8. 

}a 

Also (8 - a) for ylf{x) for {Xg, Xi^ ... Xp^i) {8 - a) for yfrix) for 

(Xg, Xj, ... Xp) < by (2). 

Therefore rf, > + ' f(x)dx - > j. j 

and similarly dg < ' yfr(x)dx + j 

Therefore, by (3) and (4), 

ylf{x)dx ~ 2c <dpf/>(a) tr - dgtfi^n) < >/r(a;)dx4-2€ (5) 

But the sum a for 

4>(x)yfr(x) for (x^, Xp ... x,j) ^ cr 'V the sum 8 for </>(x)^(x) for (x^, Xi, ... x^). 
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c<(r + € < 


Therefore by (1). |<r-f il>(x)ylf(x)dx \ < t, 

}a ^ 

and <r-£<( <^x)y^(x)dx «t + 1 . 

:a 

Therefore by (5), 

\jr{x)dx ~ 3€ <(7 - € < I <f>(x)}p{x)dx < 

+ 

Let M, m be the largest and smallest values of ( ^x)dx in {a, b). 

.a 

Then and </,(«)[**■*■’ ■9f<Ma)- 

Thus we have from (6), 

- 3€ < f il)(x)\l/{x)dx < M(j){a) 4 - Se. 

.a 

And it follows that 

m<ti(a) I* (l>(x)ylf(x)dx'^ M^a). 

• a ^ 

Hence ( <f){x)yl/{x)dx — tfi(a){ ylr{x)dx, 

}a • ® 

where ^ is some definite value of x in a x'^h. 


INFINITE INTEGRALS. INTEGRAND BOUNDED. 
INTERVAL INFINITE. 

51* In the definition of the ordinary integral 1 f{x) dx, and in 

•'a 

the preceding sections of this chapter, we have supposed that the 
integrand is bounded in the interval of integration which extends 
from one given point a to another given point b. We proceed to 
extend this definition so as to include cases in which 

(i) the interval increases without limit, 

(ii) the integrand has a finite number of infinite discontinuities.* 

1. Integrals to + oo . f{x) dx. 

Let f(x) he bounded and integrable in the interval (a, 6), where 
a is fixed and h is any number greater than a. We define the integral 

f f{x)dx as lim f f{x)dx, when this limit exists, 

J a ar->ao J a 


♦For the definition of the term “infinite discontinuities/’ see § 33. 
fit is more convenient to use this notation, but, if the presence of the variable x 
in the integrand offers difficulty, we may replace these integrals by 

( J{t)di and lim\ f{t)dt. 
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We speak of | f{x)dx in this case as an infinite integral^ and say that it 
converges, 

On the other hand, when I f(x)dx tends to oo as we say that the 

f(x)dx diverges to oe , and there is a similar H ^' finition of 

a 

divergence, to ~ oo of f(x)dx. 


£z. 1. 


For 


And 


£z. 2. 
For 


And 


Similarly 


I e-'(lx= lim I t-'dx= Hm (1 -e-*) = l. 

•’ 0 Jr— J 0 

f =lim f lim;2(^l-^)=2. 

[ e'dx-ao : | =at. 

'll '} -yX 

f* f' i 

I e*dr=: lim j 6*dx= Bm (c* ~ l) = oo . 


a'-^ao 0 


\ ^ = lim I ^ = lim 2(Va?- !)==« • 

.'i a/x • ^/x 


dx 


^Jx \ yjx 


[ logi<Lj= -ao; f 


These integrals diverge to « or - oo , as the case may be. 

Finally, when none of these alternatives occur, we say that the infinite 

integral | f(x)dx oscillates finitely or infinitely, as in §§ 16 and 25. 

Ex 3 

sin x dx oscillates hnitcly. 


X sin X dx oscillates infinitely. 


n. Integrals to -oo , [ f(z)dx. 

J _oc 

When f{x) is bounded and integraMe in the interval (o, b), where 
6 is fixed and a is any number less than b, we define the integral 

r f{x)dx as lim I f{x)dx, when this limit exists. 

-00 af— ►-oojx 


We Speak of ( f(x)dx as an infinite integral, and say .that it converges. 

-X 

The cases in which I f(x)dx is said to diverge to oo or to ~ oo , or to oscillate 

J -X 

finitely or infinitely, are treated as before. 
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Ex 2. 1 diverges to ae> . 

ro 

1 sinh X dx diverges to - oo . 

—y 

1*0 

\ ain X dx oscillates finitely. 

. - y 

1 .r sin X dx oscillates infinitely. 

m. Integrals from - 00 to 00 . [ f(x}dz. 

J _0C 

If the infinite integrals f f(x)dx and f f{x) dx are both convergent^ 

J - CO i-ao J rt 

we sag that the infinite integral j f{x)dx is converged and is equal 
to their sum, 

Since [ f(x)dx=\ f(x)dx + \ f{x)dx, a<a<x, 

J a J a J a 

Too Too 

it follows that, if one of the two integrals 1 f{x)dx or I f{x)dx 
converges, the other does. “ ’ “ 

Also f f(x)dx=\ /(ar)<ix + f f{x)dx. 

J n J a J a. 

Similarly, J /(x)dx=J /(a-)dx4-J /{x)dx, x<a<a, 


and, if one of the two integrals j f(x)dx or j f(x)dx converges, 
the other does. '* 

Also I J(x)dx=\ /(a:)(ix + | f{x)dx. 

•f— X J— X Ja 

Thus I f{x)dx + { f(x)dx={ /(x)dx + f f{x)dx, 

J - to J a J — X J u 

and the value of f{x)dx is independent of the point a used in 
the definition. 

f* dx f* f* 

52 . A necessary and sufficient condition for the convergence 
of rf(x)dx. 

J a 

Let ^(®) = f f{x)dx. 

J a 

The conditions under which F{x) shall have a limit as x-*^ 
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have been discussed in §§ 27 and 29. 1. In the case of the infinite 
integral we are thus able to say that: 

I. The integral I f(x)dx is convergent and has the value /, when^ 

V a 

any po^ive number e having been chosen, as small as m please, there 
is a positive number X such that 

/-[ f{x)dx <e, provided that x^X. 

I Ja 

And further: 

II. A necessary and sufficient condition for the convergence of 

the integral J f{x)dx is that^ when any positive number e has been 

chosen, as small as we please, there stuiU be a positive number X 
such that \ 

for all values of x' , x” for which x">x* g X. 

TOO 

We have seen in § 51 that if 1 f{x)ix converges, then 
I f{x)dx=\ f{x)dx + \ f{x)dx, o<a. 

J a J a J a 

It follows from (I) that, if j f{x)dx converges, to the arbitrary 

positive number e there corresponds a positive number X such 

jj /(x)<ixj<e, when xgZ. 

Also, if this condition is satisfied, the integral converges. 

These results, and the others given in §§ 53 - 58 , can be extended 
immediately to the infinite integral 

f /(»)*p- 

J -flp 

53. f f(z)dz. Integrand Positive. If the integrand /(x) is 

f» . . . 

positive when x>a, it is clear that I f{x)dx is a monotonic in- 

i*ao o 

creasing function of x. Thus I f(x)dx must either converge or 
diverge to oo . “ 

I. It wiU converge if there is a positive number A such that 

J f{x)dx<A when x>a, and in this case J* f{x)dx s A, 
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It wtU diverge to <x> if there is no such number. 

These statements follow from the properties of monotonio 
functions (§ 34). 

Farther, there is an important “comparison test ” for the con- 
vergence of integrals when the integrand is positive. 

II. La f[x), g{x) be two functions which are positive, bounded and 
iniegrabie in the arbitrary interval (a, b). Also let g{x) ^f{x) when 

» = Then, ^ j* f{x)dx is convergent, it follows that J* g{x)dx is 

convergent, and^ g{x)dx‘^^ f{x)dx. 

For from § 47 we know that 

I g(x)dx-§:\ f(x)dx, when x>a. 

Therefore J* g(x)dx<^ f{x)dx. 

Then, from (I), J g(x)dx^^ f{x)dx. 

III. If g(x) g f{x), and J* f(x)dx diverges, so also does 

I g{x)dx.* 

J a 

This follows at once, since f g{x)dx^ f f(x)dx, 

ia Ja 

dtx 

One of the most useful integrals for comparison is I — , where 
o>0. J® 

fX ] 

We have I — =- — when n=^ 1, 

f* dx 

— = log a; -log a, when n=l. 

J a ® 


and 


*Since the relative behaviour of the positive integrands f{x) and g(x) matters 
only as a?-^oo , these conditions may be expressed in terms of limits: 

When g{x)lf(x) has a limit as x-^qo , | g(x)dx converges, if | f{x)dx converges. 

( OO 

g(x)dx diverges, 

ifj /(d;) da; diverges. 
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dx 

ol-« 

i« 



r 

dx_ 


lo 


1 

1 

f* 

dx 



And, when ns l Um f ^=oo , 

t.€. J — diverges. 

^ 1„ xV(f+ ~F ) xVXl+»») < S’ X^a>0. 

^ L V{^-T) “““ V(V^) ^ *’ 

o f*fiin*a: , . sin% _ 1 , ^ 

3, I -y ax converges, since when x^a>0. 

54. Absolute Convergence. The integral | /(x) dx %8 sazd io 
be absolutely convergent when f{x) is hounded and integrable in the 
arbitrary interval {a, b), and J* | /(x) | dx is convergent. 

Since I f f{x)dx I g f | /(x) | dx, for x" > x' g o 

I •'*' ^ (cf. § 47, Cor. I), 

it follows from § 52, II that if I |/(x) | dx converges, so also does 

fto Jo 

Jy(x)dx. 

But the converse is not true. An infinite integral of this type 
may converge, and yet not converge absolutely. 

For example, consider the integral 

r«^®dx. 

Jo ® 

The Second Theorem of Mean Value (§ 50. 1) shows that this 
integral converges. 

For we have 

sin X , If*- j , 1 f'*' • j 
I dx=— I smxdx+-, I smxdx, 

J g* X X J X* X J ^ 

where 0 < x' g »*. 

But 

|J^ sin X dx and | j^sin x dx j are each less than or equal to 2. 
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Thus j I dx <€y when x' g X, 

4 

provided that ^ ^ ^ • 

I*® sin ic 

Therefore j dx converges, and we shall find in § 88 that 

its value is |ir. 

But the integral f 155^1 dx diverges. 

Jo ® 

To prove this, it is only necessary to consider the integral 

Jo ® 

where n is any positive integer. 

We have fl!!?il&=vr l5££lfe 

Jo X ^}(r-l)w X 

But r iy. 

J(f-i)ir X Jo(r-l)x+y 

on putting a5=(r- l)' 2 r +y. 

Therefore f — f ain ydy 


Th™ 

Jo X X^r 

But the series on the right hand diverges to oo as n-*oo . 
Therefore limf l- ^^*^^l d!a;=ob. 

n^-MoJo ® 

But when z>nx. 


Jo ® Jo X 

*-M0J0 ® 


Therefore 
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When infinite integrals of this type converge, but do not con- 
verge absolutely, the convergence must be due to changes of sign 
in the integrand as x->ao . 

55. The ju-Test for the Convergence of [ f(x) dx. 

J a 

I. Let f{x) be bounded and integrable in the arbitrary interval 

(a, b) where a>0. If there is a number ^ greater than 1 such thaJt 

^00 

x^j{x) is bounded when a, then I f{x)dx converges absolutely » 

J a 

Here \x^f(x)\<Ay where A is some definite positive number and 


x^a. 

Thus 

But we know that 
It follows that 


i/(a;)i< 


r 


X^\ 


dx 

X**- 


{ 


converges. 


^00 

J \f(x)\dx converge^. 

Therefore J f(x) dx converges, and the convergence is absolute. 


II. Let f(x) be bounded and integrable in the arbitrary interval 
(a, 6), where a>0. If there is a number fi less than or equal to 1 

such that x^f{x) has a positive lower bound when x^a, then^ f{x)dx 
diverges to oo . ® 

Here we have, as before, 

xff{x)'^A>0y when x^a. 


It follows that 
dx 


4. 


But 


r 


x** 


/{*). 

diverges to oo when fi^l. 


It follows that I /(x) dx diverges to 
Ja 


OO , 


III. Let f{x) be bounded and irUegrable in the arbitrary interval 
{a, b), where a>0. If there is a number /i less than or equal to 1 

such that x>f{x) has a negative upfex bound when x^o, then 
diverges to - oo . 

This follows from (II), for in this case 

-x<f{x) 

must have a positive lower bound when x^a. 
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But, if lira {x>^f{x)) exists, it follows that is bounded in 

x-><x> 

also, by properly choosing the positive number X, x^f{x) 
will either have a positive lower bound, when this limit is positive, 
or a negative upjJer -bound, when this limit is negative provided 
that 

Thus, from (I) -(III), the following theorem can be immediately 
deduced: 

Let f(x) be hounded and integrable in the arbitrary interval (a, b), 
where a>0. 

// there is a number greater than 1 such that lim (x^f{x)) exists^ 

pao 

then I f{x)dx converges. 

J a 

If there is a number fjL less than or equal to 1 such that lim {xff{x)) 

rao jr->oo 

exists and is not zero, then I f(x)dx diverges', and the same is true 

J a 

if xff{x) diverges to +co , or to -oo , as x~>oo . 

We shall make very frequent use of this test, and refer to it 
as the ‘‘//-test/^ It is clear that we are simply comparing the 

fx /•» dj, 

integral f{x)dx with the integral I , and deducing the con- 
J a i a 

vergence or divergence of the former from that of the latter. 

1- converges, since x = 1. 

)„ P?T3 since jim (*5 x J = 1. 

It should be noticed that the theorems of this section do not apply to the 

integral l " -~~dx. 

’o ^ 

r<t) 

56. Further Tests for the Convergence of I f(x)dx. 

J a 

!• If <f>{x) is bounded when x'^ a, and integrable in the arbitrary 
interval {a, b), and i ^r{x) dx converges absolutely, then f <p{x)\fr{x) dx 

Ja Ja 

is absolutely comber gent. 

For we have |0(a:)|<^, where A is some definite positive 
number and x ^a. 
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Also f |y>(a:)| \\f^{x)\dx<A\ \\l^(x)\dx, 

J X* J x' 

when x”>x*>a. 

Since we are given that 
follows. 


f 


\J/{x)\dx converges, the result 


sin X r* cos 

\ converge absolutely, when n and a are 

. « * .'A * 

positive. 

2. I c~“' cos hx dx converges absolutely, when a is positive. 

. a 

3. j d,x converges absolutely. 

II. Let (j){x) be monotonic and bounded when x^ a. Let >/r(x) be 

bounded and integrable in the arbitrary interval (a, 6), and not change 

sign more than a finite number of times in the interval. Also let 
^00 

I \f/{x)dx converge. 

J a 

Then I </>(x)\^/{z)dx converges. 

J a 

This follows from the Second Theorem of Mean Value, since 
J* (j)(x)\j/^{x)dx=<j>{x')^ ■\J/{x)dx +<p{x")^ \l/{x)dx, 
where a<x' :Z i ^ x". 

But and \<p{x")\ are each less than some definite positive 

number A. 

Also we can choose X so that 


|J \f/{x)dx and J \f/^(x)dx 


are each less than €j2A, when x''>x'liX, and e is any given 
positive number, as small as we please. 

It follows that 

If (p{x)yjr{x)dx <e, when x">a;'^A, 
and the given integral converges. 



dx oonverges. 

converges when a > 0. 
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III. Let ^(x) be monotonic and bounded when x ^ a, and 

lim <l){x)—0. 

Let be bounded and integrable in the arbitrary interval (o, 6), 
and not change sign more than a finite number of times in the interval. 

Also let I \b{x)dx be bounded when x>a. 

Then j fp(x)y(r(x)dx is convergent. 

3 a 

As above, in (II), we know that 

J yjr(x)dx, 

where a<x* ^ 

®"‘l£ j <A[, when x>a, where A is some definite 

positive number. 

And j j'^\/r(x)da: sjj \/r(x)da: j + j j" yf/{x)dx 


<2A. 


Similarly 


j* \b(x)dx < 2A. 
lim <f>{x)=0. 


Therefore, if c is any positive number, as small as we please, 
there will be a positive number X such that 


\g>{x) I < when x^X. 


It follows that 


I f tf>{x)\l/{x)dx <€, when d'>x' ^X, 

! J X* 

and I <f>{x)^(x)dx converges. 

3 a 

« - f* sin a: , r* cos a: , , 

** Ja J af^ ^ converge, when n and a are positive. 

i * a? 

1 


co8aa;~oos6a; 


dx converges. 
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The Me&n Velue Theorems for the Infinite Integral. 

57. The First Theorem of Mean Value. 

Let </>(aj) he hounded when a, and integrahle in the arbitrary interval (a, b). 
Let \lr{x) keep the same sign in a? = a, and j y//(x)dx converge. 

Then f (f>{x)\l/{T)dx=fi [ \//(x)dx, 

J « J a 

where wi ^ ^ ~ ifef, the upper and lower hounds of <f>(x) in x^a being M and m. 
We have m ^ ^ if, when x a, 

and, if \p(x) ^ 0, 

m^(x) ^ (f>(x}\f/(x) ^M\p{x), 

Therefore m I y^(x)dx'^\ <f){x)\l^(x)dx ':^ m\ \p(x)dxy when x^a, 

J f» 30 * ^ * ** 

But, by § 66, I, 1 (j){x)\p(x)dx converges, and we are given that 
\lr{x)dx converges. * 

Thus we have from these inequalities 1 

m [ }//{x)dx S ( {f>(x)yjf(x)dx £ M f \l/{x)dx, 

J a J a a 

-CO r* 

In other words, I <^(x)V^(x)da?— /xl yjr{x)dx, 

Ja Ja 

where p^M, 

58. The Second Theorem of Mean Value. 

Lembca. Let I f(x)dx he a convergent integral, and F(a;) = | f(x)dx(z^a). 

Then F{x) is continuous when x^a, and hounded in the interval (o, oo ). Also 
it takes at least once in thcU interval every value between its upper and lower 
bounds, these being included. 

The continuity of F(x) follows from the equation 

F(x + A) - F(x) = - j f(x)dx. 

Further, lim F(x) exists and is zero. 

x-*x. 

It follows from § 32 that F(x) is bounded in the interval (a, oo ), as defined 
in that section, and, if M, m are its upper and lower bounds, it takes at least 
once in (a, oo ) the values if and m and every value between if, m. 

Let ff>(x) he hounded and monaUmic when x^a. 

Let ylr{x) he hounded and integrahle in the arbitrary interval (a, h), and not 

change sign more than a finite number of times in the interval. Also let 
converge, ^ 

Then | </»{«)^x)<ifl:=</>{a+0) \p{x)dx-^<fi{co ) \//(x)dx, 

where 


*Cf. Pierpont, loc, eit., § 654. 
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Suppose <^x) to be monotonic increasing. 

We apply the Second Theorem of Mean Value to the arbitrary interval 

(a, b). 

Then we have 

<fi(x)i^(x)dx = <^(a + 0)|^ ^x)dai + </>(6 - 0) ylr(x)dx, 

where 

Add to both sides R = </»(ao )( yff(x)dx^ 

observing that (^(oo ) exists, since <^x) is monotonic increasing in and 
does not exceed some definite number (§ 34). 

Also lim R=0 and [ <^(x)^(x)dx converges [$ 56, II]. 

^-►oo 

Then <^(x)V^(x)dx 
Ja 

= <li(a+0)[^ \l/(x)dx-j-if}{b-0){^ ^(x)d 2 ; + </»(QO )[ \(4^x)dx 
'a .'b 

=<^o+0)Q^ tl4,x)dx-^ V^(x)(i*J + <^6-0)Q^ tlix)dx-^^ \fix)dx^ 
=<^o+0)[ ^x)(£E+F+r, (I) 

Jd 

C7 = W6-0)-<«a+0M^(x)dx, 


where 


and 


V={<H<»)-<Hb-0)}\\{x)dx. 


rco 


Now we know from the above Lemma that \l/(x)dx is bounded in (a, ao ). 

Jx 

Let if , m be its upper and lower bounds. 

Then ylf(x)dx^M, 


and 


m yl/{x)dx ^ M. 

Therefore {<^6 - o) - -i- 0)}m ^ 17 ^ {<^6 - 0) - <^a + 0)}if , 

{(^00) - - 0)}m F ^ {</>(«>)- </>(5 - 0)}if . 

Adding these, see that 

{<^00 ) - +0)}m {^(po ) - <«a +0)}if. 

Therefore 17 + F =/i{<^oo ) - </>(a + 0)}, where 

Insert this value for 17+ F in (1), and proceed to the limit when 6^ao • 

Then [ <^x)V^(x)dx=<^(a+0)[ V<x)dx+/x'{<^(x)-<^a+0)}, 

Jq> .'fl 

where /x'=lim /i. 

This limit must exist, since the other terms in (1) have limits when 
b^co. 
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ns, 69] 

Also, since m~ 

it follows that m M. 

But ylf(x)dx takes the value //' at least once in the interval (a, jx> ). 
Thus we may put fjf = [ yl/(x)dx, where 
Therefore we have finally 

<fi(3c)yl/{x)dx=^(l}(a+0)^^^^ ^(aj)rfj5 + </>(Qo )^^ \f^{x)dx, 

where a 

It is clear that we might have used the other forms (III) and (V), § 60. 1, 
of the Second Theorem of Mean Value and obtained corresponding results. 

INFINITE INTEGRALS. INTEjpRAND INFINITE. 

59. I f(x)dz. In the preceding settions we have dealt with 

Ja !•» pa p» 

the infinite integrals I f{x)dx, 1 flfi;)dx and I f(x)dx, when 

J a J —jcc J —x 

the integrand f{x) is bounded in any arbitrary interval, however 
large. 

A further extension of the definition of the integral is required 
so as to include the case in which f{x) has a finite number of infinite 
discontinuities (cf. § 33) in the interval of integration. 

First we take the case when a is the only point of infinite 
discontinuity in (a, 6). The integrand f[x) is supposed bounded 
and integrable in the arbitrary interval 6), where 

a<a + f<6. 

On this understanding, if the integral I f(x)dx has a limit as 

rb rb 

^ we define the infinite integral I f(x)dx as lim I f(x)dx, 

J a ^-*0 *1 

Similarly, when the point b is the only point of infinite discon- 
tinuity in (a, 6), and f(x) is bounded and integrable in the arbitrary 
interval (a, 6- f), where a<b- f<6, we define the infinite integral 

I f{x)dx as lim I f{x)dx, when this limit exists, 

3 a $-*0 3 a 

Again, when a and b are both points of infinite discontinuity, we 
define the infinite integral f f{x)dx as the sum of the infinite integrals 

I f{x)dx and I f{x)dx, when these integrals exist, as defined above, 
3 a 3 c 

c being a point between a and b. 
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This definition is independent of the position of c between a and 
b, since we have 

I f{x)dx= I f{x)dx + 1 f{x)dx, 

J a J a Je' 

where a<c'<c (of. § 61, III). 

Finally, let there be a finite number of points of infinite discoti- 
tinuUy in the interval (a, b). Let these points be x^, x^, .<• ^n> where 

a^Xi<x ^, ... <Xn^b. We define the infinite integral J f(x)dx by 
the equation “ 

f f{x) dx = ^ f(x) dx + \ ’/(») dz + . . . + 1 f{x)dx, 

J a J a J ^ Xn 

when the integrals on the right-hand exists according to the definitions 
just given. 

It should be noticed that with this definition there are only to 
be a finite ntimber of points of infinite discontinuity, and/(a;) is 
to be bounded in any partial interval of (a, 6), which has not one 
of these points as an interval point or an end-point. 

This definition was extended by du Bois-Reymond, Dini and Harnack to 
certain cases in which the integrand has an infinite number of points of infinite 
discontinuity, but the case given in the text is amply sufficient for our purpose. 
The modem treatment of the integral has rendered further generalisation of 
Eiemann’s discussion chiefly of historical interest. 

It is convenient to speak of the infinite integrals of this and 
the succeeding section as convergerUy as we did when one or other 
of the limits of integration was infinite, and the terms divergent 
and osdllcUory are employed as before. 

Some writers use the term proper integral for the ordinary integral \ f(x)dxy 

.'a 

when/(«) is bounded and integrable in the interval (a, 6), and improper integral 
for the case when it has points of infinite discontinuity in {a, 6), reserving the 
term infinite integral for 

[ f(x)dx, f f(x)dx or f f{x)dx, 

Ja j-oo j-oo 

French mathematicians refer to both as intigraUs gin^alMes; Germans 
refer to both as uneigcntliche Integrale, to distinguish them from eigentliche 
IfUegraU or ordinary integrals. 

60. f f(x)dz. [ f(x)dx. f f(x)dx. 

la J ^co J -00 

Let/(z) have infinite discontinuities at a finite number of points 
in any interval, however large. 
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For example, let there be infinite discontinuities only at 
®s> ••• x':^ being bounded in any interval (c, 6), where 

OX*. 

Let o^Xi<X 2 , 

Then we have, as above (§ 59), 

f f(x)dx= f ’/(x)dxH-f ‘/(*)dx-f.,. -f f* f{x)dx + \'’ f(x)dx, 

Ja Ja Jar, Jx,, Je 

where aj„<c<6, provided that the integrals on the right-hand 
side exist. 

It will be noticed that the last integral j* f(x)dx is an ordinary 
integral, /(a:) being bounded and inte^able in (c, b). 

If the integral [ f{x) dx also converge^, we define the infinite integral 

Too ^ ^ J 

I f{x)dx by the equation: 

J a ; 

f f(x)dx= f 'f(x)dx + f ‘f(x)dx + ,.. + f f(x)dx + f f{x)dx. 

Ja Ja JXi Jx„ Jc 

It is clear that this definition is independent of the position of c, 
since we have 


f /(x)<i!x-h[ /(x)dx=f f{x)dx + [ f{x)dx, 

Jx„ JC Jx„ Jc' 

where x^<c<c\ 

Also we may write the above in the form 

f f(x)dx=^{ f{x)dx-\‘{ /(x)d 2 ? + ... +f f(x)dx, 

Ja Ja Jxj Jx„ 

The verbal alterations required in the definition of [ f{x)dx 

J -00 
poo 

are obvious, and we define I f(x)ix, as before, as the sum of 

J -00 

Ca (•* 

the integrals I f{x)dx and I f{x)dx. 

J -00 J a 

It is easy to show that this definition is independent of the 
position of the point a. 


61. Tests for Convergence of I f(x)dx. It is clear that we 

Jo 

need only discuss the case when there is a point of infinite discon- 
tinuity at an end of the interval of integration. 
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If a:=o is the only point of infinite discontinuity, we have 
f f{x)dx=\iva. [ f{x)dx, 

^ a ^->0 a-ff 

when this limit exists. 

It follows at once, from the definition, that: 

I. The integral I f{x)dx is convergent and ha>s the value I when, 

J a 

any positii'e number e having been chosen, as small as we please, 
there is a positive number rj such that 

f(^)<ix <e, provided that 

J a-f-f 

And further: 

II. A necessary and sufficient condition for the convergence of 
the interval f f(x)dx is that, if any positive number e has been chosen, 

J a 

as stnall as we please, there shall be a positive nundm r\ such that 

ir«+r I 

f{x)dx\<€, when 
\jn-\-r I 

Also, if this infinite integral I f{x)dx converges, we have 

J a 

f f{x)dx={ f{x)dx + { f(x)dx, a<x<b. 

J (I J n J X 

It follows from (I) that, if f f{x)dx converges, to the arbitrary 

J a 

positive number e, there corresponds a positive number rj such that 
f f{x)dx <€, when 0<(x-a)gn. 

Ka 

Absolute Convergence. The infinite integral ^ f{x)dx is said 

Jrt 

to be absolutely convergent, if f(x) is bounded and integrabk in the 

arbitrary interval (o + |, b), where 0<^<b-a, and {''\f(x)\dx 
converges. 

It follows from (II) that absolute convergence carries with it 
ordinary convergence. But the converse is not true. An infinite 
integral of this kind may converge, but not converge absolutely,* 
as the following example shows. 


•Cf. § 43, V; § 47, Cor. I; and § 54. 
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It is clear that 


sin 1/x 


dx 


converges, but not absolutely, for this integral is reduced to 

}l X 

by substituting 1 jx for x. 

Ch 

Again, it is clear that I . ^ converges, if 0<n<l. 

J a [pc ^ (1) 


For we have 


I 


dx 


1 


a+f(z-o)» 1-ro 
'* dx 




Therefore lim f . when 0<n<l. 

f-.oJa+f (x-a)» 1-n ’ 

Also the integral diverges when n ^ 1. 

From this we obtain results which correspond to those 
of § 55. 

III. Let f{x) be bounded and integrable in the arbitrary interval 
(a -f f , 6), where 0< f < b-a. If there is a number fx between 0 and 1 

such that {x-aYf(x) is bounded when a<x'^b, then i: f[x)dx 
converges absolutely. “ 

Again, 

IV. Let f{x) be bounded and integrable in the arbitrary interval 
{a+i, b), where 0<i<b~a. If there is a number /i greater than 
or equal to 1 such that (x-aYf{x) has a positive loioer bound when 

a< x^b,ora negative upper bound, then f f(3i)dx diverges fo +qo in 

the first case, and to -oo in the second case. 

And finally, 

V. Let f{x) be bounded and integrable. in the arbitrary interval 
(a + 1, b), where 0 < | <6 - a. 

If there is a number u between 0 and 1 such that lim (x-o)'*/(®) 

p ^ *-*«+o 

exists, then I f{x)dx converges absolutely. 

J a 

If there is a number p greater than or equal to 1 such that 
lim (x-aY f(x) exists and is not zero, theni f{x)dx diverges', and 
the same is true if (x - aYf(x) tends to +co , or to -<x> , as x-*<t + 0 , 
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We shall speak of this test as the /t-test for the infinite integral 
I f{x)dT, when ic=a is a point of infinite discontinuity. It is 

J a 

clear that in applying this test we are simply asking ourselves 
the order of the infinity that occurs in the integrand. 

The results can be readily adapted to the case when the upper 
limit 6 is a point of infinite discontinuity. 

Also, it is easy to show that 

VI. If ^{x) is bounded and integraMe in (a, b), and 

I ^{x)dx converges absolutdy, then | <ft{x)\fr(x)dx is absolutely 
Ja Ja 

convergent. (Cf. § 66, 1.) 

The tests given in (III)-(YI) will cover most of the cases which 
we shall meet. But it would not be difiicult to develop in detail 
the results which correspond to the other tests obtained for the 

convergence of the infinite integral I f(x)dx. 

Ja ^ 

No special discussion is required for the integral f{x)dx, 

J a 

when a certain number of points of infinite discontinuity occur 

in (a, b), or for f f{x)dx, f f(x)dx, and [ f(x)dx, as defined 

in § 60. These integrals all reduce to the sum of integrals of the 
t 3 rpes for which we have already obtained the required criteria. 

We add some examples illustrating the points to which wc have 
referred. 


Ez. 1. Prove that 
(i) Ut 


1 * dx 
)*(1 


converges and that ( diverges. 


lim Vx /(*) = !. 

^•->0 


The fi-test thus establishes the convorgence of [ 


(1 


(ii) Let 




Then lima:/(a?) = l. 

lE-»0 

Therefore the integral diverges by the same test. 


when 0 < n < 1 . 


Ex. 2. Prove that converges, when 0 < 

The intq^r^ is an ordinary finite integral if »:^0. 
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Therefore the inte^al oonvoges when 0 <n< 1 It diverges when n gl. 

B*. 3. Prove that j* converges. 

The integrand has infinities at and x=:l. 

We have thus to examine the convergence of the two infinite integrals 
f* da? dx 

]oV{^(i-x)y V{x{i-x)y 

where a is some number between 0 and 1. 

The /Li-test is sufficient in each case. 

\] “““ ^{**/(*)) = 1. 

L V ( a;(l- «)} sincejlim a 1 - x)i/(x)) = 1, 

where we have written f{x) = — tt-tt k* 


Ex. 4. Show that I log sinxdx converges and is equal to - ^ir log 2. 

• 0 

The only infinity is at a;=0, and the convergence of the integral follows 
from the /i-test. 

Further, 


( log sin X dx =2 [ log sin 2x dx 
•U .’o 

fl"’ flw 

= w log 2 +2 1 log sin X dx + 2 1 log cos x dx 

.'n Jo 


•'0 

fK 


But 

Therefore 


f#*r 

= irlog2+4l log sinxdx. 

•'o 

[ logsinxdx=:2( log sinxdx. 
Jo Jo 


Jo 

f*' 


f#» 

I log sin X dx= ~ (tt log 2. 

Jo 

Kpom this result it is easy to show that the convergent integrals 

f log (1 ~ cos x)dx and [ log (1 +cos x)dx 
Jo Jo 

are equal to -w 


fi" tr 

Sx. 6. Show that! cos 2nx log sin xdx converges and is equal “* when 

n is a positive integer. 

The only infinity is at x =0 and the convergence of the integral follows from 
the M test (or from the last example). 



132 


THE DEFINITE INTEGRAL 


[CH. IV 


Further, on integrating by paHs, we see that 

, 1 8in2nxoosa; 


rlir I .1 

I cos 2nx log Biaxdx = “ J 


1 f*' sin (2n + l)ar+8in (2n ^ 

“4nL sin* 


But «?(2”+|)»=i+2SooB2rx. 

Bvnz I 

It follows that 

I cos 2nx log sin xdx= 

From this we obtain at once 

j cos 2nx log cos xdx^ cos nw, 

I cos na; log 2(1 -cos a;)(ix= 

Jo ^ 

I V 

cos nx log 2(1 +C 08 x)ix=^ - - cos nir. 

0 ^ 

£z. 6. Discuss the convergence or divergence of the Gamma Function 

integral f dx, 

Jo 

(i) Let 1. 

Then the integrand is bounded in 0 < x ^ a, where a is arbitrary, and we 

f* 

need only consider the convergence of l dx, 

Ja 

The /ui-test of § 55 establishes that this integral converges, since the order of 
e* is greater than any given power of x. 

Or we might proceed as follows: 

Since e* = l ... , 


when x>0. 


€® > — (r =any positive integer). 




But whatever n may be, we can choose r so that r - n + 1 > 1. 
It follows that, whatever n may be, 

foo 

1 dx converges. 

Ja 


(ii) Let 0 <n< 1. 

In this case has an infinity at x=0. 


The fi-test shows that 1 e ^x^-^ dx converges, and we have just shown that 

r® 0 

1 dx converges. 

roo 

Therefore I dx converges. 

Ja 
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(iii) Let n^O. 

In this case has an infinity at x=0, and the /x-test shows that 

diverges to + x . 

•'o 

£z. 7. Discuss the integral 1 log x dx,* 

•0 

Since log a:)=0, when r>0, the integral is an ordinary integral, 

a:->0 

when n > 1. 

Also we know that 

I \ogxdx=^(\Qgz~\)^ =ar(l -log a;) - 1. 

* ^ ri ^ 

It follows that log X rfa; =lim a;{(I - log as) - 1} = - 1 . 

• « ^->0 

Again, lim {x^ x x^-^ log x) =lim (x^ ■*‘^**'^ log a?) =0, if /x > 1 - n. 
r- ►o x-^o T 

And when 0 < w < 1, we can choose a positive number /x less than 1 whieh 
satisfies this condition. ' 

Therefore [ a;”“^ log x dx converges, when 0 < n 1. 

0 

Finally, we have 

lim (x X | log x | ) =lim x** | log x j = x , when n 0. 
x-**o 
ri 

Therefore I x^“^ log x dx diverges, when n ^ 0. 

• 0 
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EXAMPLES ON CHAPTEB IV. 

1. Show that the following integrals converge: 

f« sin* r (£z»)V^d*, r^d., 

Jol+co8a: + c* ' J| 1 +«+a:*+sin a; Jq 

j c-«*^ cosh 6a; (ia;, j j 

2. Discuss the convergence or divergence of the following integrals: 

j* — (■?!:'*, .tore 0<.<1, 
Jo(a!-o)V(h-*) .'o*+l Jo*-l 

roo rot) ^-1 

1 rda;, 1 \ sin’"^ co8«0 dO. 

}o ^*^+1 .’o ’o 

3. Show that the following integrals are absolutely convergent: 

f b 1 dx f* 

sin — 7-, 1 cos bx dx, \ c a;’'^sin tw; dx (m > 0), 

0 X \ X .'q .*0 


where P(x) is a polynomial of the degree, and Q(x) a pol3momial of the 
nth degree, and a is a number greater than the largest root of 

<?W=0. 

4. Let/(x) be defined in the interval 0 < a; ^ 1 as follows: 

/(a;)=2, i<a;^l, /{a;)=-3, \<x^\, 

/(a;)=4, i<x^i, /(a;)=-5, i<ar^i, 
and so on, the values being alternately positive and negative. 

Show that the infinite integral [ f(x)dx converges, but not absolutely. 

•'o 

6. Using the substitution a;=e~“, show that 

[ a;”‘~Hlog a;)^ 

Jo 

converges, provided that m > 0 and n > - 1. 

And by means of a similar substitution, show that 

f x)^dx 

Ji 

converges, provided that m < 0 and n > - 1. 


6. Show that | converges when fi>0 and that it diverges 

when /A ^ 0, the lower limit a of the integral being some number greater than 
unity. 

Deduoe that if there is a number fi>0, such that lim {x{log a;)i+^/(x)} exists, 

*-►00 

r« 

then \ f(x)dx converges, and give a corresponding test for the divergence of 

this integral, f(x) being bounded and integrable in any arbitrary interval 
(a, 6), where 6 > a. 
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Show that 
and 


f® coax , 

r(*+auSrGr*'*‘’^‘*8«u 

7. On integrating cos xlogxdx by parte, we obtain 

I cos X log X dz=: Bin X log X - dx, 

f oo 

cos xlogxdx oscillates infiiiitely. 

. 1 

Also show that [ cos xlogxdx converges,. and is equal to - 1 dx, 

8. On integrating | ^ cos x^dx hy parts, wf obtain 


C' 


1 


cos ^^sinu;' 

.u' 2x" 

where a;'^>a;':>0. 

rao 

Deduce the convergence of 1 


1 sin X* 


) 

cos x^dx. 


9. Let/(x) and g(x) be bounded and integfable in (a, b), except at a certain 
number of points of infinite discontinuity, these points being different for the 
two functions. 

Prove that | f(x)g{x)dx converges, if \f{x) | dx and | | g(x) | dx converge. 

10. Let/(a;) be monotonic when ar^a, and lini/(x)=0. 

*—►00 

Then the series /(a)+/(a + l)+/(a+2) + ... 

is convergent or divergent according as | f{x)dx converges or diverges. 

Prove that for all values of the positive integer n. 


Also show that 
converges to a value between Ktt + 1) and Jtt. 


^11 

2V1^3V2^4V3*” 


11. (i) From the relation =2 2 cos {2r - 1 )x, 

' ' sin a; Y ' 

. * f*' sin 2n* . « 5, ( - !)'“» 

Deduoethat 

Jo sin X 2 

(ii) By integration by ports, show that 

f*" /I « 
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(iii) From the above, prove that | 


00 

Jo 


sinx_r 




sin 2nx oot x dx 

0 

, f*** sin 2nx , 

and — dx, 

Jo * 

dx. 

0 ® 

(ii) By integration by parts, show that lim (v„ - -0. 


n-^oo 


(iii) From the above, prove that ( dx Z 

Jo ^ ^ 



CHAPTER V 


THE THEORY OF INFINITE SERIES, WHOSE TERMS ARE 
FUNCTIONS OF A SINGLE VARIABLE 

62. We shall now consider some of the properties of series 
whose terms are functions of x. * 

We denote such a series by 

and the terms of the series are suppoied to be given for values 
of X in some interval, e.g. {a, b}.* 

When we speak of the sum of the infinite series 
«i(a:) +M2(®) +«!,(*)+... 
it is to be understood:! 

(i) that we settle for what value of x we wish the sum of the 

series; 

(ii) that we then insert this value of x in the different terms 

of the series; 

(iii) that we then find the sum — s^(x)— of the first n terms; 

and 

(iv) that we then find the limit of this sum as n-»-QO , keeping 

X all the time at the value settled upon. 

On this tmderstanding, the series 

«,(x) +M 2 (x) +« 3 (x) + ... 

is said to he convergent for the vahie x, and to have f{x) for its sum, 

*Ai mentioned in $ 24, when we soy that x iie» in the interval (a, 6) we mean 
that ogxg6. In some of the results of this chapter the ends of the interval 
are excluded from the range of x. When this is so, the fact that we are dealing 
with the open interval (o < x < 6) will be stated. 
fCf. Baker, Nature, 59 (1809), 310. 


1.37 
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ift this value of x having been first inserted in the different terms of 
the series, and any positive number e having been chosen, as smaU 
as toe piectse, there is a positive integer v such that 
I f{x) - e„(®)| <e, when n S v. 

Further, 

A necessary and sufficient condition for convergence is that, if any 
positive number e has been chosen, as smaU as we please, there shall 
be a positive integer v such that 

l«n+,(®)-«n(®)|<f, wAen n^v, 

for every positive integer p. 

A Bimilar convention exists when we are dealing with other limiting processes. 
In the definition of the differential coefficient of /(x) it is understood that we 
first agree for what value of x wo wish to know /'{x); that we then calculate 

f(x) aadf(x+h) for this value of x; then obtain the value and 

finally take the limit of this fraction as A->-0. 

Again, in the case of the definite integral f(x, a) dx, it is understood that 

.'a 

we insert in f{x, a) the particular value of a tot which we wish the integral 
before we proceed to the summation and limit involved in the integration. 

We shall write, as before (§ 19), 

f(x)-s„{x) = R„(x), 

where f{x) is the sum of the series, and we shall call R„(x) the 
remainder after n terms. 

As we have seen in § 19, RJx) is the sum of the series 
+««+ 8 (*) +«»+$(») + .•• . 

Also we shall write 

p^n(®) = *n+j>(®) “ **(*)> 

and call this a partial remainder. 

With this notation, the two conditions for convergence are 
(i) |^n(»)l<c. when n^v; 

(“) li)^n(®)|<e, when n^v, 

for every positive integer p.* 

A senes may converge for every value of x in the open interval a<.x<.b 
sod not for the end-points a or 6. 


• When there is no ambiguity it will sometimes be convenient to omit the x in 

s.(x), B„(x), pR„(x) and write R„ and pR„. 
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E*gn the series !+«+»*+... 

converges and has ^ for its sum, when - 1 < « < 1. 

When 0 ;=:: L it diverges to -f oo ; when «= - 1, it oscillates finitely. 

63. The Sum of a Series whose Terms are Continuous Functions 
of X may be discontinuous. Until Abel* pointed out that the 
periodic function of x given by the series 

2(sin a; - 1 sin 2x 4*^ sin 3a: - ...), 

which represents x in the interval -7r<a?<7r, is discontinuous 
at the points a: = (2r -f 1) tt, r being any integer, it was supposed that 
a function defined by a convergent series of functions, continuous 
in a given interval, must itself be continuous in that interval. 
Indeed Cauchyf distinctly stated that ithis was the case, and later 
writers on Fourier’s Series have som|jtimes tried to escape the 
difficulty by asserting that the sums of |hese trigonometrical series, 
at the critical values of x, passed cobtinuously from the values 
just before those at the points of discontinuity to those just 
after.J 

This mistaken view of the sum of such series was due to two 
different errors. The first consisted in the assumption that, as n 
increases, the ctirves y=5n(®) niust approach more and more 
nearly to the curve y=/(x), when the sum of the series is f{x) 
an ordinary function capable of graphical representation. These 
curves y= 5 „(a:) we shaU call the approximation curves for the 
series, but we shall see that cases may arise where the approxi- 
mation curves, even for large values of w, differ very considerably 
from the curve y =/(«). 

It is true that, in a certain sense, the curves 
(i) y=Sn(^) and (ii) y=/(a:) 

approach towards coincidence; but the sense is that, if we choose 
any particular value of x in the interval, and the arbitrary small 
positive number e, there will be a positive integer u such that, for 
this value of a?, the absolute value of the difference of the ordinates 
of the curves (i) and (ii) will be less than e when 


♦Abel, Journal f Ur Math., 1 (1820), 316. 

tCauchy, CottW i' Analyte (1821), 1" Partie, p. 131. Abo (Euwet de Camehy, 
(S6r. 2), T. Ill, p. 120. 

JCf. Saohae, loe. eit.; Donkin, Aetm^iet (1870), 53. 
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Still this is not the same thing as saying that the curves coincide 
geometrically. They do not, in fact, lie near to each other in th( 
neighbourhood of a point of discontinuity of / (x); and they maj 
not do so, even where / (x) is continuous. 

The following examples and diagrams illustrate those points: 

Ex. 1. Consider the series 

- + 1 ^ nx-tl* 


Thus, when x>0, 
when x=0, 


lim8n(x)==l; 

lim«„(x)=0, since «„(0)— 0. 


The curve y =/ (a?), when jj ^ 0, consists of the part of the line y = 1 for which 
X > 0, and the origin. The sum of the series is discontinuous at x=0. 

Now examine the approximation curves 

y=«„(x) = l . 

This equation may be written 

As n increases, this rectangular hyperbola (cf. Fig. 10) approaches more and 
more closely to the lines y = l, x=0. If we reasoned from the shape of the 



Fia. 10, 


approximate curves, we should expect to find that part of the axis of y for 
which 0 < y < 1 appearing as a portion of the curve y =/ (x) when x g: 0. 
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Aj ^ oortfliiily continuous^ when the terms of the series are continuous^ 
the approximation curves will always differ very materially from the curve 
y-f (^)f v^en the sum of the series is discontinuous. 


Ex. 2. Consider the series 


where 

In this case 
and 


*^ 0 , 

« (xs—JE— 

-»(*)=r3p' 

lim bJ^x) ~0 for all values of x. 


Thus the sum of this series is continuous for all values of x, but we shall 
see that the approximation curves differ very materially from the curve 
y^f(x) in the neighbourhood of the origin. 



Fig. 11. 


The curve y =».(*) = 

has a maximum at (1/n, ^) and a minimum at ( - 1/n, - 4) (of. Fig. 11). The 
points on the axis of x just below the maximum and minimum move in towards 
the origin as n increases. And if we reasoned from the shape of the curves 
y—B^{x)f we should expect to find the part of the axis of y from to 4 
appearing as a portion of the curve y-f{x). 

Ex. 3. Consider the series 

«i(*) 

(n-l)*a? 
l+{n-l)»x** 

lim B^{x) =0 for all values of x. 


where 

Here 

and 
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The sum of the eeries ie a.gain oontinttoue, but the approximation ourvee 
(cf. Fig. 12), which have a maximum at iV^) *■ niinimum at 

(-l/v'n*, differ very greatly from the curve y—f(x) in the neigh- 

bourhood of the origin. Indeed they would suggest that the whole of the 
axis of y should appear as part of y=/(*). 



64. Repeated Liniits. These remarks dispose of the assump- 
tion referred to at the beginning of the previous section that the 
approximation curves y=sjx), when n is large, must approach 
closely to the curve y=f{x), where /(a:) is the sum of the series. 

The second error alluded to above arose from neglect of the 
convention implied in the definition of the sum of an infinite 
series whose terms are functions of x. The proper method of 
finding the sum has been set out in § 62, but the mathematicians 
to whom reference is now made proceeded in quite a different 
manner. In finding the sum for a value of x, say Xg, at which 
a discontinuity occurs, they replaced x by a function of », which 
converges to Xg as n increases. Then they took the limit when 
n-»-ao of s„(x) in its new form. In this method x and n approach 
their limits concurrently, and the value of this limit may quite 
well differ from the actual sum for x=Xg. Indeed, by choosing 
the function of n suitably, it can be made to take any value between 
/(®g+0) and /(a^j-O), while in some oases it goes outside this 
interval (cf. Gh. IX, p. 293). 
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For instance, in the series of § 63, Ez. 1 , 

X X 

x +1 ■^(®+l)( 2 »+l) 

we have seen that ®=0 is a point of discontinuity. 

If we put x=p/n where p is positive, in the expression for s„(x), 
and then let n->-oo , p remaining fixed, we can make lim s„{pln) take 

any value between 0 and 1, according to our choice of p. For we 


have s„{pln)=^^y which is independent of n, and 


lims„(p/n) = 



which passes from 0 to 1 as p increased from 0 to oo . 

It will be seen that the matter at i^ue was partly a question 
of words and the misunderstanding of li definition. The confusion 
can also be traced, in some cases, to ignorance of the care which 
must be exercised in any operation involving repeated limits, for 
we are really dealing here with two limiting processes. 

If the series is convergent and its sum i 8 /(x), then 


/(x)=lim s„(x), 


and the limit of f{x) as x tends to Xq, assuming that there is such 
a limit, is given by 

lim / (x) = lim [lim (x)] ( 1 ) 

a;— 

If we may use the curve as an illustration, this is the or- 
dinate of the point towards which we move as we proceed 
along the curve y=f{x), the abscissa getting nearer and nearer 
to Xq, but not quite reaching Xq. According as x approaches x^ 
from the right or left, the limit given in ( 1 ) will be/(xo-l- 0 ) or 

/(a^o-O)- 

Now/(x 0 ), the sum of the series for x=Xo, is, by definition, 

lim [s„(xo)], 

n — >-30 

and since we are now dealing with a definite number of con- 
tinuous functions, Sn{x) is a continuous function of x in the interval 
with which we are concerned. 

Thus Sn {x^) = lim (®)- 
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Therefore ^;he sum of the series for x=Xq may be written 

lim [lim s„(x)] (2) 

n'->oo 

The two' expressions in (1) and (2) need not be the same. They 
are so only when/(®) is continuous at a:^. 

65. Unifonn Gonvergence.* When the question of changing the 
order of two limiting processes arises, the principle of uniform con- 
vergence, which we shall now explain for the case of infinite series 
whose terms are functions of x, is fundamental. What is involved 
in this principle will be seen most clearly by returning to the series 


+ 


In this series 
and 

Also 


s„(x) = l- 


1 


nx +1’ 
lims„(x) = l when x>0. 

ij— ►ee 

^n(0)=0. 


nx + r 

If the arbitrary positive number c is chosen, less than unity, and 
some positive x is taken, it is clear that l/(nx +l)<e for a positive 
n, only if 

1-1 

n >^ — . 

X 

E.g. let ‘ = 

If x=:0’l, 0‘01, 0-001, ... , 10“*^, respectively, l/(?fa: + l)<c only when 
n>l0\ 10*^, 10\ ... 1(P^3. 

And when c = i and x = 10*^, n must be greater than 10f*+7 if 

1/(?IX+1)<€. 

As we approach the origin we have to take more and more terms of the 
series to make the sum of n terms differ from the sum of the series by loss than 
a given number. When x = 10-«, the first million terms do not contribute 
1 per cent, of the sum. 

1-1 

The inequality n>^— 

X 

shows that when n is any given positive number less than unity, 


*A simple treatment of uniform convergence will bo found in a paper by Osgood, 
Bull, Amer, Moth, Soc,^ 3 (18110). 
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and X approaches nearer and nearer to zero, the smallest positive 
integer which will make R^{x), Rn^i(x), ... all less than e increases 
without limit. 

There is no positive integer v which will make R^(x), R +i(x), ... 
all less than this e in a? ^ 0, the same v serving for all values of x 
in this range. 

On the other hand there is a positive integer v which will satisfy 
this condition, if the range of x is given by a; ^ a, where a is some 
definite positive number. 

Such a value of v would be the integer next above a. 

Our series is said to converge uniformly in x 7^, a, but it does not 
converge uniformly in a:'~0. 

W e turn now to the series 

and define uniform convergence’*' in an interval as follows: 

Let the series ^-u^ix) +^3(2^) + 

converge for all values of x in the interval a x^b and its sum he 
f(;x). It is said to converge uniformly in that interval, if, any 
positive number e having been chosen, as small as we please, there 
is a positive integer v such that, for all values of x in the interval, 

I f{x) - Sn{x) 1 <f , when n i/.f 

It is true that, if the series converges, |iS„(a:)|<e for each x in 
(a, b) when n^v. 

The additional point in the definition of uniform convergence 
is that, any positive number e having been chosen, as small as 
we please, the san\e value of v is to serve for all the values of x in the 
interval. 

For this integer v we must have 

|7?„(a?)i, |JS.+i(x)|, ... 

all less than e, no matter where x lies in’ {a, b). 

•The property of uniform convergence was discovered independently by Stokes 
(cf. Trans. Phil. Soc. Carnb,, 8 (1847), 533) and Seidel (cf. Abh. Ak. Wiss. Milnchen, 
5 (1848), 381). See also Hardy, Proc, Phil. Soc, CaniL, 19 (1920), 148. 

fWe can also have uniform convergence in the open interval a < a; < 6, or the 
haif-open intervals a <xrZb, a'^x <b; but, when the terms are continuous 
in the closed interval, uniform convergence in the open interval carries with it 
uniform convergence in the closed interval (cf. § 68). 
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The series does not converge uniformly in (a, b) if we know that 
for some positive number (say eg) there is no positive integer v 
which will make ... 

all less than fq for every x in (o, 6). 

It will be seen that the series 


a: + l^(a:+l)(2a;+l) 

converges uniformly in any interval a g ® § 6, where a, h are any 
given positive numbers. 

It may be said to converge infinitely slowly as x tends to zero, 
in the sense that, as we get nearer and still nearer to the origin, 
we cannot fix a limit to the number of terms which we must take 
to make |JS„(x)|<6. It is this property of infinitely slow con- 
vergence at a point {e.g. Xq) which prevents a series converging 
imiformly in an interval {Xq-S, x^-i-S) including that point. 

Further, the above series converges imiformly in the infinite 
interval x^a, where a is any given positive number. 

It is sometimes necessary to distinguish between uniform con- 
vergence in an infinite interval and uniform convergence in a fixed 
interval, which may he as large as we please. 

The exponential series is convergent for all values of x, but it 
does not converge uniformly in the infinite interval x 0. 

For in this series R„{x) is greater than a^/n!, when x is 
positive. 

Thus, if the series were uniformly convergent in xSO, a?‘/»! 
would need to be less than e when n ^ v, the same serving for 
all values of x in the interval. , 

But it is clear that we need only take x greater than (i/!e)>’ to 
make Rn{x) greater than e for n equal to v. 

However, the exponential series is imiformly convergent in the 
interval (0, b), where b is fixed, but may be fixed as large as we 
please. 

For take c greater than b. We know that the series converges 
for x=c. 

Therefore R„(c)<€, when n^i/. 

But R„(x)<R„(c), when 0^x^6<c. 

Therefore R„(x)<e, when n^y, the same y serving for all values 
of X in (0, b). 
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From the uniform convergence of the exponential series in the 
interval (0, 6), it follows that the series also converges uniformly 
in the interval { — b, b), where in both cases b is fixed, but may 
be fixed as lai^e as we please. 

Ex. 1. Prove that the series 

l+a:+a;* + ... 

converges uniformly to 1/(1 -a;) in 0^a;girQ<l. 

Ex. 2. Prove that the series 

(1 -a;) + a:(l -x) + a:®(l - a;) + ... 
converges uniformly to 1 in0^x^.XQ<\. 

Ex. 3. Prove that the series 

( 1 - a;)» + a:( 1 - «)« + a:® ( 1 ^ a;)2 + . . . 
converges uniformly to ( 1 - a?) in 0 ^ a? ^ 1 . 

Ex. 4. Prove that the series 

1 1 1 i 

l+x* 2+a?’*'3T3 ■■■ 

converges uniformly in the infinite interval a: g 0. 

Ex. 5. Prove that the series 

converges uniformly in the interval (0, 6), where h is fixed, but may be fixed 
as large as we please, and that it does not converge uniformly in the infinite 
interval a:^0. 

66. A necessary and sufficient condition for Uniform (Con- 
vergence. When the sum f{x) is known, the above definition often 
gives a convenient means of deciding whether the convergence is 
uniform or not. 

When the sum is not known, the following test, corresponding 
to the general principle of convergence (§15), is more suitable. 

Let Ui{x) '\-U 2 {x) ^u^ix) + ... 

be an infinite series, whose terms are given in the interval {a, 6). 
A necessary and oufficient condition for the uniform convergence of 
the series in this interval is that, if any positive number e has been 
chosen, as small cw we please, there shall be a positive integer v such 
that, for all values of x in the interval, |^jR„(a:)|<e, when n^p, far 
every positive integer p. 

(i) The condition is necessary. 

Let the positive number e be chosen, as small as we please. 
Then take 
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Since the series is uniformly convergent, there is a positive 
integer v, such that 

|/(a;)-s„(a:)|<^e, when n^v, 

the same v serving for all values of x in (a, 6), f(x) being the sum 
of the series. 

Let n", n' be any two positive integers such that n">n' ~v. 
Then |s„«(a5) - ««'(*) |S|s„'(®) + ! /(*) ” M®)l 

<e. 

Thus |s„+,(®) - s„(a:)| <6, when n^v, for every positive integer p 
the same v serving for all values of x in (a, b). 

(ii) The condition is sufficient. 

We know that the series converges, when this condition is 
satisfied. 

Let its sum be f{x). 

Again let the arbitrary positive number e be chosen. Then 
there is a positive integer v such that 

ls„+j,(x)-s„(x)|<|e, when n^v, for every positive integer p, 
the same v serving for all values of x in (o, b). 

Thus $y{x)-y< Sy +p{x)< Sy (x) + ^6. 

Also lim Sy +p{x) =/(x). 

Therefore s„ (x) - |e =/(x) s Sy (x) + Je. 

But ! s„(x) -/(x) 1 S I s„(x) - s,. (x) I 4- 1 (x) -/ (x) I . 

It follows that, when n is greater than or equal to the value v 
specified above, 

<€, 

and this holds for all values of x in (a, b). 

Thus the series converges uniformly in this interval. 

67. 1. Weierstrass’s M-Test for Uniform Convergence. The 
following simple test for uniform convergence is due to Weierstrass: 

The series Wi(®) + ^^(x) +M 3 (x) + . . . 

mil converge uniformly in (a, b), if there is a convergent series of 
positive constants 

ilf j +il/2 + Af3 + ... , 

such that, no matter what value x may have in {a, b), 
lu„(x)| ^ M^for every positive integer n. 
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Since the series 

is convergent, with the usual notation, 

■^n+l "i"--' 4“ 

when n v, for every positive integer p. 

But +l«n+ 2 {ic)| +... +|M„+,(a;)|. 

Thus |,J?„(a;)|^ +... 

<e, when n^v, for every positive integer y, 
the inequality holding for all values of x in (a, 6). 

Thus the given series is uniformly convergent in (a, b). 

For example, we know that the series 

1 “f-2c£ "f* • 

is convergent, when a is any given plositive number less than 
unity. j 

It follows that the series 

1 4 “ . .• 

is uniformly convergent in the interval ( - u, a). 

£z. 1. Show that the scries 

X cos d-^x^ cos 20 cos W + ... 

is uniformly convergent for any interval (x^y x^), where - 1 < ^ 

0 is any given number. 

£z. 2. Show that the series 

X cos 0-\-x^ cos 20 -k-x^ cos 30 + . . . 

and X cos 0 H- cos 20 + cos 30 + . . . 

Z o 

are uniformly convergent for all values of 0, when \x\ is any given positive 
number less than unity. 

67. 2. Further Tests for Uniform Convergence. In the il/-Test 
the series converges absolutely and uniformly. But absolute 
convergence is not required in the following tests, usually called 


Abel’s Test and Dirichlet’s Test. 

I. Abel’s Test. Let the series 

Mi(a:) +W2(*) -l-W3(a:) ( 1 ) 

amverge uniformly in {a, b) and the sequence 

«i(x), Vy{x), v^[x), (2) 


he monotonic for every (fixed) x in (a, b) and uniforndy bounded* 

♦A function f^ix) is said to be uniformly bounded in an interval, when there is a 
positive number if, independent of x and n, such that |/„(a;) | <K, for every value^f 
z in the interval, and every positive mteger n. 
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TJten the series 

+M2(®)V2(®) +M3(a:)v3(x) + (3) 

is unifonnly convergent in {a, h). 

Let fJtJx) be the partial remainder for the series (3) and sjx), 
pr„{x) the sum of n terms and the partial remainder for the series (1). 
Then ,R„{x) = M„+i(a:)«„+i{x) +'u„+ 2 (x)v^+g{x) +... 
+^n+,(xK+,{x) 

= ««+a(*) + - 

+ [jr„{x) - ^ir„(x)] t>„+,(x) 

= !»■«(») [v«+i(a:) - v„+2(»)] + .. • 

+p-Mx) [««+,-i(®) - Vn+,(a>)] + ,r„(x)t),^.,(x)...(4) 

Now it is known that 


all have the same sign, x being fixed; and that there is a positive 
number K such that for all values of x in (a, 6), and 

every positive integer n. 

Also, since the series (1) converges uniformly, when the arbitrary 
positive number f is chosen, there is a positive integer i/, such that 

Ii»‘b(®)|, |2»-b(»)|, ••• \p'rn(x)\ 

are each less than ejZK when n^v, the same v serving for all 
values of X in (a, 6). 

It follows from (4) that 


+ .j 


3A' 


^n^p(x) 


I p^ni^) 3A I ^t4+p(^) I 

<§e+Je 
<€, when n^v, 

the same v serving for all values of x in (a, b). 

Thus the series (3) is uniformly convergent in (a, 6). 

Ex. 1 . Let ao + ^2 + a2 + . . . be a convergent series of constants and =2^. 

X 

Then £ converges uniformly in O^x^l, 

Ex. 2 . Let + Us + . . . be a convergent series of constants and v^{x) = 

a* 

X 

Then 2 converges uniformly in 

0 


Ex. 3 . Let ao + a2 + a2 + ... be a convergent series of constants and clq, Oj, 
02, ... be a monotonio ascending sequence of positive numbers. Then the series 

4- 

converges uniformly in a; ^ 0 . 
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II. Dirichlet’s Test. Let 

8„{x)=Ui{x) +«a(a:) + ... m„(x). 

Then the series 

Ui(x)Vj{x) +Mjj(x)t) 2 (x) +Us{x)v^{x) + ... 
converges uniformly in {a, b) provided that 

(i) s„(x) is uniformly bounded in (a, b)* 
and 

(ii) v^{x), v^(x), ... is a tnonolonic sequence converging uni- 
formly to zero in [a, b). 

With the same notation as above, 

pR„{x) = u„+i{x)v„^.i{x) + ... +M„+p(4K+„(a!) 

~[^n+l(**') ~ Sn(®)J %i+l(*) +[®4+2(®) ~ *n+l(2!)] *>n+2(^) + ••* 

+ [s«Hp(a:)- l(^)] ^n+2>(^) 

-««+lWK+l(a;) - V»+2(J')1 + — 

+s„+p{x)v„^,{x) - s,(a;)u„+i(x). 

Then we have at once 

|,fl„(x)|<J5L{|«„+i(x)-v„+,(x)| +|v„+,(x)| +|v„+i(x)l). 

But the sequence v^(x)y v^ix)^ ... converges uniformly to zero. 
Therefore we know that, however small the arbitrary positive 
number e may be, there is a positive integer i/, such that 

<3^. wlieu niiv, 

the same v serving for all values of x in the interval. 

And Vi(x), v^{x), etc., are all of the same sign. 

Therefore 

|„fi„(x)|<t, when nSi/, 

the same r serving for all values of x in (a, b), and the series 

00 

converges uniformly in (a, b). 

E*.l. The series + ' 

converges uniformly when -p ;;!! 0. 


*Cf* footnote on p. 140. 
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Ex. 2. Thoscries fiina; + Jsin2a; + Jsin3a;+... 

cos a; + J cos 2a: + ^ cos 3a; + . . . 
converge uniformly in (a, 6), when 0 <a<b < 27r. 

Ex. 3. The series - sin a; - J sin 2a; + J sin 3a: . . . 

cosa;- J cos2a;*f cos 3a; ... 
converge uniformly in ( - a, a), where 0 < a < tt. 

Ex. 4. The series sin a; + i sin 3a; + J sin 5x + ... 

Jsin2a: + isin4a; + Jsin 6a:+... 

cos a; + J cos 3a; + J cos 6a: + ... 

\ cos 2a; -f J cos 4a; 4-i cos 6a; 4- . . . 
converge uniformly in (a, 6), when 0 < a < 6 < tt. 

X »' 

Ex. 5. The series 2 sin nx and 2 

I 1 

converge uniformly in (a;^, x{) when 0 < a;^ < ar^ < 27r, pruviiled that the 
constants Oj, Oj, ... form a monotonic sequence and lim «„=0. 

68. Uniform Convergence of Series whose Terms are Con- 
tinuous Functions of x. In the previous sections dealing with 
uniform convergence the terms of the series have not been assumed 
continuous in the given interval. We shall now prove some 
properties of these series when this condition is added. 

I. Uniform convergence implies continuity in the sum. 

If the ter'tns of the series 

uf^x) -Vu^ipc) -fW3{j!:) -h... 

are continuous in .(a, 6), and the series converges uniformly to f(x) 
in this interval^ then f{x) is a continuous function of x in (a, b). 

Since the series converges uniformly, we know that, however 
small the positive number e may be, there is a positive integer v, 
such that 

|/(a;)-5„^x)l<^6, when n 'liv, 
the same v serving for all values of x in (a, 6). 

Choosing such a value of w, we have 

f{x) = s„(x) +R„{x), 

where for all values of x in {a, b). 

Since s„{x) is the sum of n continuous functions, it is also con- 
tinuous in (a, b). 

Thus we know from §31 that there is a positive number rj such that 

l«n{»')-«n(»)|<ie, 

when X, x' are any two values of x in the interval (o, 6) for which 
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liut /(»') = Sn(»') +■««(»'). 

where 1-Bn(»')|<ie. 

Also f{x') -fix) == [5„(a:') - s„(x)] + R„ix') - RJx). 

Thus \fix') -/(a:)|^?|s„(a;') -s«(a;)| +|^„(a:')| +|i2„(a:)|. 

<^6 +|€ 

<6, when \x'-x\^ri. 

Therefore /(x) is continuous in (a, 6). 

II. If a serieSj whose terms are comtinuous functions^ has a dis^ 
continuous sum, it cannot be uniforinly convergent in an interval 
which contains a point of discontinuity. 

For if the series were uniformly convergent, we have just seen 
that its sum must be continuous in , the interval of uniform con- 
vergence. ! 

III. Uniform convergence is thus a sufficient condition for the 
continuity of the sum of a series of continuous functions. It is not 
a necessary condition ; since different non-uniformly convergent 
series are known, which represent continuous functions in the interval 
of non-uniform convergence. 

For example, the series discussed in Ex. 2 and Ex. 3 of § 63 
are uniformly convergent in for in both cases 

l-K„(x)l< J ^ , when x i^_a>0, 

' " nx na 

Thus |jK„(x)|<e, when w>l/ae, which is independent of x. 

But the interval of uniform convergence does not extend up to 
and include x=0, even though the sum is continuous for all 
values of x. 

This is clear in Ex. 2, where iin(») = f t“ 0» asserted 

i "vn X 

that li2„(a:)|<e, when n ~ v, the same v serving for all values of x 
in X 0, the statement is shown to be untrue by pointing out that 
for X = 1 Iv, R^(x) = I, and thus | R„ix) | < e, when n right through 
the interval, if e< 

n^x 

Similarly in Ex. 3, where En(x)= ^ +nV ’ ^ asserted that 

lJ?„(x)|<e, when nS v, the same v serving for all values of x in 
* = 0, we need only point out that for x=ll^v^, i2„(x) = 

Thus |i2„(x)l<t:e, when ng right through the interval, if 6<J. 
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There is, in both cases, a positive integer v for which 
when v, but this integer is greater than \jm. 

Thus it is clear that the convergence becomes infinitely slow 
as x->0. 

IV. If the terms of the series are continuous in the closed interval 
(o, b), and the series converges uniformly in a<x<b, then it must 
converge for x—a and x—b, and the uniformity of the convergence 
mil hold for the closed interval (a, b). 

Since the series is uniformly convergent in the open interval 
a<x<b, we have, with the usual notation, 

|«Ja:)-«„(x)|<^e, when m>n^f (1) 

the same v serving for every x in this open interval. 

Let m, n be any two positive integers, satisfying this relation. 

Since the terms of the scries are continuous in the closed interval 
(o, b), there are positive numbers rji and j/j, say, such that 
|Sm(®)-«J«)l>k when 0^{x-a)Xrji, 
and |s„(a:)-5„(o)|<Je, when 0^(x-a)^rj^. 

Choose a positive number rj not greater than t] ^ oi rii, and let 
0^{x-a)^r}. 

Then | s^{a) — s„(o) | 

- km(«) - - «»(«)! 


<ie +ie +Jt 

<t-, when m>n^€ (2) 

A similar argument shows that 

when (3) 


From (2) and (3) we see that the series converges for x = a and 
and, combining (1), (2) and (3), we see that the condition 
for uniform convergence in the closed interval (a, b) is satisfied. 
If the terms of the series 

+ + «,(«) + ... 

are continuous in (a, 6), and the series converges uniformly in every interval 
(a, fi), where a<a< the series need not converge for a:=a or a;=6. 

E,g. the series 1 + ... 

converges uniformly in ( - a, a), where a < 1, but it does not converge for 

x= -1 or 5 c = L 

However we shall see that in the case of the Power Series, if it converges 
for «=a or a;=:6, the uniform convergence in (u, fi) extends up to a or 6, as 
the case may be. (Of. § 72.) 

But this property is not true in general. 
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The series of continuous functions 

may converge uniformly for every interval (a, p) within (a, b), and converge 
for a;=a or while the range of uniform convergence docs not extend up 


to and include the point a or 6. 

E,g, the series a:-|- + Ja:*+ (1) 

formed from the logarithmic series ^ 

+ ( 2 ) 


by taking two consecutive positive terms and then one negative term, is 
convergent when - I <x^l, and its sum, when = 1, is !; log 2.* 

Further, the series (2) is absolutely convergent when [arl < 1, and therefore 
the sum is not altered by taking the terms ^ any other order. (Cf. § 22.) 

It follows that when |a;| < 1 the sum of (1) is log (1 +a;), and when x = l its 
sum is :J log 2. 

Hence (1) is discontinuous at a;=l and ^therefore the interval of uniform 
convergence does not extend up to and inc^de that point. 

69. Uniform Convergence and the Apprc|rimation Curves. Let a series of 
continuous functions be uniformly convergent in (a, b). 



Then we have, as before, 

I - s„(x) 1 < €, when m>n^y, 
the same serving for all values of a; in the interval. 

In particular, 1 ^m(^) - (*) I < when m> v, 
and we ft bal l suppose v the smallest positive integer which will satisfy this 
condition for the given € and every x in the interval. 

Plot the curve y=Sy(x) and the two parallel curves y=Sy(x) forming a 
strip cr of breadth 2€, whose central line is y=St,{x)» (Fig* 13.) 


♦Of. Hobson, Fkme Trigonometry (7th ed., 1928), 261. 
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All the approximation curves m> \\ lie in this strip, and the curve 

y^f(x), where / (x) is the sum of the series, also lies within the strip, or at most 
reaches its boundaries. (Of. § 66 (ii).) 

Next choose less than c, and let the corresponding smallest positive integer 
satisfying the condition for uniform convergence be i Then v' is greater 
than or equal to v. The new curve y=8v*(x) thus lies in the first strip, and 
the new strip it' of breadth formed as before, if it goes outside the first 
strip in any part, can have this portion blotted out, for we are concerned only 
with the region in which the approximation curves may lie as m increases from 
the value 

In this way, if we take the set of positive numbers 
€ > €' > , where lim c(*)=0, 

and the corresponding positive integers 

I' = v' = v" . - . , 

wo obtain the set of strips <r, (r\ ... 

Any strip lies within, or at most reaches, the boundary of the preceding 
one, and their breadth tends to zero as their number increases. 

Further, the curve y=f{x) lies within, or at most reaches, the boundary of 
the strips. 

This construction, therefore, not only establishes the continuity of the sum 
of the series of continuous functions, in an interval of uniform convergence, 
but it shows that the approximation curves, as the number of the terms 
increase, may be used as a guide to the shape of the curve for the sum right 
through the interval.* 


70. 1. A sufficient Condition for Term by Term Integration of a 
Series whose Terms are Continuous Functions of x When the 
series of continuous functions 


u-^(x) +U 2 (x) +U 2 (x) + ... 

is uniformly convergent in the interval (a, 6), we have seen that 
its sum, /(x), is continuous in (a, 6). It follows that f(x) is 
integrable between x^ and Xj, when a ^ x^<x-^ ^ 6. 

But it does not follow, without further examination, that the 
series of integrals 


I a^{x)dx-\'\ U 2 {x)dx-^ \ \l^{x)dx 

•f'O •I'O 


is convergent, and, even if it be convergent, it does not follow, 
without proof, that its sum is f f(x)dx. 


♦Of course the argument of tJiis section applies only to such functions as can be 
graphically represented. 
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The geometrical treatment of the approximation curves in § 69 
suggests that this result will be true, when the given series is 
uniformly convergent, arguing from the areas of the respective 
curves. 

We shall now state the theorem more precisely and give its 
demonstration ; 

Let the functions u^ix), uf^x), u^(x), ... be continuous in (o, b), 
and let the series 

Ui{x) + «2 (a;) +«*(*) + ... 

be uniformly convergent in {a, b) and have f(x) for its sum. 

Then 

j f(x)dx=\ Mi(a:)(ia:+| «2(aj)dx + [ u^(x)dx + ... , 

j JCt J X, Jjr, J.-, 

where asxg<Xi^b. 

Let the arbitrary positive number e be chosen. 

Since the series is uniformly convergent, we may put 
f(x)=$n{x)+Rjx), 

where | R„{x) \ < when n g i', 

the same i' serving for all values of x in (a, 6). 

Also f(x) and s„{x) are continuous in (a, b) and therefore 
integrable. 

Thus we have 

I f{x)dx=\ s„{x) dx-\-\ R„(x) dx, 

J Jq •'To •^ To 

where aTi.XQ<Xi~b. 

Therefore ij f{x)dx-^ s„(x)da;j = j| R„{x)dx 

- 3^1 — a?o 

7 

b-a 

" <€, when w 

But I ' Sfi {*) = ^ [ M,.(a:) dx. 

Therefore \fix) da: - ^ | ’ n^{x) dx <e, when n g r. 

J d^o 1 * ^0 

rxi 

Thus the series of integrals is convergent and its sum is 1 f{x) dx. 
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CoROiiLARY I. Let. continuous in (a, b) 

and the series Mi(®) + Wj(a:) + M 3 (a;) + . . . 

converge uniformly to f{x) in (a, b). 

Then the series of integrals 

[ Ui(x)dx + \ n2(x)dx + \ u^{x)dx + ... 

J ^0 •* To J Tq 

converges uniformly to [ f(x)dx in (a, b), when a g x„<x g b. 

Jr, 

This follows at once from the argument above. 

Corollary II. Let Ui{x), u^{x), Ug(x), ...he continuous in (a, b) 
and the series Ui{x)-¥Uz(x)-\-u^{x) + ... 

converge uniformly to fix) in (a, b). 

Also let g(x) be bounded and integrable in {a, b). 

Then \ fix)gix)dx='^\ u„ix)gix)dx, 

where a ^ 6, and the convergence of the series of integrals is 

uniform in (a, b). 

Let the arbitrary positive number e be chosen, and let M be 
the upper bound of \g{x)\ in (a, 6). 

r 

Since the series ^nn{x) converges uniformly to f{x) in (a, b), 

I 

we may put f(x) =s„(x) + Il„(x), 

where ^ 

the same r serving for all values of x in (a, 6). 

Therefore we have 


where 


\ fix)gix)dx=‘ \ s„ix)gix)dx + \ R^ix)gix)dx, 

^ J To J Jo 

a £ Xq<x S h. 

Thus |f fix)gix)dx- \ s„ix)gix)dx\ = \\^ RJix)gix)dx 
‘'/O I M/o 

And I [ fix) gix) d® - ^ T u^ix)gix)dx I 

i^Jo 1 Jjo I 


<f, when n-^ v, 
which proves our theorem. 
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It is clear that these integrations can be repeated as many 
times as we wish. 

Ex. 1. To prove that 

log(l -2ycosa; + i/*)rfa:=0, when |yl<l,* 

‘0 

-Triogy*, when lyl>l. 

We know that 

— ^ ^ — a= -coarc-wcosSx-ir cos 3a; + ... , (1) 

1 - 2y cos ar + ^ ^ ’ ' ' 

when \y \ <1. 

Also the series (1) converges uniformly for any interval of y within ( - 1, 1) 
(§67.1). 

Therefore = - 2 cos to j" j/"-> dy, when |y| < 1. 

Therefore J log (1 - 2y cos a; +y*) = ~ when lyl < l.f (2) 

I 

But the series (2) converges uniformly fo| all values of ar, when |jy| is some 
positive number less than unity (§ 67. 1 ). 

\og{l -2y COS x + y^)dx= - J - cosnxdx, when lyl<l. 

0 X w .'o 

Therefore I log(l -2i/cosa: + f/^)(fa;=0, when |y| < L 

But I log (1 -2y cos a; + .y®)dar-| [^log y® + log ^ 1 - ^ cos ar + ^2 ) J 

Therefore I log (1 -2y cos a: + .v®)cfar = ir log y*, when |7/| > 1. 

Jo 

Ex. 2. Prove that, if m is a positive integer, 

( tr -wWi 

COS ma: log (1 - 2y cos x-\-y~)dx = - tt or - ir 
according as | y | < 1 or | y | > l.f 


♦It followB from Ex. 4, p. 131, that we may replace the symbols <, > by ^ 
and ^ respectively. 

tif X is not zero or an even multiple of ir, the scries on the right-hand of (2) 
converges when y-l. 

It follows from Abel’s Theorem on the Power Scries (§ 72, VII) that 

T TlX 

J log 2(1 - cos a;) =: - S — ^ , wlion x^eo or 2rir. 

1 ^ 

Again, if x is not an odd multiple of ir, the series on the right-hand of (2) converges 
when y= -1. 

Then, as above, we have 

Jlog2(l+co9a;)-i(-l)»->°°^’^, when x^(2r + l)T. 

Jit follows from Ex. 6, p. 131 that those results hold also for | y | = 1. 
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70, 2. Tl^ following extension of the theorem in the j>receding section is 
sometinu's useful. 

Let tti(x’), 242 (u’) .,.he functions iniegrable in (a, b) mid let and 

f{x) = ^Ur{x). 

1 

Thtis if (\)f{x) is iniegrable in (a, 6), and (ii) the series converges uniformly to 
f{x) in (a, c), where c is aiiy number between a and 6, and (iii) c<?„(a:) is uniformly 
bounded in (a, b), 

Cb » fb 

f(x)dx='::£\ ujx)dx. 
i Ja 

Since the sum s„(a;) is uniformly bounded in (a, 6), there is a positive number 
A" (independent of x and w), such that 

ISn(x)l<K 

for every x in (a, b) and every positive integer n. 

Let the arbitrary positive number e be chosen, and let c be taken so that 

Then [*’/(4:)(ir- f* = (/(x) -s„(x))elx+\'' f(x)dx -i'' s„(x)dx. (1) 

Ja Ja Ja Jc Jc 

I ~ ,C =fa ~ + 1* I 

But I s„{x) I < K. 

Therefore \f(x)\^\ lim s^(x) | A! 

,t— > f 

But the series converges uniformly in (a, r). 

Thus there is a positive integer r, such that 

!/(«)- s„(a;)l<2^y/::-j, when n S i-, 

the same v serving for all values of x in (a, c). 

It follows from (2), that 

|jV(a:)tix - j* Ur{x)dx j < (c - o) +2(6 - c)K, 

< |c + j€, 

<t, 

when n ^ r. 

Ilms, under the conditions stated in the theorem, 

(b ^ Ch 

f(x)dx=.'^\ Uf(x)dx, 

Ja \ Ja 

This may be extended as follows: 

Let the iniegrable function f(x) he the sum of the series of iniegrable functions 
\ii(x)y u^(x\ ... ayid lei this series converge uniformly in a^x'^h^ except far a 
finite number of snbdntervals, the sum of whose lengths can he made less than any 

u 

given number. Also lei s^(x) = 2 ^ri^) he uniformly bounded in {a. h). 
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Then 


/(a:)rfa: = V u^x)dx.* 

.a I .a 


71. A sufficient Condition for Term by Term Differentiation. 

If the series h-W3(x) + ... 

converges in (a, 6 ) and each of its terms has a differential coefficient, 
continuous in (a, b), and if the series of differential coefficients 
uf{x) -\-U2(x) 

converges uniformly in {a, b), then f{x), the sum of the original series, 
has a differential coefficient at every point of (a, b), and 
ff{x) = uf{x) ^uf(x) ^uf{x) -h... . 

Let (f>{x) = uf {x) -{-uf{x) +... . 

Since this series of continuous funictions converges uniformly 
in (a, b), we can integrate it term by t^erm. 

Thus we have : 


j <li{x)dx^\ uf{x)dx'^\ uf{oi^dx-\-\ uf{x)dx-^,,., 

J Xq j j xq 

where a^XQ<Xi-^b. 

Therefore [ ^(a:)dIa;=:[?/i(a:i)-Mi(xo)]+[»<2(a;i)-M2(*o)] + - 

Jr, 

But /(a:i) = Mi(Xi) +M2 (^<^i) +«3(a;i) + ... 

and fiXo) = Ui{x„)+U2(x^) +M3(a:o) + ... . 

Therefore j <l>(x)dx—f(x^-f{x^). 

Now put cCq = X and Xj — x + Ax. 

Then, by the First Theorem of Mean Value, 

<|){^)^x~f(x + \x) -f(x), 
where a: S ^ ® + Ax. 

Therefore 


•Of. The Mathematical Gazette, 13 (1927), 438. In this paper by the author on 
“ Term by Term Integration of Infinite Series'” further information on this subject 
will be found ; and a proof is given of the theorem due to Arzela (1885) that when 
the series of integrable functions n^{x), n^ix ), ... converges to the integrable function 

f(x), and the sum (a?) is uniformly bounded in (a, 6), then 

Cb * Cb 

f{x)dx-':^ \ UrWdx, 

.'a ‘ .o 
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But lim </t{i) = <i>{x), 

since ^(a;).is continuous in {a, b). 

Therefore /(x) has a differential coefficient /'(x) in (a, 6), 


and f{x)^tfi(x) 


It must be remembered that the conditions for continuity, and 
for term by term differentiation and integration, which we have 
obtained are only sufficient conditions. They are not necessary 
conditions. We have imposed more restrictions on the functions 
than are required. But no other conditions of equal simplicity 
have yet been found, and for that reason these theorems are of 
importance. 

It should also be noted that in these sections we have again 
been dealing with repeated limits (cf. § 64), and we have found 
that in certain cases the order in which the limits are taken may 
be reversed without altering the result. 

In term by term integration, we have been led to the equality, 
in certain cases, of 

I lim5,j(ar)da: and lim I 5„(a:)dx. 


Similarly in term by term differentiation we have found that, 
in certain cases, 

/<— ►O ^ L/i — \ n J , 

are equal. 


72. The Power Series. The properties of the Power Scries 
Oo + aiX-fajX^-f ... 

are so important, and it offers so simple an illustration of the results we have 
just obtained, tha’- a separate discussion of this series will now be given. 

I. If the series + a^x + + . . . 

is convergent for it is absolutely convergent for every value of x such that 

Since the series is convergent for x^^Xq^ there is a positive number M such 
that when n^O. 
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Therefore if 


I < 1, the temis of the series 

l«»l + |Ol*l + |«|**l + - 

are less than the oorrespondiiig terms of the convergent series 

if{l+c+c* + ...}, 

and our theorem follows. 


n. If the aerki does not converge for it does not converge for any value 
of X avck that |a;|> |xo|. 

This follows from (I), since if the series converges for a value of x, such that 
\x\> it must converge iot x^x^. 


III. It follows from (I) and (II) that only the following three cases can occur: 

(i) The series converges for a;=0 and no other value of x, 

E.g, l + l!a;+2!a;*f 3!®* + ... , 
l4-a;+2*a:* + 3%:» + .... 

(ii) The series converges for all values of 

E»g, 1 . 


(iii) There is some positive number p such that, when | | < p, the series 
converges, and, when |:r|>p, the series does not converge. 

E.g. + 

The interval - p < x < p is called the interval of convergence of the series. 
Also it is convenient to say that, in the first case, the internal is zero, and, in 
the second, infinite. It will be seen that the interval of convergence of the 
following three series is ( ~ 1, 1): 

l+a:+x* + ... , 




But it should be noticed that the first of these does not converge at the ends 
of the interval; the second converges at one of the ends; and the third con- 
verges at both. 

In the Power Series there cannot be first an interval of convergence, then 
an interval where the convergence fails, and then a return to convergence. 

Also the interval of convergence is symmetrical with r^ard to the origin. 
We shall denote its ends by L\ L. The series need not converge at U or L, 
but it may do so; and it must converge within UL. 

IV. If the series converges for a value of x%0, then the sequence 

l«il. I®!!'. I®»l^. ••• Kl” — 

1 

it bounded above: and tf lim |a„|n=/u>0, the interval of tonvergenee i* 

I I 1 

If ^ tmteoonverges for cU valuta of X. 
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We are given that the series converges for some value of * $ 0. 

Then, as in (I), there is a positive number if, which we may take greater than 
unity, such that \a^x'^\ <M, for all values of n. 

Thus values of n, and the given sequence is bounded 

above and below. 


By § 17. 2, lim |a„|« exists. 


Now let 


lim |a„|«=/x>0. 


Take any x for which |x| < l//i, and choose a definite point Xq between |x| 
and l/fi. 

Then /i < I/Xq, and, from the properties of the upper limit of indetermina* 
tion, there is a positive integer such that 


Therefore 


l®nl"<~* when 
Xq 

(o„Xo^|<l, when w 


And |ana:”l = IW|xj-| 

I X 1^ 

< - <1, when I. 

I ^0 I 

Thus the series converges absolutely when \x\< l//i. 

Again, take any x for which \x\> l//u. 

1 I 

Then | ayi|”> -j — |, for an infinite number of values of n. 

\x I 

Thus I > 1 for an infinite number of values of n. 

And the series cannot converge when \x\> 1 1 fi. 

It follows that when /x> 0, the interval of convergence of the aeries is 

-l//x<x<l//x. 

I 

Finally let lim |a„|”=0. 

n-><J0 

Take any value of x other than zero. 

Then, by the properties of the upper limit of indetermination, there is a 
positive integer v such that 

- 1 


Thus |a„x" I < gj, when n g i-, 

and in this case the series converges for all values of x, 
lletuming to the notation of (HI), we now show that 

V. The series is absoltUdy convergent in the open interval - p < * < p. 
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VI. The aeries is absolutely and uniformly convergent in the closed interval 
+ where S is any assigned positive number less than p. 


Fio. 14. 

To prove (V ), we have only to remark that if is a point where -p<Xo<p, 
between N and the nearer boundary of the interval of convergence, there are 
values of x for which the series converges, and thus b 3 (I)it converges absolutely 
for x=Xq, 

ll M O M N L 

FIO. 15. 

To jprove (VI), let M\ M correspond to a; - p + and x =p - respectively. 
We now choose a point N (say x^) between M and the nearer boundary L, 
The series converges absolutely for x=:Xo, by (V). 

Thus, with the usual notation, 

I I + I ! + ...<€, when n ^ r. 

But |o„a;" | + |a„+iX"+‘ 1 + ... 

is less than the above for every point in M'M^ including the ends M\ M, 

It follows that our series is absolutely and uniformly convergent in the 
closed interval {M\ M),* And the sum of the series is continuous in this 
closed interval. 

It remains to examine the behaviour of the series at the ends of the interval 
of convergence, and we shall now prove Abel’s Theorem: f 

VII. If the series converges for either of the ends of the interval of convergence, 
the interval of uniform convergence extends up to and includes that point, and the 
continuity of f(x), the sum of the series, extends up to and includes that point. 

This follows at once from Abel’s test for uniform convergence given in § 67. 2. 

Let the series converge for the end p of the interval of convergence. 

Then in Abel’s test, take ^J’d = . (Cf. Ex. 1, p. 160.) 

We thus establish that the series 

ao+aiX + a2x2 + ... 

converges uniformly in this case in 0 x p. 

But we know from (VI) that the series is uniformly convergent in 

- /> + S — X ^ 0, 

when 8 is any positive number less than p. 

*When the interval of convergence extends to infinity, the series will be absolutely 
convergent for every value of x, but it need not be uniformly convergent in the 
infinite interval. However, it will be uniformly convergent in any interval ( - 6, h), 
where 6 is fixed, but may be fixed as large as we please. 

E.g. the exponential series converges uniformly in any fixed interval, which may 
be arbitrarily great, but not in an infinite interval [cf. § 66]. 

t Journal filr Math., 1 (1826), 311. 
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It follows that the series is uniformly convergent in the interval 

- + 

And that/(a;), the sum of the series, is continuous in this closed interval. 

In particular, when the series converges at a; = p, 

lim f(x) ^f(p) =Oo + a^p + a^p^ + . . . . 

In the case of the logarithmic series, 

log(l+a:)=:a;-ia:* + ix*-... , 

the interval of convergence is - 1 < a: < 1. 

Further, when «=!, the series converges. 

It follows from Abels Theorem that 

limlog(l+ar) = l- J + , 

t.c. log2 = l- J + 

Similarly, in the Binomial Series, 

(1 +*)“ = ! +»n*+^-pi^ 

when 

And it is known* that 1 + + ... 

is conditionally convergent when — 1 < m< 0, and absolutely convergent when 

«i>0. 

Hence lim (1 4.a;)’" = l -f ... , 

in both these cases. 

On the other hand, if we put a: = 1 in the series for (1 +x)“'^, we get a series 
which does not converge. The uniformity of the convergence of the series 

1 -x + x*- ... 

is for the interval - Z = x ^ Z, where I is any given positive number less than 1. 

VIII. The intervals of convergence of the aeries 

a® + OjX + OjX* 4- 03X* + . . . 

Uj •f2a,x + 3a8x* + ... 

are the same.^ 


*Cf. Chrystal, Algebra, 2 (2nd ed., 1900), 131. 

*t If we know that lim j j exists, this result follows immediately from the 
ratio*test for convergence, since in both series 
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From (IV), it will be seen that we need only prove that 

1 1 

lim I and lim | na„ 

n-Mo n-Mo 

are the same. This is a special case of the theorem established in § 17. 3, 

_ A 

since lim n** = l. 
n-^oo 

Or we may proceed as follows: 

We are given that 

|aol + l«i«l + |aa»*l + '- 

converges when \x\<p. 

Take so that \x\<XQ<p. 

Then i + - - 1+- +... 

a:, Xg Xfi Xo Xg 

is convergent, because the ratio of the nt)) term to the preceding has for its 

, \ X ^ 

limit — , which is less than unity. 

I ^0 ' 

If we multiply the different terms of this Series by the factors 

|ai*ol. I« 2 VI. l<Vo®: •••. 

which form a bounded sequence (by V), it is clear that the series which we 
thus obtain, namely 

\ai |+2|oja;|+3|a,x*| + ... 
is convergent when | a; | < p. 

We have yet to show that this last series diverges when | a: | > p. 

But if it converges when a;= | X 0 |, where \xq\> p, the same would hold 
for the series 

I ai«o I + 2 I 1+3 | a^x^^ | + ... 

and also for the series 

|ai«ol + l«a^o*l + i»3^o®l + -" » 

since the terms of the latter are not greater than those of the former. 

But this is impossible, since we are given that the interval of convergence of 
the original series is - p<x<p. 

It follows that the series 

Oq + Oia: + a jX* + ajX* + . . . 

and the series Oj + 2 o 2 a; + Sagar* + . . . , 

obtained by differentiating the first term by term, have the same interval of 
convergence. 

IX. Term by term differentiation and integration of the Power Series* 

Let the power series 

Oo+Oia; + a,a:* + ... 

have - p < a; < p for its interval of convergence. 

Let its sum be /(a?) in this interval. 

It follows from (VI) and § 70 that 

(' /(*)&: =o«(a:-iE«) + 2 Nr"**-*!,"**), when ~p<Xg<x<p. 
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Also from (VllI) and § 71 we see that 

/'(a;)=ai + 2a8a; + 3o3X® + ... , 

where x is any point in the open interval - p < a: < />, and these integrations 
and differentiations liiay be repeated any number of times. 

73. Extensions of Abel’s Theorem on the Power Series. 

I. We have seen in § 72 that if the series 

ao + oi+«2 + -- 

converges, the Power Series 

+ + + ••• 

is uniformly convergent, when 0 ^ 1; and that, if 

... , 

lim /(x)=ao-f ai + a 2 + ... . 

x->l-0 

The above theorem of Abcrs is a special case of the following: 

CO 

Let the scries 2 converge^ mui Oq, Ui. Qz, ..‘be a scquoice of positive numbers 

0 oo 

such that 0^aQ<ai<a2 Then the series w uniformly coyi- 

as ^ us 

vergent, when t ^ 0, a7id if f(t) = v lue have lim f(t) = 2 

0 0 

This results immediately from Abel’s test of § 67. 2 (cf. Ex. 3, p. 150). 

00 

II. In Abel’s Theorem and its extension stated above, the scries ^ are 

0 

supposed convergent. We proceed to prove Bromwich’s Theorem dealing 
with series which need not converge.f In this discussion we shall adopt the 
following notation: 

+ • • • + ^n» 

and we write (r„ for the Arithmetic Mean of the first 7i terms of the sequence 
^ 0 * ^ 2 * •” • 


Thus 


gp-f -f ^2~*~ * 


It can be shown (cf. §102) that, if the series converges and its 

0 

sum is s, then, with the above notation, lim 0 ^=^. But the converse 
does not hold. 


*If Oq, Oj, ... are functions of x and the scries ^ converges uniformly to F{x) in 

0 X 

a given interval, it follows from Abel’s Test of § 67. 2 that lim 2) converges 

uniformly to F{x) in this interval. 

^Math, Annalen, 65 (1908), .350. See also a paper by C. N. Moore in Bull. Amer. 
Math. Soc. 25 (1010), 258. 
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The sequence of Arithmetic Means may converge, while the sum f. a„ f«il« to 
converge.* 

Bromwich’s Theorem. Lei the sequence of Arithmetic Means <r„ /or (he 

CC 

series 2 converge to <r. Also let he a function of t with the following proper- 

tiee, when t > 0: 

(a) 2 n I ilH \<K\ positive integers; K, a positive\ 

p ” \nutnher independent of p, q and t / 

(j?) lim ntt^=0, 

)l—>eo 

(y) lim M„ = l. 

(-,+0 

<» Ui 

Then the series 2 converges when t > 0, and lim 2 
0 0 

We have S^=s^ fc=OQ» 

Si —2 i8q—8i 

^ 2 ^8 j 8 q •— 52 '“ ® 2 * 

^2 — 2^2 ■” ^ 2 *^ ^^ 3 * 

Thus 


2 o„M„ =SeU, + (Si - 25o)«i + (St - 25i + S,)it, + ... + («„- 25„_i + 

Therefore 

I «„«„ =s« A*tt, + Si A*», + . . . + S„ A*«„ + 2S„W„+, - S„w„+J - S„_i«„+i. ( 1 ) 

But the sequence of Arithmetic Means 

CTj, frj, o-j, ... 

converges, and lim (r„ = (jr. 

M— *-30 

It follows that there is a number 0, not less than |(r|, such that 
I I < (n + 1)0 for every integer n. 

Also from (^) it is clear that 

lim (S„tt„+i)=lim (S„M„+,)=lim (S„_,u„+,)=0 (2) 


*lf - ( ~ 1)»», n 0, it is obvious that lim 


and the series V is not con- 

0 


vergent. But see the Hardy-Landau Theorem, § 102, 11. When lim{r„=(r. the 

series 2 ®ri 1® often said to be ''summahle ( 0 , 1)” and its sum ( 0 , 1 ) is said to be <r. For 
0 

a discussion of this method of treating series, due to Ceskro, reference may be made 
to Whittaker and Watson's Course of Modern Analysis (5th ed., 1928), p, 155. 
Knopp, he. cit.^ h]nglish transl., Ch. XIII. 

Hobson, he. cit., 2 (2nd ed., 1926), Ch. I. 

Also see below, §§ 101-103, 108. 


is written for (wn ■“ + w^+i)- Since all the terms in the series 

X 

2 « I A*Mn I we positive this condition (a) implies the convergence of this series. 



170 


INFINITE SERIES WHOSE TERMS 


[OH. V 


Further, the series 2(w + l) | | converges, since, from (a), the senes 

0 

00 

I AX, I con verges. 

Also |^„AXl<a« + l)|AXI- 

X 

Therefore the series 2 converges absolutely. 

0 

It follows from fl) and (2) that 

io„»<„ = V«„AX (3) 

0 0 

Taking the special case = 1, = . . . = 0, 


r, 

we have = r* + 1 and ^ (w + 1 (4) 

0 

Thus, from (3) and (4), 

i«n^n ~ = S (^n “ (^+ (5) 

0 0 


Now lim =rr. 

n-^ji ^^ + 1 

Therefore, to the arbitrary positive number c, there corresponds a positive 


integer t' such that 


< 1 ^, when n S v. 


Thus I - (n + 1 )(r| < (n + 1), when n ^ v. 

Also I < (n + 1)C, for every positive integer, and |(r|!5 C. 

It follows, from these inequalities and (5), that 

|2a„«„ - <rUt\t:-\ S {S„ - (n + l)(r)A*«„| + |S(5„ - (n + I ).r)AXI- 

0 U 1^ 


< 2C 2 (» + 1 ) I A*«„l + 4^^ S (» + 1 ) I A*«„| (6) 

But 2 (»+l)| A*«„ I<22 m| A*«t„| 

<2A.by(a) (7) 

And lim A'u„=0, since lim Un = l> by (y). 

(—►+0 t "-*+0 

It follows that, i' being fixed, there is a positive number >; such that 

“n*! («) 

Thus from (6), (7) and (8), we see that 

X 

+ when 0<(^th 

0 


X 

Therefore lim ( - (tUq) ~0. 

* 

lim ^a^u^=:(r, 
e-».4-o »» 
lim 
(-^+0 


And, finally, 
since, from (y). 
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III. Let the leffuetice of Arithmetic Meuns for the series converge to tr, 

9P Q 

md let be 6-^'^ (or e- '<*'). Then the series converges^ when i > 0, and 

» 0 
iim 2]OnWn = <^« 

«->+o 0 

This follows at once from Bromwich’s Theorem above, if e - (or satisfy 
the conditions (a), (p) and {y) of that theorem. 

It is obvious that (P) and (y) are satisfied, so it only remains to establish 
that (a) is satisfied. 

(i) Let t>0. 

Then AX=«‘n-2M„+j + M„+s 

Therefore is positive. 

Also =i:nA®a„ 

= Wttn+2“(^'+lK-hl + Wl* 

Therefore =e“^ and t|ke condition (a) is satisfied. 

(ii) Let f>0. ; 

In this case + + -20, 

where O<0<2.* 

Therefore the sign of depends upon that of (4(n + 9)H^ - 20* 

It follows that it is positive or negative according as 
2(n + 0)f- V(2050. 

Also (» + 0) > ^ J 2 «)> n > 

and (» + 0)< when n + 2<^y 

Therefore cannot change sign more than tliree times for any positive 
value of L 

But it follows at once from the equation 

nA*t£„ = n€“(« (4(n + 0)*^* - 20 

that a positive number, independent of t, can be assigned such that n|A*tt„| 
is less than this number for all values of n. 

Hence K can be chosen so that the condition (a) is satisfied, provided that 
the sum of any sequence of terms, all of the same sign, that we can choose 
from 2nA*tt„, is less in absolute value than some fixed positive number for 
all values of t. 

Let be the sum of such a set of consecutive terms. 


*This follows from the fact that 

f(x-¥2h)-2J(x + h) =/'(a: + dh), 

A* 

where O<0<2, provided that /(*), /'(*). /'(*) are continuous from * to w+SA. 
(Cf. Gounat, foe. eU., 1 ( 4 * 4d.. 1923). § 21.) 
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Then we have 

tnd*u„=re-‘‘‘ ~(r- l)e-0+')’‘ -(s + l)e-(*+»)*< +m-(*+2)% 

r 

which differs from 

r(e-f*t c-(f i)n) ^(s + l)(e-(»+i)*« - e-(«+2)*<) 

by at most unity. 

But, when n is a positive integer and f > 0, 

0 < n(e - e - in+DH) = 2n (n + 0) te - («+•)*< . . . (0 < 0 < 1 ) 

<2(n+0)»te-(«+^>*l 
<2c“i. 

Therefore, for the set of terms considered, 

r 

Then the argument above shows that the condition (a) is satisfied. 

</> 

IV. Let the aeqttence of Arithmetic Means for the series 2<*n comerge to (t. 

>3 0 

Then the series will converge when 0 <a:< 1, and 

0 

00 

lim 

This follows from the first part of (III) on putting x=e-K 

CO 

V. Let the terms of the series he functions of x, and the sequence of 

0 

Arithmetic Means for this series converge uniformly to the hounded function 

CO 

o{x) in a'Sx'^h. Then lim converges uniformly to o(x) in this in- 

(-► 4-0 0 

terval^ provided that u^ is a function of t satisfying the conditions (a), (p) and 
(y) of Bromwich's Theorem^ when ^>0. 

This follows at once by making slight changes in the argument of (II). 

The theorems proved in this section will be found useful in the solution 
of problems in Applied Mathematics, when the differential equation, which 
(corresponds to the problem, is solved by series. The solution has to satisfy 
certain initial and boundary conditions. What we really need is that, as 
we approach the boundary, or as the time tends to zero, our solution shall 
have the given value as its limit. What happens upon the boundaries, or at 
the instant f=0, is not discussed. (See below § 123.) 

r4. Integration of Series. Infinite Integrals. Finite Interval. In the 
discussion of § 70 we dealt only with ordinary finite integrals. We shall now 
examine the question of term by term integration, both when the integrand 
has points of infinite discontinuity in the interval of integration, supposed finite, 
and when the integrand is bounded in any finite interval, but the interval of 
integration itself extends to infinity. In this section we shall deal with the 
first of these forms, and it will be sufficient to confine the discussion to the case 
when the infinity occurs at one end of the interval (o, 6), say ar=6. 
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1. Let «i(x), «,(x), ...be corUinvma in (a, b) and the series tu„{x) converge 
uniformly tof(x) in {a, b). * 

Also let g(x) have an infinite discontinuity at x=b and g(x)dx beabsolutdy 
convergent.* •“ 

Then f f(x)g{x)dx='^ u„{x)g(x)dx. 

Jd j Ja 

oo 

From the uniform convergence of in (a, 6), we know that its sum 

1 

f(x) is continuous in (a, 6), and thus bounded and integrable. 

Also f f(x)g(x)dx is absolutely convergent, since g(x)dx is so {§61, VI). 

.'a ^ }a 

Let |^(a;)|da:=Ji. 

.'a 

Then, having chosen the positive number £, small as we please, we may put 

f{x)=s„{x) + R^x), 

£ ) 

where |/2Ja:)l < - , when n ~ r, the same v serving for all values of x in (a, b), 
fb rb 

But 1 f(x)g{x)dx and 1 5„(x) both exist. 

.'a . J a 

Cb 

It follows that ^ni^) 9 {^)dx also exists, and that 

Cb Cb Cb 

f(^)g(^)dx=^\ 8^(x)g{x)dx*>i-\ R^(x)g(x)dx. 

.'a Vt 

Thus we see that 

j /{*) g(x)dx - £[* Ur{x) g(x) (ix j ^ Ji„(x) g(x) dx . 

< f , when n ^ r, 

which proves that the series 
i« 1 f(x)g(x)dx. 


V u^{x) g{x) dx is convergent and that its sum 


Ex. This case is illustrated by 

( loga:log(l+a;)da; = i;( -1)”"4 ^logxdx 
.0 1 'o ^ 

^ r 1 1 ^ "1 

= 2 - 2 log 2 - j 2 rr*, using the series for Jr^.f 


* It is clear that thin proof also applies when g(x) has a finite number of infinite 
discontinuities in (a, b) and | g(x)dx is absolutely convergent, 
t Cf. Carslaw, Plane Trigonometry (2nd ed., 1915), 279. 
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Here the series for log (1 +a;) converges uniformly in 0 rH a; 1 , and 

I \ogxdx 

h 

converges absolutely (as a matter of fact log x is always of the same sign in 
0 < a; ^ 1), while 1 log a: | -"►«) as 

On the other hand, we may still apply term by term integration in certain 
cases when the above conditions are not satisfied, as will be seen from the 
following theorems : 

X 

11 . Let Ui(x)t U2(^)» ••• continuous and positive and the s& ies 
converge uniformly to f(x) in the arbitrary interval (o, a), where a <a<h. 
Further^ let g(x) he positive, hounded and integrable in (a, a). 

Ch ® Cb 

Then f{x)g{x)dx=' 2 \ u^{x)g(x)dx, 

J tt 1 J o 

(b » Cb 

provided that either the inlegralX f(x)g(x)dx or the series 21 u^(x)g(x)dx 

ia 1 Ja 

converges. 

Let us suppose that | f(x)g(x)dx converges. 

In other words, we are given that the repeated limit 

( b—t 

[ lim 2 ■'*.{*)] g(x)dx exists. 

a n->» 1 

Since the functions tti(x), u^ix), ... are all positive, as well as g{x), in (a, a), 

from the convergence of [ f(x)g{x)dx there follows at once the convergence 
of 

Ur(x)g(x)dx (r = l,2, ...). 

'a 

Again, let /(a^) = Wi(a?) ^U2(x) + u^{x) + 

Then [ E^{x)g(x)dx also converges, and for every positive integer n 

ja 

1 - S ( Ur(x)g{x)dx={'’ R„{x)g{x)dx. (1) 

Ja 1 .'ft .'it 

r6 

But from the convergence of f{x)g(x)dx it follows that, when the arbitrary 

}u 

positive number * has been chosen, as small as we please, there will be a positive 
number ^ such that 

0 <\'^_^Ax)g{x)dz<if. 

A fortiori, ^*^(4 < 4 * O 

and this holds for all positive integers n. 

Let the upper bound of g(x) in (a, 6 - be M. 

QO 

The series 2 convetges uniformlj in (a, 6 - ^). 
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Keeping the number c we have chosen above, there will be a positive integer 
v such that 

0 < B„(z) < ^ 

the same v serving for all values of x in (a, h - ^). 

Thus 0 < l'^R^(x)g(z)d^ < 

< Jc, when n T- I- (3) 

Combining these results (2) and (3), we have 

1*6 

0<1 when nzlv. 

}a 

Then, from (1), 

0<| f(x)g(x)dx-^^Ur(x)g{J^dx<^^ when n^v. 

Therefore ( f(x)g(x)dx=^"Z [ %t,f(x)g(t)dx, 

.'a 1 .1(1 

The other alternative, stated in the enunciation, may be treated in the 
same way. 

Bromwich has pointed out that in this case whwe the terms are aU positive, 
as well as the multiplier g{x), the argument is substantially the same as that 
employed in dealing with the convergence of a Double Series of positive terms, 
and the same remark applies to the corresponding theorem in § TS.* 

Ex. 1. Show that | * dx = ^ [ log xdxlf 

= 

T(h+1)2 

_ TT* 

” 6 * 

Ex. 2. Show that = V 

The condition imposed upon the terms Wi(z), u^(x), ... and g(x), that they 
arc positive, may be removed, and the following more general theorem stated ; 

*) 

III. Let Ui{x), u^(x), ,,, be conlinmus and the series 2 | | converge uni- 

90 

forndy in the arbitrary interval (a, a), where a<a<b. Also lei 2 =/)^)* 

• Cf. Bromwich, Infinite Series (2nd ed., 1926), 496, and Messenger of Math.^ 36 
( 1906 ), 1 . 

t The interval (0, 1) has to be broken up into two parts, (0, a) and (a, 1). In 
the first we use Theorem I and in the second Theorem II. Or we may apply 
1 72, VIl. 
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17f) 

FurlJter, let g(x) he hounded and integrable in (a, a). 

Then f f* n„(x)g{x)dx, 

.'a 1 }a 

i h 

V I n^x) 1 1 g{x) I deX or the series 
.a 1 

«ffr 

2 1 Un(^) I 1 I converges. 

This can be deduced from (II), using the identity : 

- •u„!/ = (M„+|tt„ll{»+l!/|}-{«„+|M„|!|g'|-|tt„l{!7+|»l}+l«nl l!/l* 

since that theorem can be applied to each term on the right-hand side. 

Ez. 1. Showthat ( =£( - 1)"| x"log*da: 

"o (nH-1)* 

_ 

” ” 12 * 

Ex. 2. Show that 

(] log * ( - !)"■*[ i°g * I • 

when p-f 1 >0.* 

75. Integration of Series. Infinite Integrals. Interval Infinite. 

For the second form of infinite integral we have results corresponding to 
the theorems proved in § 74. 

I. Let Ui{x), « 2 (^)» ••• coniinujous and hounded in x o, and let the series 

r, 

2 w„(a;) converge uniformly to f(x) in x^a. Further, let g(x) he hounded and 

integrable in the arbitrary interval (a, a), where o < a, and a may he chosen as 

large as we please ; and let I g(x)dx converge absolutely, 

.a 

Then f f(x)g(x)dx = '^\ Un(x)g(x)dx, 

.'a 1 .'a 

The proof of this theorem follows exactly the same lines as (I) of § 74. 

Ex. ( — - . 

Ji X 1.1, {x-^n-l)(x + n) 

This follows from the fact that the series 
1 1 

x(a:Vi)'^(a;+r)(ar + 2)"^‘*‘ 

converges uniformly to 1/a? in a; ^ 1. 

But it is often necessary to justify term by term integration when either 
♦If p>0, Theorem III can be used at once. 

If 0>p> - 1, the interval has to bo broken up into two parts (0, a) and (a, 1). 
In the first we use Theorem I and in the second Theorem III. Or we may apply 
§72, VII. 
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I I (7(^)1^^ is divergent or can only be shown to converge uniformly 

in the arbitrary interval (a, a), where a can be taken as large as we please. 

Many important cases are included in the following theorems, which corre- 
spond to (II) and (III) of § 74 : 

II. Let ...he conHniwm and positive and the. series 2 w„(a:) row- 

1 

t^erge nnifarmly to f(x) in the arbitrary interval (a, a), where a way be taken as 
large as we please. 

Also let g(x) be positive, bounded and integrahh in {a, a). 

Then f f(x)g(x)dx=:^'^\ %^(x)g(x)dx, 

provided that either the integral I f(x)g(x)dx or the series S \ u^(x)g(x)dx 

'a 1 Ja ' 

converges. 

IwiCt UR suppose that [ f(x)g{x)dx converges. 

In other words we are given that the reputed limit 

( a 11 

[lim exists. 

a n— *■35 I 

go 

Since the terms of the series ^Uf.{x) are all positive, as well as g{x), in a* a, 

I 

from the convergence of f(x)g(x)dx there follows at once that of 
a* 

[ it^x)g(x)dx (r = 1.2,...). 

a 

Again let + ••• + ?^„(ar) + 

Then \ R^(x)g(x)dx also converges, and for every positive integer n 

( = \ R„(x)g{x)dx (1) 

.'tt l a a 

But from the convergence of f f{x)g{x)dx, it follows that, when the arbitrary 

.'a 

positive number € has been chosen, as small as we please, there will be a 
positive number a such that 

0<| f(x)g(x)dx<\t. 

* <1 

A fortiori, 0 < [ 

• a 

and this holds for all positive integers n. 

With this choice of a, let the upper bound of g(x) in (a, a) be AI. 

The series i)ii,,(ir) converges uniformly in (o, a). 

Keeping the number c we have chosen above, there will be a positive integer 
1 ^ such that 

the same v serving for all values of x in (a, a). 
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Thus 0 < (* B„{x)g{x) dx < Jc, when n g i-. 

.'a 

But 0<[ Rn{x)g{x)dx<i€, 

and this holds for all values of n. 

Combining these two results, we have 

0<( Rn{x)g{x)dx<€, when nSv, 

Ja 

and from (1), 

( oo ,1 1*00 

fix)g(x) dx-^\ UT(x)g(x) dx<t, when n g i-. 
a Ja 

Therefore f f{x)g{x) li* = 2 f «f (*)?(*) 

ja I Ja 

The other alternative can be treated in the same way. 

foo nltn 

£z. 1, e“«* cosh 6a: da: = 2^1 e-^a^dx if 0<|6|<a. 

r» 00 jan j* 

£z. 2. c^«***cosh6a;da; = 22 n| Jq e-o^^a^^dx. 

Further, the condition imposed upon u^(x), u^ix)^ ... and g(x), that they 
shall be positive, may be removed, leading to the theorem : 

00 

III. Let Ui(x), u^ix), ...be eotUinucms and the aeries S|ttja;)| converge uni- 
formly in the arbitrary interval (a, a), where a may be taken as large as we please. 
AlsoUl^u^(x)^f{x). 

i 

Further^ let g{x) be bounded and integrable in (a, a). 

Then \j(x)g{x)dx=^\ u^{x)g(x)dx, 

jh j ia 

r« 00 

provided that either the integral 2 l^n(*^) I \9{^)\^ ^ series 

2)^ \^n(x)\\g(x)\dx eonvergee. 

This is deduced, as before, from the identity 

««9'=K+ l«nl}{«'+ 1^1} - K+ Kl}|y| - l«nlf^+ l?|} + l«nl Iff I. 
since the Theorem II can be applied to each term in the right-hand side. 

Ex. 1. Show lhat e“^*cos6xda;=2'~"2ni — Jo if 0<16| <a. 

Ex. 2. Show that e“fl***cos6arda;=2^~"2nl — lo «"‘®******‘<^* 

76. Certain cases to which the theorems of § 75 do not apply are covered by 
the following test : 

00 

Let Ui(x)g U|(x), ... 6e continwms in x^a, and let the series Zu^{x) converge 

un^armly tof{x) in the arbitrary interval (a^ a), where a may he taken as large 
as we please. 
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Further, let the integrala 

roo 

ui(x)dx, etc., 

a Ja 

converge^ and the series of integrals 

( u^{x)dx’¥^ • 


converge uniformly in x^a. 
Then the series of integrals 


f u^(x)dx-^\ 

Ja ja 

converges^ and the integral J f{x) dx convergetu 


Also 

Let 


u^(x)dx-\-^^u^(x)dX’\' 

^(x) = Ui{x)dx+ (* u^(x) dd^ ... + (* u^(x) dx. 

}a Ja \ )a 


Then we know that lim sj^x) exists in x ^ a, and we denote it by F(x). 


Also we know that lim a^(x) exists, and we denote it by Q(n). 

aj—^oo 

We shall now show that lim F{x) and lim 0{n) both exist, and that the two 
Umits are equal. 

From this result our theorem as to term by term integration will follow 
at once. 


I. To prove lim F(x) exists. 

Since lim s^(x) converges uniformly to F(x) in x ^ a, with the usual notation, 

n-^ao 

we have |F(x) -tf„(x)| <i€, when n^v, 

the same v serving for every x greater than or equal to a. 

Choose some value of n in this range. 

Then we have lim s„(x) = Q(n). 

«?—►«> 

Therefore, we can choose X so that 

|s„(x"') - s^(x') 1 < when x''>x'^X>a. 

But 1 F{x'^) - F{x') I 

^ I F{^) - *„(**) 1 + 1 «„(**) - «„(*') I + 1 «„(*') - ■P(*') 1 

<€, when x*'>x'^X>a. 

Thus F(x) has a limit as x-^-x . 

II. To prove lim G(n) exists. 

n— ►« 

Since lim s„(x) converges uniformly to F(x) in x ^ a, 

tl~>00 

I «n'(») - *n'(*) 1 < l«» »">«' = 

the same r secring for eyeiy x greater than or equal to a. 
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lim s„(x)=0(n). 

Therefore we can choose Xi, such that 

I Oln') - Sn'(*) I < i«f when a? ^ Xj > o, 

1 0{n/") ~ 8n^{z) I < Jc, when a? ^ X, > a. 
Then, taking a value of x not less than X^ or X^, 

^ 1 (?{n0 - Sn^ix) I + 1 Snix) - Snix) | + \ Snix) - a{n') | 

< €, when > n' ^ v. 

Therefore lim 0{n) exists. 
n-«o 


III. To prove limX(a;)= lim^(n). 

n— 

Since lim 0{n) exists, we can choose so that 
00 

2 1 Uf(x)dx <Jc, when 
Iii+i' ® 

Again £ I Uf{x)dx converges uniformly to F{x) in a; ^ a. 
1 Ja 

Therefore we can choose so that 

I ® f« 


2 Ur{x)dx 

n+1 a 


< ^c, when n ^ 


the same V| serving for every x greater than or equal to a. 

Choose V not less than Ui or v^. 

( OO V 

2 choose X so that 

.» 1 

If ^Ur{x)dx\<i€, when x^X>a. 


But 


I ® f® 
2 

I 1 •'a 


tt,<x)(fa; - X(x) 


If* V 00 r® 00 f* 

- 2«*r(»)<i» + 2 1 u^x)dx-^ \ u^x)dx 

Vx 1 F +1 a F +1 « 

Ifco „ I I ® f® I 1 00 far 

+ 2 ttr(x)cte + 2 

!•* 1 1 I L-fl’o 


Therefore 


<j€ +j€ 

< €, when X ^ X > a. 

00 #® 


+K 


lim F(x)=X u^x)dx= lim (?(»). 

1 .o 


IV. But we are given that the series 

Ui{x) + u^(x) + ... 

converges uniformly to f{x) in any arbitrary interval (a, a). 
Therefore we have 

( « fx 

/(x)(ix=| Mj(x)<ix+j tt,(x)(fx + ... in x^a. 
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Thus, with the above notation, 

F(x) = \‘ f(x)dx. 

,•00 

It follows from I that \ f{x)dx converges, and from 111 that 
'a‘ 

-00 j-oo -00 

f(x)dx~\ u^(x)dx-\-\ uJ^x)dx-\- , 

.'a -a .'a 
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EXAMPLES ON CHAPTER V. 

UNIFORM CONVERGENCE. 

. 1.2 
sin - sin - 
, . . n n 

1. Let 1 i* 

sin® + X cos® - 
n tl 

Show that lim0„(a:)=O, when 

Tl— ►OO 

and lim ^n(*)=2, when *=0. 

n— *-00 

Also show that converges uniformly to zero, when x Xq, where is 
any positive number. 

2. If <h(x) is continuous in the interval show that lim x»(f){x) exists 

T \ ' n->oo 

in that interval. 

Also show that x**(f>{x) converges uniformly to its limit in 0 a; < 1, and 
that it converges uniformly in the interval 0 ™ ^ _ 1, only if <^(1)— 0. 
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3. Examine the oonvergenoe of the serieB 

^ 5 4 * ^ 0 

Y(n»+l)[(n+l)a;+l][{n+2)a:4-ir ' 

and by its means illustrate the effect of non-uniform convergence upon the 
continuity of a function of x represented by an infinite series. (Cf. Example 
on page 144.) 

flO 

4. Show that the series 2 cosech* nx is uniformly convergent in any interval 

x^Xq, where a:o>0. ^ 


5. Prove that the series 


«*+ 




is convergent for all values of x, but is not uniformly convergent in an interval 
including the origin. 

6. Prove that the series 






are uniformly convergent for all values of x, 

X ^ 

7. If ^n(^) = 2 uniformly convergent in any 

interval x ^ where x^^ > 0. 

Also show that, if m is any positive integer, 2 and deduce that 

the convergence is not uniform in any interval including the origin. 


8. Find for what values (ff x the series 2 converges where 

“*•-(*"+ *-«) (a«+i + *-"-») 

1 1 
(a:-l)(a»+ar») (a:-l)(a!^»+ar-(«+i))‘ 

Find also whether the series is 

(i) uniformly convergent through an interval including + 1 ; 

(ii) continuouB when x passes through the value + 1. 


9. Discuss the uniformity or non-uniformity of the convergence of the 
secies whose general term is 

__l-(l+a:)»» l-d+a:)"-! 

1 +(1 

10. Let 00+01 + ... 

be an absolutely convergent series of constant terms, and let 

/•(*). /i(*). ••• 

be a set of functions each continuous in the interval and each 

oomprised between certain fixed limits, 

where A, R are constants. 
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Show that the series 

«o/o(«)+ai/i(«)+- 

represents a continuous function of x in the interval u^x^ 

11. Show that the function defined by the series 


Y w(l +na;*) 

is finite and continuous for all values of x. Examine whether the series is 
uniformly convergent for all such values. 

12. Show that if Uq(z)-^Ui{x)^ 

is a series of functions each continuous and having no roots in the interval 
a^x^b, and if 

whm n-^r, 

Vn(^) 

where y, v do not depend on x, then the give|i series is uniformly convergent 
in this interval. 

Apply this test to the series ^ 

where 0< a< 1. 

13. Using the inequality w hen 0 < .r < Jtt, 


show that if 


, , i^ainV.c \ 

r .then«„L )>J- 


Also show that the series ‘ converges uniformly in 0 ^ ^ when 

^ > 1 ; and that if, 0 ™ ^ . 1, it converges, but not uniformly, in this inter- 
val of z. 

00 

14. Let the series V «„(u:) converge uniformly to f(x) in the oikjii interval 

1 

a<x<bf and for every positive integer let lini where c is a })oint 

00 x—*c 00 

of the open interval. Then the series In converges, and lim f{x) - ^ /,j. 

1 1 
oo 

15. Let the series ^ w„{x) converge uniformly to f{x) in the open interval 
a<x<b, and for every positive integer let lim u„(x) =fi„ and lim u„(x)=:b„, 

ar-^-O 

(X) ^ 

Then the series converges, and lim f(x) = ^a„, with a similar result 

1 x—Hi f 0 1 

for lim /(*). 

16. Let the series !:«„(«) converge uniformly to /(x) in the infinite interval 

1 « 
a, and, for every positive integer, let lim Then ^ converges, 

X-^ao * 

and 

1 
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THE POWER SERIES. 
dx 


i x 

—m sr> 

show that the series ior sin^^x is 

1 1 . 3 x* , , , 

* + 2 3+^4 6“ + - 

Prove that the expansion is also valid when | a: | = !.♦ 

18. From the equation tan“^a; = | j 
obtain Gregory’s Series, 

— + - ... . 

Within what range of x does this hold ? 

19. Show that we may substitute the series for sin^^x and tan~^x in the 
integrals 

f* tan“^x , 


f“^sin“^x , , r*tan“^x, 

Jo ^ Jo ^ 


and integrate term by term, when | x [ < 1. 
Also show that 


1 sin-la; 1 

* 2.4... 2» (2n + Ij* ’ jo 


sin“^x 
Jo 


tan” 


dx = v(-l)« 


1 

(2w + l)* 




and 


tan” 


and, from the integration by parts of 
series also represent 

■ L! 2 £il dx and (‘teJdx. 


prove that these 


Jo 

20. If 1 X I < 1, prove that 


1 f-x-* 


j^tan-xdx=j-2-3-4 + 5— 6-.... 
Show that the result also holds for x~ 1, and deduce that 
l-J-il + l + i- ••=0*43882.... 


21. If |x| < 1, prove that 


I log(l+x)dx = 


x* X® X* 

ir2“2.3^3.4 


Does the result hold for x = ± 1 ? 

22. Prove that 

r-'s 


1 , dx x” « - 

J^l0g(l-X)-=:-2-., 0<X<1. 

1 ® //a* a*^ 

log(l+x)_= 0<x<1. 


(2n-l)2» 


0<x<l. 


♦When x = l, lim^^”'^^ = l, but Kaabe’s test (cf. Bromwich, toe. ciL, p. 35, or 

«— >00 

Goursat, toe. cit., p. 404) shows that the series converges for this value of x. 



V] 


ARE FUNCTIONS OF A SINGLE VARIABLE 


185 


Express the integrals 

);iog(I-*)f, [logd+x)^ and j;iog(}+3‘ 


1 “* 5 - 7 + l\ + A ~ l\ - i’i» + ••• 


as iniinite series. 
23. Show that 


=:^iog(2+V3). 

24. Prove that, when 0 a; 1, a;|log x\ ^ 
Hence show 


(i) that 


1 +a(a; log a?) + ^ (a; log «)* + ... 


converges uniformly in the interval 0 ^ a; ^ I, and 

( 1 00 f,n 

da; = 2( -1)”7^ — rc;: 


(1^ + !)«+'* 


25. Prove that, when a > 1, the series 

a^-l(l -aj + a:®- ...) 

X'^~^ — 

converges imiformly to rz in the interval 0 ^ a; S ar^, where < 1. 

1 "I" X 


Hence show that 


and deduce that 


a; da; = 2^( -1)« , 

^ Jo 1 + a; n' ^ »+a 


-- - dx = 2 ' —f when a> 1. (See also Ex. 36 below.) 

0 1 0 n-fa ' ' 


IKTEGRATION AND DIFFERENTIATION OF SERIES. 

00 

26. Prove that the series is uniformly convergent in 

i 

(c, y), where a, p, y and c are positive and c < y. 

Verify that 

I - pe-nfix)dx='Z? 

Jfl 1 1 Jc 

Is [ i {ae-nox ^ pe'-nfi^)dx==^\ (ae-nox - pe-nfix)dx ? 

Jo 1 1 Jo 

27. If it be given that for values of x between 0 and tt, 

, ^ , f 1 acosx , acos2x \ 

,r coehaar=2 smh aw + 2» J ’ 

prove rigorously that 

f sinx 2sin2x 3sin3x ) 

IT smh aar=28mh arr •••/• 
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28. Show that if f(x) = v then it has a differential coefficient 


equal to 


+««*)» 


for all values of x. 


29. When a stands for a positive iiuinbcr, then the series 


are uniformly convergent for all values of x ; and, if their sums are /(a;) and 
F(x) respectively, 




/(-ira-n 


30. Find all the values of x for which the series 
e® sin X + sin 2a: + .. . 

converges. Does it converge uniformly for these values ? For what values 
of X can the series be differentiated term by term ? 


31. Let 


( 


u^(x) --x^ sin ^ for x 

t^n(0)=0, 


0 , 


for any positive integer greater than unity ; and 

I uAx) —7^ sin ^ for x 7" 0, 

[ ui(0)=0. 

00 

Show that 2C w„(a;) converges for all values of x to /(x), where 
/(x)=x*8in“ for x$;0 and /(0)=0. 

00 

Also show that f'{x) is discontinuous at x==0 ; that ^u^'{x) is not uni- 

^ 00 

formly convergent in any interval including the origin ; and that/'(x) = 5) u„'(x) 
for all values of x, 

32.*^ Show thist the series 


2*e--=|2* (i e '«• e " (n+i,*) 

can be integrated term by term between any two finite limits. Can the 
function defined by the series be integrated between the limits 0 a*nd x ? 
If so, is the value of this integral given by integrating the series term by 
term between these limits ? 


*£z. 32-38 depend upon the theorems of §§ 74-70. 
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33. If each of the terms of the series 

«i(*) +«»(*) + ••• 

is a continuous function of«ina;~a>0 and if the series 

*»«!(*) +*<M,(a:) + ... ((c>l) 

satisfies the if -test (§ 67. 1), then the original series may be integrated t«m by 
term from a to oo . 


34. Show that the series 

can be integrated term by term between any two positive finite limits. Can 
this series be integrated term by term between the limits 0 and oo ? Show 
that the function defined by the series caniiot be integrated between these 
limits. 

35. Show that the function defined by tho'series 

can be integrated from 0 to x , and that its value is given by the term by 
term integration of the series. 

36. Prove that 

ri 11 1 

\^dx=^ i . (a>0). 

Explain the nature of the difficulties involved in your proof, and justify 
the process you have used. 

37. By expansion in powers of a, prove that, if | a | < 1, 

dx 

€~*(1 -- =log (1 +a), 

0 * 

(*^tan”^(a sin x) = Jtt 8inh“^a, 

Jo 'sma; * 

flYA.finining carefully the legitimacy of term by term integration in each case. 

oo. .assuzmng Dnax TTS » 

0 

roo 2 

show that , 


show that 


0 


when a>0. 


NOTE 

A valuable collection of Examples in Infinite Sertes with Solutions, by Francis and 
littlewood (Cambridge, 1928) will be found useful by the student who makes a 
speeial study of Infinite Series and Integrals. 
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DEFINITE INTEGRALS CONTAINING AN ARBITRARY 

PARAMETER 

77. Continuity of the Integral. Finite Interval. In the ordinary 
definite integral f <f){x, y)dx let a, a' be constants. Then the 

integral will be a function of y* 

The properties of such integrals will be found to correspond 
very closely to those of infinite series whose terms are functions 
of a single variable. Indeed this chapter will follow almost the 
same lines as the preceding one, in which such infinite series were 
treated. 

1. If (j){x, y) is a continuous function of (x, y) in the region 
a^x^a', b^y^b', 

then I <i>{x, y)dx is a continuous function of y in the interval (b, b'). 

Ja 

Since <j)(x, y) is a continuous function of (i, y)f, as defined in 
§ 37, it is also a continuous function of x and a continuous function 
of y. 

Thus y>{x, y) is integrable with regard to x. 

Let f{y)=^\ <i,{x,y)dx. 

Ja 

*Aa already remarked in § 62, it is understood that before proceeding to the 
limit involved in the integration, the value of y, for which the integral is required, 
is to be inserted in the integrand. 

t When a function of two variables x, y is continuous with respect to the two 
variables as defined in § 37, we speak of it as a continuous function of (x, y). 

It will be noticed that we do not use the full consequences of this continuity in 
the following argument. 
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We know that, since <l>(x, y) is a continuous function of (a:, y) 
in the given region, to any positive number e, chosen as small 
as we please, there corresponds a positive number rj such that 
y+^y)-<f>(x, y)|<e, when I Ay I ^ jj, 
the same rj serving for all values of x in (o, a').* 

Let Ay satisfy this condition, and write 

f(y + Ay) = I <f>{x, y + Ay)dx. 

J a 

Then /(y + Ay) -/(y) = f [^(x, y + Ay) - ^(x, y)] dx. 

J a 

Therefore 

I /(y + Ay) -/(y) 1 g f | ^(x, y + Ay ) - ^(x, y) | dx 

J a 

<{a'-a)e, when |Ay|S?j. 

Thus /(y) is continuous in the interval (6, b'). 

II. If <f>{x, y) is a continuous function of (x, y) in a', 

b^y^b', and \J/{x) is bounded and integrable in (a, a'), then 

I ^(x, y) \}/{x)dx is a continuous function of y in (6, b'). 

Let f{y)=\ <p{x,y)y!'(x)dx. 

J a 

The integral exists, since the product of two integrable functions 
is integrable. 

Also, with the same notation as in (I), 

/(y + Ay) -/(y) = | [0(x, y + Ay) - 0(x, y)] \p-(x)dx. 

J a 

Let M be the upper bound of |V'(x)l in (a, a'). 

Then \ f(y + Ay) -f(y)\ <M{a' - o)e, when | Ay| ^ rj. 

Thu8/(y) is continuous in (b, b'). 


78. Differentiation of the Integral. 

I. Letf{y)-{“ g>ix, y)dx, where ^(x, y) is a continuous function 

of (x, y) in a\ b\ and exists and satisfies the same 

condition. 

Ca* ^0 

Then f\y) exists and is equal to J dx. 


♦This follows from the theorem on the uniform continuity of a continuous 
function (cf. § 37, p. 87). 
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Since is a continuous function of (x, y) in the given region, 
dy 

to any positive number e, chosen as small as we please, there corre- 
sponds a positive number rj, such that, with the usual notation, 

when 

'dy dy 

the same rj serving for all values of x in (a, a'). 

Let Ay satisfy this condition. 

Then 


fiy + Ay) -/(y) _ f“' ^{x, y + Ay) 

Ay -J„ Ay 

y .— dx, where 0<0<1, 

J« dy 

^ p' d<i>{x, y) , p' r djp(x, y + 0Ay) _ ?0(x,_y)] 

J<. dy Ja L dy dy ] ' 

Thus we have 

/(y+Ay)-/ (y) _ p' , I I p' I' dy>(x, y+(9Ay) _ 1 I 

Ay J„ dy I jjfl L 'dy dy J | 

<{a'-a)e, when \Ay\'^rj. 


And this establishes that lim / /(y)| exists and is 

equal to I — - dx at any point in (6, V). 

Ja 

II. Let /(y)= I 0(a;, y)yj/(x)dXj where <f>(x, y) and are as in (I), 

Ja 

and \/r(®) is hounded and irUegrable in (a, a'). 

Then f'(y) exists and is equal to J i^(») dx. 

Let the upper bound of \^^(x)\ in {a, o') be M. 

Then we find, as above, that 


f(y+Ay)-f iy) _ p'7)0 
Ay Ja dy 


\}/{x) dx 


< M{a' - a)€, when | Ay| § rj. 


And the result follows. 

The theorems of this section show that if we have to differ- 


entiate the integral [ F{x, y)dx, where F{x, y) is of the form 

y) or qi{x, y) ^(x), and these functions satisfy the conditions 
named above, we may put the symbol of differentiation under 
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the integral sign. In other words, we may reverse the order of 
the two limiting operations involved without affecting the result.. 

It will be noticed that so far we are dealing with ordinary 
integrals. The interval of integration is finite, and the function 
has no points of infinite discontinuity in the interval. 

79. Integration of the Integral. 

= 1 y) ^{x)dx, where ^(x, y) is a continuous function 

J a 

of (x, y) in a^x^a', b^y^b', and ^(x) is bounded and integraUe 
in {a, a’). 

Then fiy)dy={ dx ^ (fix, y)^f/{x)dy, 

•'Vo •'o •'Vo 

where y^, y are any two points in {b, V). 


y)=£0(4 y^^y- 


Then we know that 


■=<i>i^,y) [§49], 


and it is easy to show that d>(x, y) is a continuous function of 
(x, y) in the region o g x s a', 6 s y s 6'. 

Now let g{y) = j ^(x, y) \fr{x)dx. 

J a 

From § 78 we know that 

^'(y)=£ 

= f ^(x, y) yfr(x)dx. 

Ja 

Also g'iy) is continuous in the interval (b, b') by § 77. 

Therefore I g'(y)dy= | dy j <f,{x, y) \fr{x)dx, 

•’Vo •'Vo •'« 

where y^, y are any two points in (b, b'). 

Thus I dy I ^(x, y) \f/{x)dx 

= f [^(®. y) - y©)] ir{x)dx 

J a 

=r[£ <j>{x, y)dy- j/)dy] \ff{x)dx 
= I dx r ^(x, y) yjr{x)dy. 

Ja •'Vo 
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Thus we have shown that we may invert the order of integration 
with respect to x and y in the repeated integral 

I dx \ F{x,y)dy, 

Ja Jpa 

when the integrand satisfies the above conditions ; and in particular, 
since we may put \f^{x) — l, when F{x,y) is a continuous function 
of (x, y) in the region with which the integral deals. 

80. In the preceding sections of this chapter the intervals (a, a') 
and (6, h') have been supposed finite, and the integrand bounded 
in a^Xr-a',b^.y^ b'. The argument employed does not apply 
to infinite integrals. 

For example, the infinite integral 

/(y)=f ye-”dx 

Jo 

converges when y 0, but it is discontinuous at y — 0, since/(y) = 1 
when y>0, and/(0) = 0. 

r<xi 

Similarly 1 sin iry dx 

Jo 

converges for all values of but it is discontinuous for every 
positive and negative integral value of y, as well as for y = 0. 

Under what conditions then, it may be asked, will the infinite 
integrals 

C® ra' 

F{x, y)dx and F{x, y)dx, 

J a J a 

if convergent when b^y^b', define continuous functions of y in 
(6, b') ? And when can we differentiate and integrate under the 
sign of integration ? 

In the case of infinite series, we have met with the same questions 
and partly answered them [cf. §§68, 70, 71]. We proceed to 
discuss them for both types of infinite integral. The discussion 
requires the definition of the form of convergence of infinite integrals 
which corresponds to uniform convergence in infinite series. 

81. Uniform Convergence of Infinite Integrals. Wc deal first 
with the convergent infinite integral 

roo 

F(x, y)dx, 

J a 

where F{x, y) is bounded in the region o a: ^ a', b^y^ b\ the 
number a' being arbitrary. 
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L The integral I F{x, y)dx is said to converge uniformly to its 

value f{y) in the interval {b, b'), if, any positive number e having been 
chosen, as small as we please, there is a positive number X such that 


\fiy)- 


-f F{3',y)dx 
J a 


<6, when X X, 


the same X serving for every y in (b, b'). 

And, just as in the case of infinite series, we have a useful test 
for uniform convergence, corresj)onding to the general principle 
of convergence (§ 15) : 


IL A necessary and sufficient condition for the uniform conver- 
gence of the integral 1 F{x, y)dx m the interval (6, V) is that, if 
J a 

any positive number e has been chosm, as small as we please, there 
shall be a positive number X such that 



<e, whjen x">x'^X, 


the same X serving for every y in (b, b'). 

The proof that (II) forms a necessary and sufficient condition 
for the uniform convergence of the integral, as defined in (I), follows 
exactly the same lines as the proof in § 66 for the corresponding 
theorems in infinite series. 

Further, it wdll be seen that if 1 F(.r, y)dx converges uniformly 

J a 

in (6, b'), to the arbitrary positive number e there corresponds a 
positive number X such that 


[ i F{x, y)dx\<e, when x-^X, 


the same X serving for every y in (b, b'). 

The definition and theorem given above correspond exactly to 
those for the series 

l(l(U’) +?/2(^) + ... , 

uniformly convergent in “ r ^ b ; namely, 

\RnM\ <e, when n : v, 

and |pi2„(a:) | <e. when n L: v, for every positive integer p, 
the same v serving for every value of x in the interval (a, b). 
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82. Unifdnn CanT«::g8iice of Infinite lategials {continued). 

We now consider tiie convergent infinite integral 

I F(x,y)dx, 

where the interval (a, a') is finite, but the integrand is not bounded 
in the region a^x^a', This case is more complex than 

the preceding, since the points of infinite discontinuity can be 
distributed in more or less complicated fashion over the given 
region. We shall confine ourselves in our definition, and in the 
theorems which follow, to the simplest case, which is also the most 
important, where the integrand F(x, y) has points of infinite 
discontinuity only on certain lines 


and is bounded in the given region, except in the neighbourhood 
of these lines. 

This condition can be realised in two different ways. The 
infinities may be at isolated points, or they may be distributed 
right along the lines. 


E.g, (i) [ 
•'0 


dx 




when 


(ii) I when 0^y<l. 

Jo 


In the first of these integrals there is a single infinity in the given 
region, at the origin ; in the second, there are infinities right along 
the line a:=0 from the origin up to but not including y= 1. 

In the definitions and theorems which follow there is no need 
for any distinction between the two cases. 

Consider, first of all, the convergent integral 


i F{x,y)dx, 

Ja 


where F{x, y) has points of infinite discontinuity on x=a\ and 
is bounded in o ^ a: ^ o' - f, h^y^V, where o<o' - f <o'. 

For this integral we have the following definition of uniform 
convergence : 

I. The integral j" F(x, y)dx is said to converge uniformly to 
its value f(y) in the interval {b, b% if, any posUive number e having 
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been chosen, as small as we 
stick that 
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please, there is a positive number tj 



-t 

F{x, y)dx\<€, when 0<f 




the same ri serving for every y in (b, b'). 

And, from this definition, the following test for uniform con- 
vergence can be established as before : 

II. A necessary and sufficient condition for the uniform conver- 

gence of the integral I F{x, y)dx in the interval {b, b') is that, if 
J a 


any positive number e has been chosen,^ as small as we please^ there 
shall be a positive number t] such that 
ra'-r 

F(x, y)dx <e, whe^ 

I a' 

the same rj serving for every y in (b, V). 

Also we see that if this infinite integral is uniformly convergent 
in (6, 5'), to the arbitrary positive number c there will correspond 
a positive number rj such that 


i: 




F{x, y)dx <e, when 0<f 


the same t] serving for every y in (b, b'). 

The definition, and the above condition, require obvious modi- 
fications when the points of infinite discontinuity lie on x=a, 
instead of x — a\ 

And when they lie on lines x=a^, Ug, ... Un the given region, 
by the definition of the integral it can be broken up into several 
others in which F {x, y) has points of infinite discontinuity only at 
one of the limits. 

In this case the integral is said to converge uniformly in (6, b'), 
when each of these integrals converges uniformly in that interval. 

And, as before, if the integrand F(Xy y) has points of infinite 
discontinuity on x = ai, Ug, ... Un> we are dealing with the 

integral j F{x, y)dx, this integral must be broken up into several 

J a 

integrals of the preceding type, followed by an integral of the 
form discussed in § 81. 

The integral is now said to be uniformly convergent in (6, 6 ) • 
when the integrals into which it has been divided are each uni- 
formly convergent in this interval. 
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83. Tests for Uniform Conveig»ice. The simplest test for the 
uniform convergence of the integral 1 F{x, y)dx, taking the first 

J a 

type of infinite integral, corresponds to Weiers trass's M-test for 
the uniform convergence of infinite series (§67. 1). 

I. Let F{x, y) be bounded in b^y^b' and integrable 

in (a, a'), where a' is arbitrary, for every y in {b, b'). Then the 

poo 

integral I F{x, y)dx will converge uniformly in {b, V), if there is 

J a 

a function //(x), independent of y, such that 

(i) [i(x) ^ 0, when x^a; 

(ii) \F{x, y)\ ^p{x), when x^a and b^y^V \ 

peo 

and (iii) I /i{x)dx exists. 

J a 

For, by (i) and (ii), when x''>x' s a and b^y%h', 

I F(x, y)da: sij fi{x)dx, 

and, from (iii), there is a positive number X such that 


f iJ.{x)dx<€, when x">x'^X. 

J x' 


These conditions will be satisfied if x^F(x, y) is bounded when 
x^a, and b^y' for some constant n greater than 1. 

Corollary. Let F(x, y) — (f>{x, y) \^(x), where <t>{x, y) is bounded 
inx^a and br^y^V, and iniegrable in the interval (a, a'), where a' 

is arbitrary, for every y in {b, 6'). Also let j \J/{x)dx be absolutely 

convergent. Then I F{x, y)dx is uniformly convergent in {b, b'). 

J a 

dx f® 

Ex. !• j ^ dx converge uniformly in y^yQ> 0. 

I" 

Ex. 2. 1^ e ^dx converges uniformly in 0 < y S T, where Y is an arbitrary 
positive number. 

E^-3. -^dx, converge 

uniformly for all values of y, where n > 0. 

II. Let y) be bounded in a, b^y^ V, and a monotonic 
function of x for every y in {b, V). Also let \ff{x) be bounded and 
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not change sign more than a finite number of times, in the arbitrary 
interval (a, a')* and let 1 \J/{x)dx exist. 

J a 

Then y) \J/{x)dx converges uniformly in (6, b'). 

J ft 

This follows immediately from the Second Theorem of Mean 
Value, which gives, subject to the conditions named above, 

y) f{x)dx = ij,{xf, y)£ + 0(a;", x//(a:)da:, 

where f satisfies a<x ' ^ * x\ 

But <l>[x, y) is bounded in x-~a and and [ \l/{x)dx 

converges. 

Thus it follows from the relation 

- H^'>y) \ If '^r{x)dx + <p{x",y) 

1 

that I <p{x, y) y^/{x)dx converges uniformly in (b, b'). 

J a 

It is evident that V/(x) in this theorem may be replaced by 
\f/^{x, y), if I \}r(:x, y)dx converges uniformly in (6, b'). 

J a 

Ex. ^ dx, | er^'f ^ dx (a > 0) converge uniformly in y 0. 


|J \l^(x)dx 


.n 


III. Let <f>{Xy y) be a monotonic fn nclion of x for each y in (6, 6'), 
and tend uniformly to zero as x increases, y being kept constant. 
Also let \l^(x) be bounded and integrable in the arbitrary interval (a, a'), 
and not change sign more than a finite number of times in such an 

interval.'^ Further, let ^ \l/{x)dx be bounded in x ::a, without 
converging as x-^oo , " 

Then I y) \/x{x)dx is uniformly convergent in (b, V). 

J a 

This follows at once from the Second Theorem of Mean Value, 


♦ This condition is borrowed from the enunciation in the Second Theorem of 
Mean Value, as proved in §50.1. If the more general proof is taken, a corre- 
sponding extension of (II) and (III) follows. 
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as in (II). Also it will be seen that i^(a:) may be replaced by y), 

if I \f/{x, y)dx is boimded in a; ^ a and b^y^b'.* 

J a 

( 00 

^ sin X dx, cos x dx converge uniformly in y ^ yo > 0. 

Ex. 2. dx and | dx both converge uniformly in y ^ y® > 0 

and y^ ~yo<0. 

It can be left to the reader to enunciate and prove similar 

theorems for the second type of infinite integral I F(Xy y)dx. 

The most useful test for uniform convergence in this case is that 
corresponding to (I) above. 

Bx. 1. xv-^ dx, xv-^^ e-® dx converge uniformly in 1 > y ^ y^ > 0. 

Ex. 2. ^ converges uniformly in 0 < y ^ yo < 1. 

84. Continuity of the Integral [ F(x, y)dx. We shall now 

consider, to begin with, the infinite integral I F{x, y)dx, where 

F{x, y) is bounded in the region a^x^a', b^y~b', a' being 
arbitrary. Later we shall return to the other form of infinite 
integral in which the region contains points of infinite discon- 
tinuity. 

Let /(y) = | F{x,y)dx, where F(x,y) either is a continuous 

J a 

function of {x, y)ina^x^a', b^y^ b\ a' being arbitrary, or is of 
the form <^{x, y)\f/{x), where 0(x, y) is continuous as above, and 
\lr{x) is bounded and integrable in the arbitrary interval (a, a'). 

Also lei I F{x, y) dx converge uniformly in (b, b'). 

Ja 

Thenfiy) is a continuous function of y in (b, b'). 

Let the positive number e be chosen, as small as we please. 

Then to there corresponds a positive number X such that 

jj F{x,y)dx <y, when x^X, 

the same X serving for every y in (6, 6'). 


In Example. 1 and 2 of { 88 illnatration. of thi. theorem will be found. 
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But we have provied in § 77 that, under the given conditions, 
I F(x, y) dx is continuous in y in (6, h')‘ 

J a 

Therefore, for some positive number r), 

f -F(». y +Ay)da:- f F{x, when \Ly\ fin. 

\J a J a 1 

Also /(y)=| F{x,y)dx->r^^F{x,y)dx. 

Thus /(y + Ay) -/(y)= [ V +%) ^ V) 

nr* 

F(x, y +^y)dx-^ ^F{x, y)dx. 

||^l’(a:, y]ida:|<ie, 

I 

y+^y)dx <Je. 

Therefore, finally, 

I fiy +^y) -f{y)\ <h +1 ^ +h 

<e, when |Ay|^j/. 

Thus /(y) is continuous in (6, 6'). 


Also we have 
and 


85. Integration of the Integral I F(z, y) dz. 

Ja 

Let F{x, y) satisfy the same conditions as in § 84. 

Then pdy f F{x,y)dx=\ dx f F{x,y)dy, 

Ja Ja Jpo 

where yo, y are any two points in (6, V). 

Let f(y)=\ F(x,y)dx. 

Ja 

Then we have shown that under the given conditions /(y) is 
continuous, and therefore integrable, in (6, b'). 

Also from § 79, for any arbitrary interval (a, x), where * can 
be taken as large as we please, 

[‘dx r F{x, y) dy- \ dy 1 ' F{x, y) dx, 

Ja Jyt •'Vo 

y„, y being any two points in (6, b'). 
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Therefore 

f da: I F{x, y)dy=lim f dy f F(x, y)dx, 

Ja JpQ a*— ►oo^i/o 

provided we can show that the limit on the right-hand exists. 

But 

^ dy [ F{x, y)dx= ^ dy f F(pc, y)dx-{ dy [ F(x, y)dx. 

^ J a J Vq J a JVq ^ x 

Thus we have only to show that 

lim f <^ 2 / f y) = 0. 

a;->» J j/o J X 

Of course we cannot reverse the order of these limiting processes 
and write this as 


Pdy lim f F{x, y)dx, 
J Vq ir->-oo J X 


for we have not shown that this inversion would not alter the 
result. 

^00 

But we are given that j F{x, y) dx is uniformly convergent 
in (6, h'). 

Let the positive number e be chosen, as small as we please. 
Then take e/(6' -h). To this number there corresponds a positive 
number X such that 

i poo 

J F{x, y) dx <■— y when x ^ X, 

the same X serving for every y in (b, b'). 

It follows that 


cv f* 

dy F{x, y)dx 

JVv •'* 


<e, when x^X, 


if yo, y lie in (6, V). 
In other words, 


lim r f dy f F{x,y)d^=0. 

a?— L Jyo ^ J 


And from the preceding remarks this establishes our result. 


1.00 

86. Differentiation of the Integral j F(z, y) dz. 

Lei F{x^ y) either be a continuous function of (x, y) in the 
region a’Qx^a\ b^y'^V, a* being arbitrary ^ or be of the form 
y) y) continuous as abovcy and \l/(x) is bounded 
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and integrable in the arbitrary interval (a, o'). Also let F{x, y) have a 

'dF ^ 

partial differential coefficient •— which satisfies the same conditions, 

r ^ 

Then, if the integral I F(x, y)dx converges to f{y), and the integral 
f* 'dF 

J« ^ conwr^res uniformly in (b, b'), f{y) has a differential 
coefficierU at every point in (b, b'), and 

"1 4.. 

We know from § 84 that, on the assumption named above, 

r® . 

J — dx \^ a continuous function of y in (6, 6'). 

Let 

Then, by.§ 86, 

j 9iy)dy={ dx r dy, 

Ja JVq 

where j/q, y^ are any two points in (6, 6'). 

y^=y and yi = y+Ay. 

Then f g{y)dy ^ [ [ F{x, y+^y)- F{x, y)] dx. 

Jy J a 


Therefore g (^)^y =f{y + Ay) -f(y), 

where y'Ji'Sy+^y and /(y)=j' F(x, y)dx. 

Thus = 

But lim g(^}=g{y), since g{x) is continuous. 

It follows that f(y) is differentiable, and that 

dF 


dy 


dx, 


poo 

/'(y)= 

Ja 

where y is any point in (b, b'). 

87. Properties of the Infinite Integral I F(z, y) dx. The results 

J a 

of §§ 84-86 can be readily extended to the second type of infinite 
integral. It will be sufficient to state the theorems without proof. 
The steps in the argument are in each case parallel to those in the 
preceding discussion. As before, the region with which we deal is 
a%x-^a', b^y^.b\ 
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L Continuity of [ F(Xy y) dx, 

Ja 

Let /(y) = | Six,y)dXf where F{x,y) has points of infinite 
Ja 

discontinuity on certain lines {e.g., x=ai, ag, ... a„) between x=a 
and a:=a', and is either a continuous function of (x, y), or the product 
of a continuous function (/>{x, y) and a bounded and integrable 
function yfr{x), except in the neighbourhood of the said lines. 

Then, if I F(x, y) dx is uniformly convergent in (b, b'), f(y) is 
Ja 

a continucm function of y in (b, V), 

II« Integration of the Integral | F(x, y) dx. 

Let F{x, y) satisfy the same conditions as in (/). 

Then T dy f F(x,y)dx:={ dx f F{x,y)dy, 

Jyi Ja Ja Jy^ 

where y^, y are any two points in (b, V), 

III. Differentiation of the Integral Fix, y) dx, 

J a 

Let f{y)=\ F(x,y)dx, where F(x,y) has ‘points of infinite 
J a 

discontinuity on certain lines (e.g., x^^a^, ag, ... a„) between x^a 
and x^a\ and is either a continuous function of {x, y), or the product 
of a continuous function ^{x, y) and a bounded and integrable 
function \fF(x), except in the neighbourhood of the said lines, 

'dF 

Also let F(x, y) have a partial differential coefficient which 


satisfies the same conditions. 


dy^ 


Further, let I F{x, y)dx converge, and I dx converge 
Ja Ja 

formly in (b, V), 

f'*' dF 

Then f{y) exists and is equal to^ ^ 


urn- 


88. Applicationa of the preceding Theorems. 

Ez. 1. To prove L**x*^~l** 

(i) Let (aSO), 


*For other proofs, see Ex. 11 and Ex. 12 on pp. 135>6, and Ex. 10 on p. 213. 
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87, 88] 

This integral oonverges uniformly when a 0, (Cf . § 83, III.) 
for e-^lx is a monotonic function of x when x>0. 

Thus, by the Second Theorem of Mean Value, 

It 

where OKx'^^^xf". 

Therefore 


If 


«uc . 


sina;da; ^ > 




X 

£—aX* 
X‘ 


sin 2 ; da; + 


e -ttx' I cx' . 




8ina;dx 


< 4 -—^9 since 1 sin ^ 2 for all values of p and g, 


It follows that 


< „ since a = 0. 

X 

If** 


I smx 

I l g-ax 

! lx' X 


dx 


<€ wiien x^>x'~X, 


provided that X > 4/c, and this holds for ^ery a greater than or equal to 0. 

This establishes the uniform continuity ef the integral, and it follows from 
§ 84 that F{a) is continuous in a ^ 0. 


Thus 


^(0)= limf e-tt* 


a-> 0 J 0 


-dx. 


psinx, f* ^^sinx, 

%.e, \ dx= liml dx, 

lo X X 


(ii) Again, the integral 


(”« — Bi: 

JO 


sinxcix 


is uniformly convergent in a ^ Uq > 0. 

This follows as above, and is again an example of § 83, III. 
Thus, by § 86, when a > 0, 


=-!: 


e-^sinxdx. 


But 
Therefore 
Thus 
And 

since lim J'(a)=0.* 


^ e - •* (cos X + a sin x) = - (a* + 1 ) c - sin X. 


F{a)- -tan"^a+ 2 * 


•If a formal proof of this is required, we might proceed as follows: 
Let the arbitrary positive e be chosen, as small as we please. 
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It follows from (i) that ( - rfar— 

jo X 2 

Ex, 2. To prove 

f' cosax, TT ^ sinar , tt,. ./ 


(i) Let 


f(a)- 


' cos ax 


cfx. 


JO 

The integral is uniformly convergent for every a, so that, by § 84, /(a) is 
continuous for all values of a, and we can integrate under the sign of inte- 
gration (§ 85). 

(ii) Let 0(a) = f /(a) da, 

'o 

Then 0(a) is a continuous function of a for all values of a (§ 49). 


Also 




=r 

Jn 


'0 

sin ax 


dx. 


jo X(1 +x*) 

f*® X 

(iii) Again, we know that f'(a) will be equal to -1 ^einaxdx, if a 

Jo 1 + x 

lies within an interval of uniform convergence of this integral. 


X X 

But is monotonic when x ^ 1, and lim 


Since ( e-a^^^-dx converges uniformly in a ^^O, there is a positive number 

jo X 

ouch that |re-«*^*rfx|<Je, 

I ' X 1 

and this number X is independent of a. 

Also we can choose Xo, independent of a, so that 

if:«- 


* Rinx , 
-ax —dx 


<}». 


But 


where Xq ^ ^ X. 
And we know that 


f ' * f^sinx, , r-'f’sinx, 

I e— a® dx — e— «^ol dx-fc— dx. 

j^O ^ jxn ^ }( X 


^^dx < IT for g > p > 0- (cf. p. 222) 

A ^ 


Therefore 


f j 


dx < 27rC“«ro. 


Thus we can choose A so large that 

If'*' , sin X j 

e-ax dx 

I jxo X 

It follows that <if + l€ + le, when 


e-ax^i^l^dx <lf, when a^A, 
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Thus we have, when os' > x' g 1, 

C TTi* «“ “* <** = j^sin ox &: + j* sin ox dx, 

where 

It follows that 


CiT jp 

I = — ?a v 1 sinx dz^ 

Jar 1+J«* a(l+a:'*) Jaa;' 


I-' fa**' 

S(i"+OW 


sin X (fxr 


Therefore 


X . - - 4x 

Jarl+a:* a(l+x'2) 

^““Li+x* 

sin ox dx is uniformly convergent when 


f ^ X 

/'(a) = - sio ox dx. 

(iv) Now 


<Hf^) = \' f(a)da. 

Jo 

Therefore 

^’(a)=f(a) 

and 

0''(a) =/'(“) = - sin ax dx. 

Thus 

OQ 

1 

1 1 

8 p 

1 


= _r?i5^*,+r ‘ 

Jo ^ Jo 


Bin ox 


x(l+x*) 


dx 


This result has been established on the understanding that a > 0. 

(v) Prom (iv) we have 

^(a)=-4e« + + when a>0. 

But 0(a) is continuous in a^O, and 0(0) =0. 

Therefore lim0(a)=O, 

and ^ + J5 + ^=0. 

Also 0'(a) is continuous in a ^ 0. and 0'(O) =^. 

Therefore A - B ^ — 0. 

It follows that A=0 and B= -^e 

Thus 0(a) =|(1 -e— ), when a>0. 

And f(a) = <A'(a) =| «-*, when a > 0. 

Both these results obviously hold for a =0 as well. 
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Ex. 3. The Qamma Function r(n) = I dx,n>0, and its derivatives. 

Jo 

(i) To prove r(n) is uniformly convergent when .A/" ^ n ^ however large 
N'may he and however near zero may he. 


When the integral I has to be examined for convergence 

.'o 

only at the upper limit. When 0 < n < 1, the integrand becomes infinite at 
x—0. In this case we break up the integral into 


'o ^ Ji 

Take first the integral [ e"**^**”^ dx. 

When 0 < X < 1, x""^ ^ x"o“i, if n ^ Hq > 0. 


Therefore ^ c"*x”o*“^ if n^no>0. 

It follows from the theorem which corresponds to § 83, 1, that I dx 

converges uniformly when n ^ > 0. ® 

Again consider [ 6“*x’’"‘^dx, n>0. 

When X > 1, x”"*^ = if 0 < n ^ 

Therefore if 0<n^jV. 

It follows as above (from § 83, I) that f e*"*x"”^ dx converges uniformly for 
0<n^N. 

/.CO 

Combining these two results, we see that I e“'*x^"^ dx converges uniformly 

when iV’^n^no>0, however large N may be and however near zero n^ 
may be. 

(ii) To prove r'(n)=:[ log x dx, n>0. 

In 

We know that lim (x^ log x) =0, when r > 0, 


so that the integrand has an infinity at x=0 for positive values of n only 
when 0< ni^ 1. 

But when 0 < x < 1, xn-i ^ if n ^ tiq > 0. 

Therefore c-a-a;»-i|logx| :5xwo-i|logx|, if nSn,,>0. 

And we have seen [Ex. 7, p. 133] that [ x^o-llogxdx converges when 
0<noSl. 

It follows as above that l 6"*x^“^logxdx is uniformly convergent when 

» = ® 

Also for I log X dx, we proceed as follows : 

When x>l, x»-i ^x^~*, if 0<nS 

Therefore e-rxn-i logx^ e-^fx^-ilogx 

< e-*x^, since < 1 when x > 1. 

«> * 

But I e-«x^dx is convergent. 
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Therefore | log xdxia uniformly convergent when 0 < n £ N. 

! 00 

e-«^x^^logxdx is uniformly 

convcrgont when ^ w- ^ > 0, howevor largo N may bo and howovor noar 

zero Hq may be. 

We are thus able to state, relying on §§ 86, 87, that 

foo 

r'(w) = log xdxfoTn>0. 

.’o 

It can be shown in the same way that the successive derivatives of r(n) 
can be obtained by differentiating under the Integral sign. 

Ex. 4. (i) To prove T log{l -2yco8x-¥y^)4x is uniformly wnvergeni far any 
.’0 

irUerval of y{e.g, h'^.y7^h')\ and (ii) to deduioe that log sinxdx^ -^Trlog2, 

‘0 

(i) Since 1 - 2y cos a; + =(i/ - cos x)^ + sin^jr, this expression is positive for 

all values of a?, y, unless when x^mrr and y =j( - 1)^, w=0, ±1, ±2, etc., and 
for these values it is zero. 

It follows that the integrand becomes infiiiite at a;=:0 and a: = 7 r ; in the 
one case when y = 1, and in the other when y= - 1. 

We consider first the infinity at a;=0. 

As the integrand is bounded in any strip O^x^X, where X<ir, for any 
interval of y which does not include y = 1, we have only to examine the int^al 
r» 

log (1 - 2y cos X + y*) dx 


in the neighbourhood of y = 1. 

Put y = 1 + where | ^ 1 ~ a and a is some positive number less than unity, 
to be fixed more definitely later. 

Since ( log ( 1 - 2y cos x + y*) dx 

.’o 

= I* log ^ 1 - cos X + j) + * log 2 ( 1 + A), 

it is clear that we need only discuss the convergence of the integral 
(*log(l-co8x+2(*‘ 


Take a value of a(0 < a < 1) such that 


Then 
Now let 


l>c 




2(1 -a) ~ 2(1 +7*)”" 

^“COS“*2(i“a) 

It will be seen that, when 1 4| ^ a, 


- < 1 . 

2(l-a)^"- 

0, since |^| ~ a. 




provided that 0<x^fi. 


0< 1 -cosa;2 1 
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Therefore, under the same conditions, 

log^l-cosxH- ^^*-^ ^ log(l-cosa;) 
But the ^-test shows that the integral 

log ( 1 ~ cos r) dx 


converges. 

It follows that 




"2(1 f/ 


l-cos:r + „,;''. 


converges uniformly for |/i| a. [Cf. §83, I.] 


And therefore 


1^* 


log ( 1 *“ 2y cos X + if^) dx 


converges uniformly for any interval (6, h') of y. 

The infinity at a; = 7 r can be treated in the same way, and the uniform con- 
vergence of the integral 

I log ( 1 - 2y cos X + y^) dx 
Jo 

is thus established for any interval (b, b') of y. 

(ii) Let /( y) = 1 log ( 1 - 2y cos x + y®) dx. 

Jo 

We know from § 70. 1 that 

/(y)^0, when |y|<l, 

and f{y)^7rlogy\ when |yi > 1. 

But we have just seen that the integral converges uniformly for any finite 
interval of y. 

It follows, from § 87, 1, that 

/(l)=lim/(y)=0 

y~*l 

and /(-!)= lim/(y)=0. 

y '►—1 

But /(!) = ( log 2(1 -cos a:) dx 

Jo 

I TT 

log sin dx 
.0 ^ 


= 27r log 2 -f 4r log sin x dx, 

Jo 

fJ 

Thus i ' log sin a: da: = - Jtt log 2.* 

Jo 

From/( - 1) = 0, we find in the same way that 

( IT 

^ log cos X dx= - Jtt log 2, 

.0 

a result which, of course, could have been deduced from the preceding. 


♦This integral was obtained otherwise in Ex. 4, p. 131 
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( ao ^ao 

dx \ f(x, y) dy. It is not easy to determine 

a 

general conditions under which the equation 

/•<» rVJ rto 

dx fix, y)dy=\ dy \ /{x, y)da: 

a }b Jb .'o 

is satisfied. 

The problem is closely analogous to that of term by term integration of an 
infinite series between infinite limits. We shall discuss only a case some- 
what similar to that in infinite series given in § 76. 

/(^» !/) ® co-nlinuous function of (*, y) in and let the 

integrals ^ 

(i) ( fix, y)dx, (ii) I fix, y)dy, 

'a 

respeciivelyt converge uniformly in the arbitrary intervals 
h~y%b\ a~x r~ o'. 

( CO ry 

dx f{Xt]y)dy 
a 'h 

converge uniformly in y b. 

Then the integrals 

( dx ( fix, y)dy and [ dy [ fix, y)dx 

'tt ’b -'tt 

efcist and are equal, 

( t) 

fix, y)dx converges uniformly in the arbitrary 

a 

interval b y ^ we know from § 85 that 

dij \ f(x, y)dx::^\ dx \\f{x, y)dy, when y>b, 

'b ' 'a' 'a b 

It follows that 

(” dy [ fix, y)dx=rlini f dx fix, y)dy, 

jb 'fi' 

provided that the limit on the right-hand side exists. 

To prove the existence of this limit, it is sufficient to show that to the 
arbitrary positive number t there corresponds a positive number Y such that 

dx ["/ix, y)dy <(, when y'>y'§ Y. 

But from the uniform convergence of 

[ dx ^ fix, y)dy 
'o fc 

in y ^.h, we can choose the positive number X such that 

dx [’'fix, y)dy <i<, when xsX. -d) 

'ft' 

the same X serving for every y greater than or equal to h. 

Also we are given that fix, y)dy 

is uniformly convergent in the arbitrary interval (o, a'). 
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Therefore we can choose the positive number Y so that 

tlie same 1' serving for every x in (a, X). 

Thus wc hnve I (lr\ f(oc,y)dy <j€, when y">y'-=^Y (2) 

I’a .V 

3hit it is clear that 

1 rf.i' I*' /■(.)•, ?/)%=[ (f.K [“/(x, y)f/y+[ dxi" f(x,ij)dt/-[ <>x /(t, i/)dij. 

}a ' .V .'a }y .'X }b . I .ft 

Therefore from (1) and (2) we have 

(Ix r f{it,y)dy <j« + j€4-j€ 

.’l/' 

< €, when i/>y' ~ Y. 

We have thus shown that 

[ dij f /(T, y)(/x--Iim [ dx ^ f(x, y)dij (3) 

h a a .'ft 

It remains to iirove tliat 

lim \ dx ("'/(x, y)dy= [ dx f /(x, y)dy. 
p a 'ft .'o 

Let the limit on the left-hand side be L 

Then « being any positive number, as small as we please, there is a positive 
number Y^ such that 

dx (V(x, when y T,. .(4) 

Also, from the uniform convergence of 

\ d.v V f(x,y)dy, when y_ h, 
a .ft 

we know that there is a positive number X such that 

' ( ^ A^> y) y) dy I < when X' ^ X, (/>) 

1 .'tt .a Ja .’ft I 

the same X serving for every y greater than or equal to 6. 

C’hoosc a number X' such that X' ^X>a» 

Then, from the uniform convergence of [ /(ar, y)dy in any arbitrary interval, 

•'ft 

we loiow that there is a positive number Y 2 such that 

! [V(*. y)dy when yg T,, 

the same serving for every x in (a, X'). 

Tims I ( dx ["/{x, y) rfy - ( dx \ /(x, y) «fy I < J«, when y S Y, (6) 

! .'a .'ft .'O .'ft J 

Now take a number 7 greater than and 7,. 

Equations (4), (5) and (6) hold for this number 7. 
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3ut 

l*-r<**[ f(x,y)dy 

g I ? - f{x, y) rfy I + 1 dx /(x, y)dy - dx f(x, y) dy 

+ y)^y-\^dx^^f(x, y)dy\^ 

< i< + ic-fl€, from (4), (6) and (6), 

<€. 

This result holds for every number X' grei^ter than or equal to X. 

Thus we have shown that 


r® r* f"” 

?= lim (ix\ .f{x,y)dy=\ dx\ f(x,y)dy. 

X-MO-'o .'6 Ji 


Also, from (3), we have 

f (fx[ f(x,y)dy^\ diA f(x,y)dx 

.u .'b 

under the conditions stated in the theorem. \ 

It must be noticed that the conditions we iave taken are sufficient, but not 
necessary. For a more complete discussion ojf the conditions under which the 


integrals 


1 dx\ f(x,y)dy, [ dy f f(x,y)dx, 
Ja . b Jb Ja 


when they both exist, are equal, reference should be made to the works of 
de la Valine Poussin,* to whom the above treatment is due. A valuable dis- 
cussion of the whole subject is also given in Pierpont’s Theory of Functions 
of a Real Variable, The question is treated in Hobson's Theory of Functions 
of a Real Variable, but from a more difficult standpoint. 
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EXAMPLES ON CHAPTER VI. 

e^ax*dx is uniformly convergent in a;^ao>0, and that 

0 




dx 


is uniformly convergent in a ^ 0, when 6 > 0. 


sin srtJ • 

g-ary ^ dx is uniformly convergent in y^yQ>0, and 

0 y 

sin XI/ 

g-ax tl dx is uniformly convergent in y - ^ 0, when o > 0, 

0 y 

3. Prove that I cos x dx is uniformly convergent in the interval 

Jo 

a ^ ao> 0, when n and in the interval a ^ 0, when 0 < » < 1. 

4. Prove that [ sin x dx is uniformly convergent in the interval 

Jo 

a aQ> 0, when ?i _ 0, and in the interval a ~ 0, when - 1 < n < 1. 


5. Using the fact that 


sin X// 


dx is uniformly convergent in 


y.^yo>^ and y*_~?/o<0, 


show that 


^ xy CM 
0 ^ 


cos ax 


dx is uniformly convergent in any interval of y 


which does not include t/= ia, 
6. Show that 


(i) (l-e-^v)«>«^efx, 

Jo •*' 

/••V ax - COS bx) , , , 

(ii) \ e-afv' ' dx, bi^a. 


are uniformly convergent for y -.i 0. 

7. Discuss the uniform convergence of the integrals : 


... r^tan”^a:?/ , .. n 

(i) — ^ 


dx 


.iTfra*- (iiil 

fl j-W _ 1 fl 

(v) x<'-»(log *)”<!*, n>0. 

8. Show that differentiation under the integral sign is allowable in the 
following integrals, and hence obtain the results that arc given opposite each : 

(i) 

.... {’" dx TT ^ 

(ii) 1 . , =5-7-s- a>0; 

Jq iC “1“ 

(hi) f x^dx=~^,, n> - 1 ; 

' ' Jo w + P 


2 

dx TT 1.3...(2n-l) 

, \x^ + ”■ 2 * ““2^~! o"Tr“ ’ 

a;” ( - log x)^ dx = - 
.0 (n + l)^+^ 


2 cos ■ " 
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9. Establish the right to integrate under the integral sign in the following 
integrals : 

(i) I dx ; interval o ^ a, > 0. 

(ii) [ e-“» cos hxdx ; interval o ^ o# > 0, or any interval of b. 

.'0 

J-CO 

(iii) I hxdx ; interval a .zi%> 0, or any interval of b 

Jo 

(iv) [ Tf^dx; interval a > - 1. 

Jo 

1 -/3 ^ 

^inhxdx— 2 lr/ 2 ’ show that 

II (I b 


t 


.'0 

* ^-t'x ^ . 

X 


'■ ^ sin hx dx=t 2 in~^^ - tan~^ {7 >/> 0. 


Deduce that 


1 — C ' 9‘'‘ (1 

ti) 1 - sini^aic/j; — tan*"* 

^ X h 

11. Show that the integrals 

co8 6xdx=^~j, a>0, 

can be differentiated under the integral sign, either with regard to a oi 6, 
and hence obtain the values of 

( xe~^^ cos bxdx, [ xer^^ sin hx dx, 

Jo 'o 

.00 -iS 

I x^e"^^ cos hxdx, \ xh'~^^s\nhxdx, 

Jo ’o 

12. Let f(y) = dx. 

Jo ^ 

Show that f'(y) = I sin xy cr^dx for all values of y, and deduce that 

13. Let Ay)-\ cos 2xydx. 

Jo 

Show that/'(y) — - 21 sin 2xydx for all values^of y. 

Jo 

On integrating by parts, it will be found that 

/'(.v) + 2 y/{y)= 0 . 

From this result, show that f(y) = l‘J~e-v\ assuming that r(i)-v'ir. 

rv cv 

dx\ e-**cos2a^(fy=r f{y)dt/, 

.0 0 .0 


and deduce that 
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14. Let U = \ e~<‘^x^~^coa hxdx, F=1 e~^x”~^ain bxdx, 

Jo ’o 

where a>0, w>0. 

Make the following substitutions : 

a=rcos0, b=r Bin $, where -j7r<0<jr, 
rz=y, Ur"=v, Vr’'=v. 
du dv 

d^u 


Then show that 
From these it follows that 


dJQ^ 


+ n*M=0. 


Deduce that tt=r(n)cosnO, i;=r(n)sinM6. 

mL rr n/ .cosmO ,,, .sinnfl 

Thus , r=l(n) . 


r*" 

Also show that, if 0 < n < 1 , lim J7 = I cos bx dx, 

Jo 

lim r=l a:’*“*8in6a:tia:. 


And deduce that 


f*cos6j:. i*8in6r: 


(i) 


.'0 


vl-n 


rdx 


IF 


, (ii) 


r(n) sin 


nw 


rl-n 


dx=~ 


IF 


f” cos a: , /r f“ sin a: , 


[Compare Gibson, Treatise on the Calculns (2nd cd., 1906), 471.] 


15. Prove that 

( 75 rrt •/. -/> 

dx\ Bin xdy-\ dij\ sin .r dr, 
0 ’b *5 * ’o 

where 6 is any positive number. 
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90 . Trigonometrical Series and Fourier’s Series. We have 
already discussed some of the prope^ies of infinite series whose 
terms are functions of x, confining Our attention chiefly to those 
whose terms are continuous function!. 

The trigonometrical series, 

®o +(®i » +6i sin a:) +(02 cos 2a: +62 sin 2x) + ... , (1) 

where Oq, a^, etc., are constants, is a special type of such series. 

Let f{x) be given in the interval (-tt, tt). If hounded, let it 
be integrable in this interval ; if unbounded, let the infinite 

integral | /(x) dx be absolutely convergent. Then 

I /(x')cosMx'dx' and j" f(x') sinnx* dx' 

exist for all values of n. (§ 61 , VI.) 

The trigonometrical series (1) is said to be a Fourier’s Series, when 
the coefficients Og, Oj, bi, etc., are given by 


1 f' 

0g=2^J /(x') dx' and, when n 1 , ^ 

o,=^j* f{x')cosnx' dx', /(x')sinnx'dx'.j 

These coefficients are called Fourier’s Coefficients or Fourier’s 
Constants for the integrable function /(x); and the Fourier’s Series 


is said to correspond to the function. 

This nomenclature is used quite independently of any assumption 
as to the convergence of the series ( 1 ) when Fourier’s Constants are 


substituted for Og, 6j, etc. 
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The most important thing about Fourier’s Series is that, when 
f{x) satisfies very general conditions in the interval (-tt, tt), the 
sum of this series is equal to /(a?), or in special cases to 

|[/{^ +0) -\-f(x - 0)], 
when X lies in this interval. 

If we assume that the arbitrary function f{x)^ given in the 
interval ( - tt, tt), can be expanded in a trigonometrical series of 
the form (1), and that the series may be integrated term by term 
after multiplying both sides by cos nx or sin 7ix, we obtain these 
values for the coefficients. 

For, multiply both sides of the equation 

/ (x) = aQ + cos sin x) + cos 2 x + 62 sin 2*r) 

— TT TT, .( 3 ) 

by cos nx, and integrate from - tt to x. 

Then 1 / (x) cos nx dx = xa„, 

J —rr 

since | .cos mx cos nx dx — j sin mx cos nx dx = 0, 

J - ir J -ir 

when m, n are different integers, and 

I cos^ nxdx=-rr. 

J —w 

Thus we have 

1 

= ~ f{^') cos nx' dx\ when w ■ 1 . 

TTJ -TT 

And similarly, 

I f{x')8in nx'dx\ 

TTJ 

Inserting these values in the series (3), the result may be 
written 

/(®)=2~ f f(x')cosn{x' -x)dx', 

J —ir X J J — ff 

~ X = X .*...(4) 

This is the Fourier^ s Series for /(a?). 

If the arbitrary function, given in ( — x, tt), is an even function — 
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in other words, if /(*) =/( - x), when 0 <a:<7r— the Fourier’s Series 
becomes the Cosine Series : 

/(^) = + 1 £) cos nx |V(a:') cos nx' dx', 

0 cxst-tt (5) 

Again, if it is an odd function — i.e. if f{x)= -f(-x), when 
0<x<7r — the Fourier’s Series becomes the Sine Series : 

2 ' f” 

f(^)^ ysinnx f(x')smnx'dx', O-^x-v (6) 

1 Jo ' ' 

The expansions in (5) and (6) could have been obtained in the 
same way as the expansion in (3) by assuming a series in cosines 
only, or a scries in sines only, and multiplying by cos nx or sin nx, 
as the case may be, integrating now from 0 to tt. 

Further, if we take the interval- {- /, 1) instead of (-x, x), 
we find the following expansions, corresponding to (4), (5) 

and (6) : 



/(x') dx* -f 
- 1 


7 

-1 

;') cos - 

(x' 

x) dx y 






- 


: ‘X /• • • • < 1 

..(7) 


[ f(x') dx* + 
Jo 

2 mr 

1 r 

X [ f{x') 
Jo 

cos 

^Jx*dx*, 







0^ 



,.(8) 


. WTT j 

Y i “’j 

7 

1 n^') 
0 

, nir , j , 
sin-^ X ax , 

0^ 

X - / 

..(9) 


However, this method does not give a rigorous proof of these 
very importan-' 'xpansions for the following reasons : 

(i) We have assumed the possibility of the expansion of the 

function in the series. 

(ii) We have integrated the series term by term. 

This would have been allowable if the convergence of 
the series were uniform, since multiplying right through 
by cos nx or sin nx does not affect the uniformity ; but 
this property has not been proved, and indeed is not 
generally applicable to the whole interval in these ex- 
pansions. 

(iii) The discussion does not give us any information as to 

the behaviour of the series at points of discontinuity. 
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if Buoh arise, nor does it give any suggestion as to the 
conditions to which f{x) must be subject if the expansion 
is to hold. 

Another method of obtaining the coefficients, due to Lagrange,'*' 
may be illustrated by the case of the Sine Series. 

Consider the curve 

^=aisina;+a2 8in2a; + ... +a„_isin(n- !)«. 

We can obtain the values of the coefficients 


■*2» ■ ®n-l» 

SO that this curve shall pass through the points of the curve 
at which the abscissae are 


TT 27r 

n* n ’ 


... (n-1)'^. 
n 


In this way we find ag, ... as functions of n. Proceeding 
to the limit as n-^co , we have the values of the coefficients in 


the infinite series y*(a;) = sin a? -h ag 2a; 4- . . . . 


But this passage from a finite number of equations to an infinite 
number requires more complete examination before the results can 
be accepted. 

The most satisfactory method of discussing the possibility of 
expressing an arbitrary function f{x), given in the interval ( - tt, tt), 
by the corresponding Fourier’s Series, is to take the series 


Uq + («! cos a; + &! sin x) + (Ug cos 2 x + 62 cos 2x) *f . . . , 


where the constants have the values given in (2), and sum the 
terms up to (a^ cos nx +6^ sin nx ) ; then to find the limit of this 
sum, if it has a limit, as n-^00 . 

In this way we shall show that, when f{x) satisfies very general 
conditions, tiie Fourier’s Series for f(x) converges to f{x) at every 
point in ( - tt, tt), where f{x) is continuous ; that it converges to 
J[/(^+0) every point of ordinary discontinuity; 
also that it converges to |[/( - w +0) +/(x - 0)] at x= ±?r, when 
these limits exist. 


Since the series is periodic in x with period 2'jr, when the sum 
is known in ( — tt, tt), it is also known for every value of a?. 


Lagnuage, (JSuvres, 1 (Paris, 1867), 55 Sj Byerly, Fourier's Series, etc. (1893), 30. 
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If it is more convenient to take the interval in which f{x) is 
defined as (0, 2'7r), the values of the coefficients in the corresponding 
expansion would be 

= ^ [ f{x') cos fix' dx\ [ /(x') sin nx' dx\ n ^ 1. 

It need hardly be added that the function /(x) can have different 
analytical expressions in different parts of the given interval. 
And in particular we can obtain ally number of such expansions 
which will hold in the interval (0, r), since we can give /(x) any 
value we please, subject to the general conditions we shall establish, 
in the interval ( - tt, 0). 

The following discussion of thel possibility of the expansion 
of an arbitrary function in the oorresponding Fourier’s Series 
depends upon a modified form of tile integrals by means of which 
Dirichlet* gave the first rigorous proof that, for a large class of 
functions, the Fourier’s Series converges to /(x). With the help 
of the Second Theorem of Mean Value the sum of the series can 
be deduced at once from these integrals, which we shall call 
Dirichlet’s Integrals. 


91. Dirichlet’s Integrals (First Form). 

lim fVw ^ +0), lim fV(-) ■'*=»■ 

where 0<a<b. 

When we apply the Second Theorem of Mean Value to the 


integral 


f 

Jb' 


Sin X 


6 ' X 


dx, 0<6'<c', 


we see that f — dx = }, f sin x dx + , i sin x dx, 
3y X b Jy c 

where b' /- f c\ 

Thus 




* Journal fUr Math., 4 (1829), 157, and Dove’s Beptrlorium der Physik, 1 (1837), 
162. 
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It follows that the integral 

Jo ® 

is convergent. Its value has been found in § 88 to be ^tt.* 

The integrals f and f dx 

Jq X J a ^ 

can be transformed, by putting fix=x', into 
f'’® sin X j f'** sin x , 

I - ~ - J 

Jo fia 

respectively. 

It follows that 

limr“^^dx=r?^*dx=ix, 0<a. 

^—►00 Jo ^ J 0 ^ 

a ^ /I— MO J fia ^ 

These results are special cases of the theorem that, when f{x) 
satisfies certain conditions, given below, 

lim f /(x)™^dx=^/( +0), 0<a, 
lim f f(x)^^^^^'dx~0, 0<a<6. 

^-♦00 J a ^ 

In the discussion of this theorem we shall, first of all, assume 
that f(x) satisfies the conditions we have imposed upon (l>(x) in 
our notation for the Second Theorem of Mean Value ; viz., it is 
to be bounded and monotonic (and therefore integrable) in the 
interval with which we are concerned. 

It is clear that ^ satisfies the conditions imposed upon 

yi/(x) in the theorem as proved in § 50. 1. It is bounded and 
integrable, and does not change sign more than a finite number of 
times in the interval. 

We shall remove some of the restrictions placed upon f(x) later. 
I. Consider the integral 

0<a<6. 

J a ^ 


and 


lim 


*See also the footnote on p. 202. 
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From the Second Theorem of Mean Value 

*=/(<. +0) £ * +/(6 - 0)£ *5^ dx. 

where f is some definite value of a? in a x r£ ft. 

Since/(x) is monotonic in a-; x- ft, the limits/(a +0) and/(6 - 0) 
exist. 

And we have seen that the limits of the integrals on the right- 
hand are zero when /i->oo . 

It follows that, under the conditions named above, 

lim f = when 0<a<ft. 

fjL-^cc J a ^ 

11. Consider the integral 

0<a. 

J 0 X 

Put f{x) = <j}{x) -f/( -fO). The limit /( +0) exists, since f(x) is 
monotonic in 0 x _ a. 

Then ^(x) is monotonic and +0) — 0. 

Also 

£/w =/( 4 0) £ * +£ “T '*'• 

As //->oo the first integral on the right-hand has the limit Jtt. 
We shall now show that the second integral has the limit zero. 

To prove this, it is sufficient to show that, to the arbitrary 
positive number e, there corresponds a positive number v such that 

sin ux ^ 1 

dx < € when u 

X 

Let us break up the interval (0, a) into two parts, (0, a) and 
(a, a), where a is chosen so that 

I 0(a *“ 0) I < e/27r. 

We can do this, since we are given that 0(+O) = O, and thus 
there is a positive number a such that 

|0(x)|< e/ 27 r, when 0<x^a. 

Then, by the Second Theorem of Mean Value, 

.*0 ^ J ( 

since -f0) = 0, f being some definite value of x in 0^x~a. 




22^ 


FOURIER'S SERIES 


[oh. vu 


But, in the curve 


sina; 

y=- 


x^O, 


the successive waves have the same breadth and diminishing 
amplitude, and the area between 0 and w is greater than that 
between w and 2Tr in absolute value: that between w and 2ir is 
greater than that between 2ir and 3 t, and so on; since (sin x\ goes 
through the same set of values in each case, and 1/x diminishes 
as X increases. 

Thus r d® s: r ® da:< w, 

X Jo ^ 

whatever positive value x may have. 

f'sina:, f’sina:, f»’sin»j 

Also I dx= da:- da:, 

Jp a: Jo » Jo » 

and each of the integrals on the right-hand is positive and less 
than IT for 0<p<g'. 

I Co. /p 

I — — da:|<T, when 0'~-p<q. 

Jp ® 

It follows that I f ^(a:) dx < J - x • 

I Jo ^ 

<h> 

and this is independent of fi. 

But we have seen in (I) that 

lim f ^(a:) -“-^®da:=0, 0<a<o. 

fi— J a 2/ 

Therefore, to the arbitrary positive number Je, there corresponds 
a positive number u such that 


Also 


i: 


<(,{x) 


Bin fix 


dx <Je, when [i 


Vp 


If ^(»)S^4r|+| f 

l•'0 II '^0 X 

Therefore 

<e, when 

lunr^(x)“^dx=0. 

> « J 0 X 


Thus 
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And, finally, under the conditions named above, 

+ 0 ). 

92. In the preceding section we have assumed that f{x) is 
bounded and monotonic in the intervals (0, a) and (a, 6). We 
shall now show that these restrictions may be somewhat relaxed, 
I. DiricldeVs Integrals still hold when f{x) is bounded, and the 
interval of integration can be broken vp into a finite number of open 
partial intervals, in each of which f{x) is monotonic* 

This follows at once from the fact that under these conditions 
we may write f [x) ~F(x)*’ G {x ) , 

where F{x) and G{x) are positive,; bounded, and monotonic in- 
creasing in the interval with whici we are concerned [cf. § 36. 1 
or §36. 2], 1 

Tliis result can be obtained, as follovvi witliout the use of the theorems of 
§30. 1 or §30. 2. 

Let the interval (0, a) be broken up into the n open intervals, 

(0, ©i), (^^l» <^ 2 )* 

in each of which f(x) is bounded and monotonic. 

Then, wTiting Oq—O and —a, wc have 

'i» *1 **r — 1 

The liret integral in this sum has the limit 2 A + 9)> the others have 

the limit zero when /ow . 

It follows that, under the given conditions, 

0<“- 

fl—¥ A 

The proof that, under the same conditions, 


f/w""'" 


0<a<h, 


is iiraotiually contained in the above. r *• i 

It will be seen that wc have used the condition that the number of partial 
intervale is finite, ns we have relietl upon the theorem that the limit of a sum 
is equal to the sum of the limits. 

II. The integrals still hold for certain cases where a finite number 
of points of infinite discontinuity of f(x) (as defined in §33) occur 
in the interval of ititegralton. 

•Thev also i.old when /(*) is of hounded variation (§ 36. 2) in the interval, since 
hounded and monotonio increasing functions. 
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We shall mppose that, when arbitrarily small neighbourhoods of 
these points of infinite discontinuity are excluded, the remainder of the 
interval of integration can be broken up into a finite number of open 
partial intervals, in each of which f(x) is bounded and monotonic,"*^ 

Further, we shall assume that the infinite integral ^f(x)dx is 

absolutely convergent in the interval of integration, and that a; = 0 
is not a point of infinite discontinuity. 

We may take first the case when an infinite discontinuity 

Cb Sin viX 

occurs at the upper limit b of the integral f{x) — = — dx, and 
only there. a ^ 

Since we are given that f{x)dx is absolutely convergent, 

know that f f(x)^-^^-dx also converges, for 

J X X 

{a, b). And this convergence is uniform. 

To the arbitrary positive number e there corresponds a positive 
number rj, which we take less than (6 - a), such that 

If when (1) 

and the same 7] serves for all values of /i. 

But 

= £ ■>(x)S7'&+J* ,2, 

And, by (I) above, 

It follows that there is a positive number v such that 


we 


in 


Ch--n 


/(^) 


Sin fix 


dx , when ft ~ v. 


.(3) 


From (1), (2) and (3), we have at once 


/(^) 


sm fix 

X 


dx <if H-J( 


<c, when fir::v. 

Thus we have shown that, with the conditions described above, 


— ► .« J a 


Sin px 


■ dx=0, 0<a<b. 


♦The integrals still hold when the function is of bounded variation in the re- 
mainder of the interval of integration. 
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A similar argument applies to the case when an infinite dis- 
continuity occurs at the lower limit a of the integral, and only 
there. 

When there is an infinite discontinuity at a and at 6, and only 
there, the result follows from these two, since 

f/(x) /(.) + fV(.) d., a<c< A 

When an infinite discontinuity occurs between a and b we 
proceed in the same way; and, as we have assumed that the 
number of points of infinite discontinuity is finite, we can break 
up the given interval into a definite number of partial intervals, 
to which we can apply the results just obtained. 

Thus, under the conditions stated above in {II), 

lim f /(a:) — when 0<a<6. 

Further, we have assumed that x=0 is not a point of infinite 
discontinuity of f{x). Thus the interval (0, a) can be broken up 
into two intervals, (0, a) and (a, a), where f{x) is bounded in (0, a), 
and satisfies the conditions given in (I) of this section in (0, a). 

It follows that 

lim f ^ da;= 2 /( + 0), 

and we have just shown that 

lim f = 

/Lt— >-30 •a ^ 

Therefore, 'under the conditions stated above in (//), 
lim \^f{xf^f ^dx-^;f(-.0). 

93. Dirichlet’s Conditions. The results which we have obtained 
in §§ 91 , 92 can be conveniently expressed in terms of what we 
shall call Dirichlet's Conditions.’*' 


* If the functions of bounded variation of § 3(). 2 are included in the class of 
functions available for discussion, /( j?) may be said to satisfy Dirichlet s {/onditions 
(i) when it is of bounded variation in the w'holc interval, or (ii) when it has a 
finite number of points of infinite, discontinuity in the interval, and it is of bounded 
variation in the remainder of that interval, wdien the arbitrarily small neighbour- 
hoods of these points have been excluded ; provided that the infinite integral 

f{x) dx be absolutely convergent. 
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A function /(.r) will be said to satisfy Dirichlet’s Conditions* in 
an interval {a, 6), in Avhich it is defined, when it is subject to one 
of the two following conditions: 

(i) f{x) is bounded in (a, 6), and the interval can be broken up 
into a finite number of open partial intervals^ in each of 
which f{x) is monotonic; 

(ii) /(^’) has a finite number of points of infinite discontinuity in 
the interrah When arbitrarily small neighbourhoods of 
these points are excluded, f(x) is bounded in the remainder 
of the interval, and this can be broken up into a finite 
number of open partial intervals, in each of tvhich f{x) is 

monotonic. Further, the infinite integral f f(x)dx is to 

la 

be absolatehj convergent. 

We may now say that: 

When f{x) satisfies DirichleVs Conditions in the intervals (0, a) 
and (a, b) respectively, where 0<a<b, and /( +0) exists, then 

lim 

M — .'0 

(twl lim f 

It follows from the properties of monotonic functions (cf. § 34) 
tliat except at the points, if any, where f(x) becomes infinite, or 
oscillates infinitely, a function which satisfies Dirichlet’s Con- 
ditions, as defined above, can only have ordinary discontinuities.f 
lint we have not assumed 1 that the function f{x) shall have only 
a finite number of ordinary discontinuities. A bounded function 
which is inonotonic in an open interval can have an infinite number 
of ordinary discontinuities in that interval [cf. § 34]. 

Perhaps it should be added that the conditions which Dirichlet 

sec footnote oji j». 220. 

fThe conditions in the text can be further extended bo as to include a finite number 
of points of oscillatory discontinuity in tbo ncijrhbourhood of which the function is 
bounded \e,g, sin l/(x-c) at x~c], or of continuity, u ith an infinite number of 
maxima and minima in their neighbourhood \e.g, (x - c) sin !/(* -c) at x^c]. 

This generalisation would also apply to the sections in which Dirichlet’s Con- 
ditions are emplo3'cd. 

*Thc same remark applies to the case when f(x) is a function of bounded 
variation. 
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himself imposed upon the function /(a:) in a given interval (a, b) 
were not so general as those to which we have given the name 
Difichlet s Cofiditiotis, He contemplated at first only bounded 
functions, continuous, except at a finite number of ordinary dis- 
continuities, and with only a finite number of maxima and minima. 
Later he extended his results to the case in which there are a finite 
number of points of infinite discontinuity in the interval, provided 

that the infinite integral 1 f(x)dx is absolutely convergent. 


^ sin jux 
sin X 


dx=0, 


94. Dirichlet's Integrals (Second form). 

i 

where 0<a<b<Tr. ; 

In the discussion of Fourier’s Series the integrals which we shall 
meet are slightly difierent from Dirichlet’s Integrals, the properties 
of which we have just established. 

The second type of integral — and this is the one which Dirichlet 
himself used in his classical treatment of Fourier’s Series- 


-is 


Jo siiix J/ ' sinx ’ 


where 0<o<6<7r. 

We shall now prove that : 

When f{x) satisfies Dirichlet’s Conditions {as defined in §93) 
in the intervals (0, a) and {a, b) respectively, where 0<a<b<Tr, 
andf( +0) exists, then 




and lim f f{x) dx = 0. 

sinx 

Let us suppose that/(.T) satisfies the first* of the two conditions 
given in § 93 as Dirichlet's Conditions : 

f{x) is bounded, and the intervals (0, a) and (a, b) can be broken 
up into a finite number of open partial intervals, in each of which 
f(x) is monotonic. 


♦Or, alternatively, that f(x) is of bounded variation in the intervals (0, a) and 
(«. b). 
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Then, by § 36. 1 or § 36. 2 we can write 
f{x)^F{x)-G(x), 

where F(x), G{x) are positive, bounded and monotonic increasing 
in the interval with which we are concerned. 

_C(.) -il 

' Sin X L sm X ' ' sm x J x 

But x/sinx is bounded, positive and monotonic increasing in 
(0, a) or (a, b), when 0<a<6<7r.’*‘ 

X X 

Therefore F{x )-. — and G{x )-. — are both bounded, positive 
Sin X sin X 

and monotonic increasing in the interval (0, a) or {a, 6), as the 
case may be, provided that 0<a<b<Tr. 

It follows from § 91 that 


lim 




=?/(+o), 


and lim f /(x) dx=0, when 0<a<b<7r. 

^—►7) J a Sin X 

Next, Iet/(x) satisfy the second f of the conditions given in § 93, 
and let /( +0) exist. 

We can prove, just as in § 92, II, that 

lim f /(a:) when 0<o<6<x. 

For we are given that f f(x)dx is absolutely convergent, and 

J a 

we know that x/sin x is bounded and integrable in (a, b), 

Cb ^ 

It follows that 1 / (x) - — dx 

Ja sinx 

is absolutely convergent; and the preceding proof [§ 92, II] applies 
to the neighbourhood of the point, or points, of infinite discon- 

tinuity, when we write f(x) — in place of f{x). 

Sin X 


* We assign to a:/8in x the value 1 at x=0. 

t Or, alternatively, that f{x) is of bounded variation in the remainder of the 
interval, when the arbitrarily small neighbourhoods of the points of infinite dis- 
continuity are excluded. 
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Also, for the case lim f fix) dx. 

M— >:Jo sin® ’ 

we need only, as before, break up the interval (0, a) into (0, a) 
and (a, a), where /(*) is bounded in (0, a) and from the results 
we have already obtained in this section the limit is found as 
stated. 


If it is desired to obtain the second form of Dirichlct’s Integrals for the cases 
stated below without the use of the theorems of § 36. 1 or § 36. 2 the reader 
may proceed as follows : 

(i) Let /(x) be positive, bounded and monotonic increasing in (0, a) and 

(a, h). 

X X 

Then -r— is so also, and <l>{x) -^/(a?) . ~ is so also, 
sm X I \ r ^ \ 


But, by § 91, 


Therefore 


sma: 2*'^ ' 


Also 


■ ' ' sina: 




Bin;r 


sin fLX 


sin X 


Therefore lim [ f{x) dx=0, 

la sinj; 

(ii) Let f(x) be positive, bounded and monotonic decreasing. 

Then for some value of c the function c-f(x) is positive, bounded 
and monotonic increasing. 

Also 


r [c -nx)\ dx^c r dx - "f(x) ^^dfx. 

Ift ^ sm X In sin X o sm x 


Using (i), the result follows. 

(iii) If /(x) is bounded and monotonic increasing, but not positive all the 

time, by adding a constant we can make it positive, and proceed as 
in (ii) ; and a similar remark applies to th5 case of the monotonic 
decreasing function. 

(iv) When/(x) is bounded and the interval can be broken up into a finite 

number of open partial intervals in which it is monotonic, the result 
follows from (i)-(iii). 

(v) And if /(x) has a finite number of points of infinite discontinuity, as 

stated in the second of Dirichlet’s Conditions, so far as these points 
are concerned the proof is similar to that given above. 
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95. ProofoftheCoQveigeQce of Fourier's Series. In the opening 
sections of this chapter we have given the usual elementary, but 
quite incomplete, argument, by means of which the coefficients in 
the expansion 

/(a:)=aa + («! cos x+b^ sin x) +( 0 ^ cos 2x +62 sin 2 a:) + ... 

— TT x six 

are obtained. 

We now return to this question, which we approach in quite 
a different way. 

We take the Fourier’s Series 

Oo +(«! cos x+ftj sin x) +{a^ cos ^x+h^ .sin 2 a:) + ... , 

1 f* 

where a^—a 1 f{x')dx' and, when « ~ 1 , 

AX.I _ir 

1 fir 1 f . 

I f(x') cos nx' dx\ f(x') sin 7ix^ dx\ 

7rJ-ir TtJ - rr 

We find the sum of the terms of this series up to cos 7ix and 
sinna;, and we then examine w'hether this sum has a limit as 
n->oo . 

We shall prove that, when f{x) is given in the interval (-tt, tt), 
and satisfies Dirichlet's Conditions in that intervaly"^ this sinn has a 
limit as w~>oo . It is equal to f(x) at any 2>oi7U in - 7 r<a:< 7 r, 
where f{x) is continifous ; and to 

i [/(a: + 0 )+/(a: -())], 

token there is an ordinary disconlinnity at the point ; and to 
H/( — X + 0)+/(x — 0)] at x—±Tr, when the limits /(ir-0) and 
/( - X + 0) exist. 

Let 

s„(aj)=Oo + (ai cos x +61 sin x) +... +(«,, cos «x + 6 „ sin «x), 
where Oq, Oj, 6 ], etc., have the values given above. 

Then we find, without difficulty, that 

s„(x)= 2 ^|' /(x')[l +2 cos (x'-x) + ... +2 cos n(x'-x)]dx' 



~2xJ_/'®^ sinl(x'-x) 


dx' 


* In this and later Bcctions, w hen reference is made to Dirichlet's Conditions, it will 
be understood that these can bo modified, if desired, by the introduction of the 
functions of bounded variation os explained in the footnote on p. 225. 
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Thus 

/ \ „ xsin(2n + l)a , 

«»(») = ^ /(a: -2a) ’ da 

TT J Q SlU (2 

+ 'f"‘'/(«+2«)""<^.» + ’>“ja, (1) 

ttJo sma ’ ' ' 

on changing the variable by the subititiitions x' -x= T2a. 

If -Tr<x<Tr and /(x) satisfies pirichlet’s Conditions in the 
interval (-tt, x), /(xT2a) considefed as functions of a in the 
integrals of (1) satisfy Dirichlet’s ; Conditions in the intervals 
(0, Jx+Jx) and (0, Jx-|x) respccfively, and these functions of 
a have limits as a-M), provided that^ at the point x with which we 
are concerned /(x+0) and/(x-0) exist. 

It follows from § 94 that, when aJ lies between - x and x and 
/(x-0) and /(x+0) both exist, 

lim s„(x) = ^ [2 /(® - 0) + 2 +0)] 

= H/(^-0)+/(a;+0)], 

giving the value /(a;) at a point where /(a;) is continuous. 

We have yet to examine the cases x = ± tt. 

In finding the sum of the series for x = 7r, we must insert this 
value for x in Sn{x) before proceeding to the limit. 

m. / \ 1^// o vSin(2H + l)a , 

Thus s„(x) = jy(x-2a) -da, 

since the second integral in (1) is zero. 

It follows that 

/ V I f' O vSin(2a+l)a , 

Trin^/ sma 

xjo ■’ sma 

1 o vSin{2a+l)a , 

where f is any number between 0 and 
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We can apply the theorem of § 94 to these integrals, if /(x) 
satisfies Dirichlet’s Conditions in ( - x, v), and the limits /(tt - 0), 
/( - T +0) exist. 

Thus we have lim «„(7r) = |[/( - t +0) +/(t -0)]. 

n— 

A similar discussion gives the same value for the sum at x= - tt, 
which is otherwise obvious since the series has a period 27 r. 

Thus we have shown that when the arbitrary function /(x) satisfies 
Dirichlet's Conditioris in the interval ( - tt, tt), and 
1 f" 

Oj = ^ j f{x') dx' and, when « ^ 1 , 

1 fir If”. 

o„ = - I f{x') cos nx' dx', 6„ = - I / {x') sin nx' dx', 

'TT J _ ir TT J —IT 

the Fourier's Series 

cosa;-f sin a;) ^(agcos 2 x +62 sin 2a:) -f ... 

converges to 

i[f{x^ 0 )+f{x- 0 )] 
at every point in -ir<x<Tr where f(x -{^ 0 ) awrf/(a:~0) exist ; and 
at x= ±7r it converges to 

H/( “ +0) +/(7r - 0)1, 

when /( - TT +0) andf{T - 0) exist* 

There is, of course, no reason why the arbitrary function should be defined 
by the same analytical expression in all the interval [cf. Ex. 2 below]. 

Also it should be noticed that if we first sum the series, and then let x 
approach a point of ordinary discontinuity we would obtain /(^Tq + O) or 
/(a?0~O), according to the side from which we approach the point. On the 
other hand, if we insert the value in the terms of the series and then sum 
the series, we obtain }[/(^o +0) +/(a*o - 0)]. 

We have already pointed out more than once that when we speak of the 
sum of the s^es for any value of x^ it is understood that we first insert this 
value of X in the terms of the series, then find the sum of n terms, and finally 
obtain the limit of this sum. 

Ex. 1. Find a series of sines and cosines of multiples of x which will represent 
2 sinh ^ ^ interval -w<x<7r. 


*lf the reader refers to § 101, be will see that, if f{x) is defined outside the interval 
( - IT, w) by the equation /(a;-f-2ir)=/(x), we can replace (1) by 


In this form we can apply the result of § 94 at once to every point in the closed 
interval ( - v, v), except points of infinite discontinuity. 
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What is the sum of the series for x— ±r 7 

Here and «n= 2 -,iih- (' /oostwd*. -ngl. 

Integrating by parts, 

C 08 nxdx=s{e^ -er^) cos mr. 

} —IT 

( - 

Therefore a,. = 

" 1 -f n® 


Also we find 
Similarly, 

Therefore 


Oq — i* 


1 


” 2 sinh TT }~ir 

n 

TTw® 


€®iin nxdx 




TT 

2 sinh TT 



+ 


+ 


( iT2» ~ rT2» 2*) + • • • ’ 


when - TT < a: < TT. 

When X— ±r, the sum of the series is Air coth r, since 
/( ~ -r + 0) +/(- - 0) = TT coth TT. 
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Fio. 1C. 


In Fig. 16, the curves 
^“”2 sinh TT ^ * 

y=i+( - OT ^•)+(-)+( - 


1+3® 


cos3x + 


1+3* 


sin 3a; ] 


are drawn for the interval ( - ir, it). 

It will be noticed that the expansion we have obtained converges very 
slowly, and that more terms would have to be taken to bring the approxima- 
tion curves [y=s„(a:)] near the curve of the given function in - ir<»< r. 
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At ±ir, the sum of the series is discontinuous. The behaviour of the 
approximation curves at a point of discontinuity of the sum is examined in 
Chapter IX. 

Ex. 2. Find a series of sines and cosines of multiples of x which will repre- 
sent f(x) in the interval - tt < a; < tt, when 

f{x)-0, -r<x^0,] 

f{x) = Jirar, 0 < x < tt. j 

Here 

i’ra; cos naj da: -(cos nir - 1), 

sin na: da? = - cos nir. 

" tt’o 4n 

/(«) + 2 C “ ^ I • 


Therefore 
when ~7r<x<7r. 

When a:= ±ir the sum of the series is ^tt*, and we obtain the well-known 
result, ^ 11 


8 *“ ^“^3* *^52“^*“ ‘ 


Ex. 3. Find a series of sines and cosines of multiples of x which will repre- 
sent a; + a:* in the interval ~ tt < a: < tt. 

1 i> 


Here 


(a:-f-a:*)da;=-f a:*da;=’^, 

t 0 " 

1 2 

(a; + a:®) 008 nr da : cob nxdx, 


and, after integration by parts, we find that 


Also, 

which reduces to 
Therefore 


®n = 4 t’OS niT, 

« n* 

6 , 1 = {x-h a:®) sin nxdx— x sin nx 






a?+a:*=^+4( -cosa;-f-28ina?)~4(^jC08 2a;+|8in2a:) + ... , 
when ~ 7 r<.r< 7 r. 

When a?= ±Tr the sum of the series is ir®, and we obtain the well-known 


result that 


TT® 1 1 

6 " ■ 


96. Th« Cosine Series. Let/(a!) be giVen in the interval (0, v), 
and satisfy Dirichlet’s Conditions in that interval. Define f{x) 
in -v = x<0 by the equation /(-»)=/(a;). The function thus 
defined for ( — ‘jt, tt) satisfies Dirichlet’s Conditions in this interval, 
and we can apply to it the results of § 96. 
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But it is clear that in this case 

= 2 S- ^ " 0 = 

If"’ 2 f " 

<*n= “ 1 /{*') COS nx'dx' leads to a„= 1 f{x') cos nx'dx', 

» TTjg 

1 f* 

and 6„s= I /(®')sinna:'da:' leads to 6„=0. 

— IT 

Thus the sine terms disappear from the Fourier’s Series for this 
function. , 

Also, from the way in , which /(4 was defined in -Tr:S»<0, 
we have i[/(+0) +/(-0^:./(+0), 

and ^[/(_^+0)4-/(7r-0)j=/(--0), 

provided the limits /( +0) and /(7r-(|) exist. 

In this case the sum of the series| for ^=0 is /(+0), and for 
x = 7r it is /(x-0). I 

It follows that, when f{x) is an arbitrary function satisfying 
DirichleVs Conditions^ in the interval (0, tt), the sum of the Cosine 
Series 

^ f V) cos nx\ fix') cos 7ix' dx' 

wJo TT ^ Jo 

is equal to i f /(^ ~ ^)] 

at every point between 0 and tt where /(x+O) and f(^-0) exist; 
and^ whenf{’{^0) and /(tt-O) exist, the sum is f{-h0) at x=0 and 
/(tt — 0) at x = 7r. 

Thus, when f{x) is continuous and satisfies Dirichlet’s Con- 
ditions in the interval (0, tt), the Cosine Series represents it in 
this closed interval. 


Ex. 1. Find a series of cosines of multiples of x whicji will represent x in 
the interval (0, tt). 

If"' 

Here a<,= 1 

and xco»nxdx= ? (cos nr -1). 

TT .» 0 ^ 

Therefore * ^ ^ 3* + • • • tt. 

Since the sum of the series is zero at x*”0, we have again 


*Seo footnote, p. 230. 
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In Rg. 17, the lines y=x, 0 = x^v,\ 
y=-x, -ir-=x;SO.J 
and the approximation curve 


fcosaj + icos 3ar + ™ co95x\ 
^ 2 TT \ 3* 5* / 


are drawn. 









iniiililllie!!! 









It will be seen how closely this approximation curve approaches the lines 
y = ±a: in the whole interval. 

Since the Fourier's Series has a period 27r, this series for unrestricted values 



Fio. 18 . 


of X represents the ordinates of the lines shown in Fig. 18, the part from the 
interval ( — tt, tt) being repeated indefinitely in both directions. 

The sum is continuous for all values of x. 

Ex. 2. Find a series of cosines of multiples of x which will represent f{x) 
in the interval (0, tt), where 

Ax):=iirx, O^x^iwA 

/(a;) = }7r(ir-a:), §7r<a;~7r. / 

1 , I 

®o = z: iTrxdx+ \ i7r(ir -x)dx:=: 

” Jo ^ 


Here 
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and a^=- {* iTra;co8na;da: + - ( j 7 r(Tr -a;) cosnojda? 

’T.'o ^r.4ir 

= Jl a; cosna;da: + i\ (jr - x) cos nx dx^ 

Jo J^w 

In. n 1 -I 2 nTT . *n 7 r 

which gives [ 1 + cos wtt - 2 cos Jn^r] = ^ "2 T’ 

Thus vanishes when n is odd or a multiple of 4. 

Also "" ^ 2a; 4* ^ cos 6a; + ... J, 0 ^ a;^ ir. 




m 



liilljiiiilHiiiiilllilipiiiliiiy 


• ' KaSata-'tSaSSaSSSiSl JlSSilaCSSB* 



SSSISS !.!•!! S«a!SSS«*SS.SSCSa..!Mil ..S.!! iSSS. •■£!!! iSS.Sw 

!!!!»!! 

jiajjsa jji«isaajaa>i£flsa«aafl«astas» >«••••«*•£• iRABaijaisila a jaagi»| 


( 2 ) 


Fig, 19. 

In Fig. 19, the linos y = i^rx, 0 g a; ^ Jtt, ) 

y = j7r(7r-x), i7rga;g7r, J 
and the approximation curves 

I 0ga;g7r, 

y = tt* — J COS 2.r — cos 6a;, ) 

are drawn. , 

It will be noticed that the approximation curve, corresponding to tne 



directions. 

The sum is continuous for all values of a;. 



2 
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£Xt 5. Find a series of cosines of multiples of x which will represent 
log (2 sin Jar)*'* in the interval (0, tt). 

Here log (2 sin Ja:) da: 

^ .0 

= log 2 + - ( ^ log sin X dx 
^ Jo 

=:0, by Ex. 4, p. 131. 

A 1 2 f"" 

And “ I cos nx log (2 sin Ja;) dx 

4 

= \ cos 2/u: log (2 sin a:) dx 

I )' 

= by Ex. 6, p, 131^ 

Thus log (2 sin ia:)= -[co8a; + i cos 2a?-f J cps 3a: + ...], when 0 <a:^ 7 r. 

It follows from this — or may be obtained independently — that 

log (2 cos Jar) = [cos a:-i cos 2ar + J 4os 3a:~ ...], when 0^a:<7r. 

These expansions have been obtained Otherwise in § 70. 1. [See footnote 
on p. 159.] I 

97. The Sine Series. Again let /(x) be given in the interval 

(0, x), and satisfy Dirichlet’s Conditions in that interval. Define 

/(x) in - X ^ a: <0 by the equation /( - x) = - f(x). The function 

thus defined for ( - x, x) satisfies Dirichlet’s Conditions in this 

interval, and we can apply to it the results of § 95. 

But it is clear that in this case 

If"’ 2 f*^ 

bn=~ \ J{x') sin nx' dx' leads to 6„= /(x') sinnx' dx', 

and that a„=0 when 

Thus the cosine terms disappear from this Fourier’s Series. 

Since all the terms of the series 

smx+b2mi2x -h-.. 

vanish when x = 0 and x = x, the sum of the series is zero at these 
points. 

It follows that, when f(x) is an arbitrary function satisfying 
Dirichlet's Conditions^ in the interval (0, x), the sum of the Sine 
Series, 

- Vsin nx I / (x') sin nx' dx', 

Jo 

is equal to J [ /(x -f 0) +/(x - 0)] 

*This function is infinite at a:=0, but it satisfies Dirichlet's Conditions. 
tSee footnote, p. 230. 
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at every jmiU between 0 and tt tvheref{x^O) andf{x-0) exist; 
and^ when rr=0 and x = ir, the sum is zero. 

It will he noticed that, when /(a?) is continuous at the end-points 
x-0 and cr= 7 r, the Cosine Series gives the value of the function 
at these points. The Sine Series only gives the value of f{x) at 
these points if f{x) is zero there. 

Ex* 1. 1^'ind a series of sines of multiples of x which will represent x in the 
interval 0<.v<7r. 


bn -- 2 I ^ sin 7tx dx = ( -1 


Therefore x = 2 [sin z - J sin 2z + 1 sin 3.r - . . 0 : 

At .r = :r the sum is <liscontiniious. 






llKlIiipiiiiiijiiliiili, 
jKiaifii5lir.:ii!!;ii;:! 

!iiiil!^yyii!§yi!iiy!iil!iiiii 

ilHiliiiliililliiilill!! 

“PiUHiiiOiilliiyiiliPiiiiy 

liiyiiiiiiiiiiiimiiiii' 
iiiSiaiiiiliiytllii^pyiiiiii 

iiffiyipyiiiiysiiiyiyiiiiiii 
sinyuiilSiiyiiyiyiiPi^nyyy: 


In Fig. 23, tlie line ij=x, 

and the approximation curve 

r?/ = 2[sin x-\ sin 2x + 7. sin Zx - ] sin 4a5 -I- ! sin 5.c], - ir g a; ^ tt, 

arc drawn. 

The convergence of the series Is so slow that this curve does not approach 
y=sx between ~ tt and v nearly as closely as the corresponding approximation 
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curve in the cosine series approached y=^±x. If n is taken large enough, 
the curve y=8^{x) will be a wavy curve oscillating about the line y=x from 
- to 4* but we would be wrong if we were to say that it descends at a steep 
gradient from a:= -tt to the end of and again descends from the other 
end of y=x to x—TT at a steep gradient. As a matter of fact the summit of 
the first wave is some distance below y =a: at «= -tt, and the summit of the 
last wave a corresponding distance above y = x at aj= 7 r when n is large. 

To this question we return in Chapter IX. 



rid. 24. 


Since the Fourier's Series has a period 2fr, this series for unrestricted values 
of X represents the ordinates of the lines shown in Fig. 24, the part from the 
open interval ( - tt, tt) being repeated indefinitely in both directions. The 
points ±^i i37r, ... are points of discontinuity. At these the sum is zero. 


Ex. 2. Find a series of sines of multiples of x which will represent f{x) in 
the interval 0 r, v here 

/(a:) = i7r.r, \ 

f{x)=iT(rr-x), ) 

2 1 1^ 2 1**’ 

Here i 1 “■ ■*) 

7r’(, TT’Itt 

j'Jtr rr 

= xsin wj: + (w -x) sinnxdx. 


which gives 
Thus 


T- 

/(x)=sin X- i sin 3x + i sin 5x - 

«i“ o 


Fig. 26 contains the lines y—i^rx, 0^x = Jw, ) 

2/-Jr(7r'-x), / 

and the approximation curves 
y=sm X, 

y=8inx-isin 3x, 


3* 
1 

y=smx-g5 


sin 3x sin 6x, 


O^X^TT. 
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It will be noticed that the last of these curves approaches the given lines 
closely, except at the sharp corner, right through the interval. 




Fig. 25. 

For unrestricted values of x the series represents the ordinates of the lines 
shown in Fig. 26, the part from - tt to + tt being repeated indefinitely in both 
directions. 

The sum is continuous for all values of x. 



£z. 3. Find a series of sines of multiples of x which will represent f(x) 
in the interval (0, tt), where 

/(a;)=f0, 0r^x<\iT, 

/(W-K 

f(x)-\Tr, ln<x<7r, 

/(7r)=0. 
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sin nx dx 


1 f riTT \ 

2 . Snir . iiTT 
=— sm - - sin — . 

n 4 4 


Therefore 6^ vanishes when n is a multiple of 4. 

And /(jr)=8in a;-sin 2a: +4 sin 3a: + 1 sin 5.r-i sin 6a: + ... , 0^a;^7r. 

Fig. 27 contains the graph of the giv^en function, and the ap^Droximation 
curves 

y=:8ina:, 
y — »in X - sin 2x, 

• o 1 • • 

y - sin X “ sin 2x + \ sm 
y = sin X - sin 2x -f sin + 1 sin 5x, 

The points x — Jtt and x = 7r are pointf of discontinuity in the sum of the 
series. The behaviour of the approximation curves for large values of 7 i at 
these points will be examined in Chapter TX. 

Ex. 4. Find a scries of sines of multiples of x which will represent f{x) in 
the interval (0, ^), where 

/(x) = j7r, 0 <x<ir, 

f(x) =0. /jTT < X < Hr, 

f(x)=--lTr, Hr<x<r. 

Also m -/(r) -0 ; /( • tt) - Jtt ; /(Hr) - - Jr. 


=r h; ‘ ^ sin nx dx ~ H \ sin wx dx 


- [ 1 “ cos J wr - cos Hnr + cos ?ir] 

8 HTT . ^7177 

-2 T- 

Therefore ^^^anishes w'hen fi is odd or a multiple of 6. 

And /(x) =:sin 2x 4 .1 sin 4x + } sin 8x + 1 sin lOx 4 - . . . , 0 x ^ r. 

The points x = 0, x = lr, x = Hr and x=r are points of discontinuity in the 
sum of the series. 

Fig. 28 contains the graph of the given function, and the approximation 


y =8in 2x, 
y=8in 2x + .] sin 4x, 
y - sin 2x + sin 4x + J sin 8x, 
y —sin 2x + .] sin 4x + J sin 8x + 1 sin lOx, 


0 ^ r. 
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( 2 ) 


( 3 ) 





FlU. 27. 
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98. Other Forms of Fourier's Series.’" When the arbitrary 
function is given in the interval ( - 1, 1), we can change this interval 
to ( - TT, x) by the. substitution u — irxjl. 

In this way we may deduce the following expansions from those 
already obtained : 

jj" /(a:')da;' cos^xj" f(x’)co&-J-x'dx', 0^x~^J, ...(2) 

f ^ sin » f /(a;') sin ^ a;' da:', 0~x_^l (3) 

When/(x) satisfies Dirichlet’s Conditions in ( ?, /), the sum of 
the series (1) is equal to ^[f{x-{-0)+f{;x-0)] at every point in 
-l<x<l where f{x 4-0) and /(x - 0) exist ; and at x — its sum 

2 [/( ~ ^ +0) +/(^ - 0)], when the limits/( ~ 1 4-0) and/(Z - 0) exist. 

When /(a?) satisfies Dirichlet’s Conditions in {0, 1), the sum of 
the series (2) is equal to | [/(a? 4-0) 4 -/( 0 ;“ 0)] at every point in 
0<a;<Z where /(a; -fO) and /(a;“0) exist; and at 05 = 0 its sum 
is/( 4-0), at a; = I its sum is/(Z“0), when these limits exist. 

When f{x) satisfies Dirichlet’s Conditions in (0, 1) the sum of 
the series (3) is equal to K/(^+0) 4-/(a;“0)] at every point in 
0<x<l where /(a; 4-0) and /(x-0) exist; and at a; = 0 and x~l its 
sum is zero. 

It is sometimes more convenient to take the interval in which 
the arbitrary function is given as (0, 27r). We may deduce the 
corresponding series for this interval from that already found 
for ( ~ TT, 7r). 

Consider the Fourier’s Series 

^ f F(a;') da;' 4 -" F{x')coan{x' -x)dx\ 

where F{x) satisfies Dirichlet’s Conditions in ( - tt, tt). 

Let w = 7r4-a;, u* = 7r+x* and f{u) = F{u — Tr). 

Then we obtain the series for/(w), 

1 1 

27r] a ~ 

for the interval (0, 27r). 


^ See footnote, p. 230. 
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On changing u into x, we have the series for/(.j:), 

^ cos n{x' - x)dx’, 0 X S 2V (4) 


The sum of the series (4) is ir/(.^+0) +f{x-0)] at every point 
between 0 and 27r where /(x+0) aml/(x-0) exist; and at x=0 
and a?=27r its sum is 

ri/(+<>)+/{2a-o)], 

when these limits exist. 

In (4), it is assumed that /(,/:) satisfies Dirichlet\s Conditions in 
the interval (0, 27r). 

This reduces to a Cosine Series if /(if)=/(27r - x) and to a Sine 
Series if f{x) = -/(27r - x). 

If the interval is (0, 1), wo have instead of (4) 

f /(:r')f/x'+2V[ /{x) eoii 2 n 7 r {x ~ x') (lx\ ....(5) 

Jo 1 ‘'0 

a series with period unity. 

Again, it is sometimes convenient to take the interval in which 
the function is defined as (a, 6). We can deduce the correspond- 
ing series for this interval from the result just obtained. 

Taking the series 


JTT Jo TT 1 Jo 


) COS ;/(./ ' - x) dx\ 0 X 27r, 


we write 


ti = a + 


(b - a)x 

2 IT 


and 


m F 


|27r(^^-a) ) 

I b- a )' 


Then in the interval a >. ff b we have the series for /(?/), 


b -a +6 ^ vJ/'"’’ I -a - '■> 

On changing u into x, we obtain the series for f{x) in a iz^x^hy 
namely, 

6-^. f/'*'’ 


The sum of the series (G) is i[f{x+0) +/(x-0)] at every point 
in cKx<.h where /(x +0) and,/(x — 0) exist ; and at and x=b 
its sum is J[/(a +0) +f{b - 0)], when these limits exist. 

Of course /(*) is again subject to Dirichlet’s Conditions in the 
interval (a, 6). 
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The corresponding Cosine Series and Sine Series are, re- 
spectively, 


- “ Vs 
>-a " 


a^x^b, ..... 

(7) 

(x' - a) dx', 

a^x^b. ..... 

(8) 


£z. 1. Show that the series 


-X 1 . Sttx 


sin-^ +3sm-j- 


is equal to 1 when 0<x<L 


Ex. 2. Show that the series 

ca 2c f . 7ra ttx \ . 27ra 27rx , 

1 + r T T T-+ • 

is equal to c when 0<x<a and to zero when a<x<L 


Ex. 3. Show that the series 


Vf-hv^ + Vm 1 5? 1 . WTT frt/ V • 2nr . nirz , v wra:\ 

3* -- * + -3 ^2{v3-Vi)8m-3-Bin— |-+( 2 w,-v,-» 3 )co 8 -|-| 

is equal to when - Z < ar < - 3, 


Vj when —a < x- < , 


Va when ^<x<L 


Ex. 4. Show that the series 


. r . sin 
5 8inx + — 


sin 2x sin 3x 




represents (tt - x) in the interval 0 < x < 27r. 


99 . Poisson’s Discxission of Fourier’s Series. As has been 
mentioned in the introduction, within a few years of Fourier’s 
discovery of the possibility of representing an arbitrary function 
by what is now called its Fourier’s Series, Poisson discussed the 
subject from a quite different standpoint. 

He began with the equation 

1 -r* 

1 - 2r cos (x' - x) +f® 


1 +2^»’"cosm(x'-x). 
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where | r 1<1, and he obtained, by integration, 

1 j*’*' 1—7*^ X/ f\ T f 

27rJ 1 - 2r cos (x' - x) + 

= 2^ [ ^ {p^')dx' + ^ ^ r" / [x') cos n (x' - x) dx\ 

Poisson proceeded to show that, as r A, Ihe integral on the 
left-hand side of this equation has the liiuib /(^), supposing /(x) 
continuous at that point, and he argued that f{x) must then be the 
Slim of the scries on the right-hand side wlieu r~l. Apart from 
the incompleteness of his discussion of the questions connected 
with the limit of the integral as rr>l, the conclusion he sought 
to draw is invalid until it is shown that the series does converge 
when r— 1, and this, in fact, is the^eal dilliculty. In accordance 
with AbeFs Theorcmi on the Pov^er S(‘ries (§ 72), if the series 
converges, when r-*], its sum is continuous up to and including 
r=l. In other words, if we write 

^ (r. x) - J F fix') (W +-^ S [{/) cos H (x’ - x) dx', 

we know that, if i'Xl, r) converges, then 

lim jF(r, x)—^F{\, x). 

r ' I 

But we have no right to assume, from the converg(‘nce of 

lim F{r, x), 

r -I 

that F{1, x) does converge. 

Poisson’s method, however, has a definite value in the treatment 
of Fourier’s Series, and we shall now give a presentation of it on 
the more exact lines which wc have followed in the discussion of 
series and integrals in the previous J)ages of this book. 


100. Poisson's Integral. The integral 




1 -r2 


, f{x')dx\ |r |<J, 


27rj .-,r 1 - 2r cos (.r' - a-) + 
is called Poisson’s Integral. 

We shall assume that f{x) is either bounded and integrable in the interval 


( -TT, tt), or that the infinite integral [ f{x)dx is absolutely convergent. 
Now we know that z — ^ n ' T T " f +2 r” cos nO 

1 - 2r cos 0 f H j 

when I r I < 1, and that this vseries is uniformly convergent for any interval of 
0, when r has any given value between - 1 and + 1. 
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It follows that 
and that 



l-r2 _ 

1 - 2r cos {Jc' ~jr) + r® 


f/.r' = 1, 


1 l-r* 

27 r} -trl -2rcos(j:' - a:) 


f(x')dx' 


= /(x-')r/a:'+ ^ V i f(x')cosn{x'-x)dx' .( 1 ) 

Jii'— tr ~T 

under the limitations above imposed u])on /’(a). (Cf. §70. 1, Cor. II, and 

§ 74, 1.) 

Now let us choose a number x between - tt and tt for which wo wish the 
sum of this series, or, what is the same thing, the value of Poisson’s Integral, 



1 


- 2r eOH {x' ~ .r) + r 




Denote this sum, or the integral, by F(r, x). 

Let us assume that, for the value of x chosen, 


lim [/(x + 04-/(x-/)l 
t-o 


exists. 

Also, let the function be defined when -tt' zx ' 

lim |/(j. + 0+/(.r-/)l. 
I *0 


r by the equation 


Then 

F(r, X) - JlinU/(x + /)+/(.t-OI 

t—ii 


1 i' 1 - r* 

'27r’-„ 1 -2ri-os(x'-x)+r“ 




• J lim lf(x-\rt)’¥f(x-t)]\dx' 

tM) 


277 



1 


1 -“2r cos {x' -x) + r 


^ (f){x'}dx\ 


But we are given that lim [f{x^t)+f(x~t)] 
t -0 


exists. 

Let the arbitrary positive number c be chosen, as small as we please, 
to there will correspond a positive number ij such that 


,.( 2 ) 


Then 


\f(x + /) +f(x -t)- lim \ f(x + 1) +f(x - /)] I < Jt, (3) 

- ( -0 
■when 0 < t ^ 

The number 7/ fixed upon will be such that (x - ip ar + i/) does not go beyond 

(-r, 77). 

Then 


1 rj-4 n 1 - 

27:' X- ti 1 - 2r cos (x' ~ x) + 


(f){x')dx' 


^ ^ 

Stt.’o i - 2r oofl iT + r* 


[f/j{x^/) -i r/f(x-0]dt 


=If’_ 

2Tr}o 1 


2r cos £ 4- r* 


!/(x + 1) +f{x -!)- lim [/(x + 1) +/{x - /)]} dl. 
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It follows that 


2 2 — j»2 € (v 1 

2jr.L - , 1 - 2rcos‘(a:' - r) + fS ^ <4,rln l-2rco8< + r> 


Also, when 0 < r < 1 , 

I 1 / f*-*! . f' \ 


< ‘ [” l-r* 

47r j - 1 - 2r cos M r® ^ 

<i^ 


(L” +.C+,) 1 

^ 2irl -2roos »i + r® L, I 


^ 1 - 2r cos ?/ + r* \ 27r 




( !/(*')' I + J I lim [/(a: + 1) +/(x - <) 1 1 ) 

• - e-^0 / 


lj-r2 

1 - 2r cos y 4 


. 2(1-^) 

(1 ~ r)* + 4r sin® 


, if 0<r< 1, 


2r sin® ^ 


o . 2 V ' 2.4 ’ 
2r sin® ' 


provided that 


It follows that 


1_ / 'x-v \ 

27r \ . -tt , /h 7j/ 1 


1 4- . sin® 


2r cos {x' - x) 4- 


0(a;') dx'\ 


1 >r > ■ 


l + ^8in“ ' 

Combining (4) and (6), it will be seen that when any positive number € 
has been chosen, as small as we please there is a })ositive number p such that 
\F(r, x)-l lim [f{x 4 - /) ^f(x - 1 )] | <£, 

t-^ 

when p^r < 1, provided that for the value of x considered lim [f{x + 1) +/(a; - () ] 
exists. 

We have thus established the following theorem : 

Letf(x), given in the interval w), be hounded and mtegrahle, or have an 
absolutely converyent inJiniU initial, j» Ihid T}l (» JPT 

*v»v -ir <*<ir/or icIimA 

lim [ S\x 4* 0 0 1 

**»*««, Po»Mon’« /ntegral emwerg** <« **“* **"**' “ 
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It follows that 
and that 


2r 1 -ffl - 2r cos {x' - x) + r 


r,(Ix' = h 


27r.LTrl - 2r cos + 

= .? l"" f{x/)cosn{x' -x)dx' .. .(1) 

-TT'— tt «> I . — 

under the limitations above imposed upon f{x), (Cf. §70. I, Oor. II, and 
§74,1.) 

Now let us clioose a number x between - t and r for which wo wish the 
sum of this series, or, what is the same thing, the value of Poisson’s Integral, 

1 i"* 1 -r® r, 1 ' 


27r j _ 1 - 2r cos {.r' -x) + r^' ^ * 

Denote this sum, or the integral, by F(r, x). 

Let us assume that, for the value of x chosen, 

lim + 
i 

exists. 

Also, let the function (/fix') be defined uhen -r -.x' tt by the equation 
<f>{jr')=/(x')-l liin |/(j- + /)+/(.r-/)J. 

f ->0 

Then 

F(r, .r)-i lim [/(^ + /)+/(‘f-OI 
<--u 

^ [/{^ + 0 +/(x - OJi df 


r-^r vo.lr' •< 2 ) 

But we are given that lim [f{x + t)+/{x-t)] 
t-^0 

exists. 

Let the arbitrary jiositive number t be chosen, ns small as we please. Then 
to there will correspond a po.sitive number // such that 

\f(x + 1) +f(x - /) - lim r/(x + i) +f(x - 01 1 < i‘ (3) 

( -(» 

when 0<i ' 

The number fixed u])on will be such that {x - r -t >;) does not go beyond 

( - JT, t). 

Then 


1 -2r 009 {x' -x) + r^ 


fl>{x')(Ix’ 


■2I.C r:2^’ 


l-2rco8< + f* 'f(^ + 0+f(x-t)~ lim [ /(x + 1) +f(x - Oil dt. 
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It follows that 

I 1 far-l-Tj 1 -r* 

\2w]x-ni-2rcos(V^ 


l-r* 


l-r* 


Also, when 0 < r < 1, 

I 1 / ra:-»j f*- \ 1 -fS 

1 2jr V ) - » / 1^' 2r cos (x'~ x)Ti* ^ 


47r I - 1 - 2r cos t + 

<h 


dt 


•( 4 ) 


<1 

< 


1 


1 _ f 2 Ctt 

\<l>(x')\dx’ 

} -n 

{iv i- , I <^*' + i I [/(•* + 1) +f{x -Oil) 

X Af Bay 


But 


And 


27r 1 - 2r cos ?/ + j 
_ l-r2 
1 ~ 2r cos 7/ + 

1 -- 2r cos >; -f 

1 

1 - 2r cos i) + r^^ 


1 -r 


( 5 ) 


2(1 ^r) 


( 1 - r)* + 4r Bin^ , 


if 0<r< 1, 


1-r 


2r sin2 


provided that 


2r sin^ 

»/ 

2 



2.4 * 


1 



‘+>“’2 


It follows that 

I 1 / 1**“’? \ 1 — f 2 ( j 

i 27r \ ) - tr ^ )j I T,/ 1 - 2r cos (a;' -x) + r* ^ 1 2 ' 

, 1 

1 >r>- 


.(6) 


l+^j8in2 2 

Combining (4) and (6), it will be seen that when any positive number c 
has been chosen, as small as we please there is a positive number p such that 

I F(r, r)- J lim [/(a^ + O +/(•« - 03 1 <c» 

when < 1, provided that for the value of x considered lim [f(x + i) ■¥f{x - <) ] 

exists. 

We have thus established the following theorem ; 

Letf{x), given in the interml ( -tt, tt), he hounded and integrahle, or have an 
absolutely cofivergent infinite integralf in this range. Then for any value of 
X in - TT < x < TT for which 

lim [f(xAt)-\-f{x-t)] 

exists, Poisson's Integral converges to that limit as r-> 1 from helow. 
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In •particular, at a point of ordinary discontinuity of f(x), Poisson^s Integral, 
converges to j [ /(a; + O) +/(a; - 0)] , 

and, at a point where f{oc) is continuous, it converges tof(x). 

It has already been pointed out that no conclusion can be drawn from this 
as to the convergence, or non-convergence, of the Fourier’s Series at this 
point. But if we know that the Fourier’s Series does converge, it follows 
from Abel’s Theorem that it must converge to the limit to which Poisson’s 
Integral converges as r-^l. 

We have thus the following theorem : 

Iff(x) is any function, given in ( - tt, tt), which is either hounded and integrable, 
or has an absolutely convergent infinite integral 1 f(x)dx, then, at any point x 
in -TT <x<‘ir at ivhich the Fourier's Series is convergent. Us sum must be equal to 
lim [f(x]-t)+f{x-i)], 

provided that this limit exists. 

With certain obvious modifications these theorems can be made to apply 
to the points -tt and tt as well as i)oints between - tt and r. 

It follows immediately from this theorem that : 

If all the Fourier's Constants are zero for a function, continuous in the interval 
( “TT, tt), then the f unction vanishes identically. 

If the eonstants vanish but the funetion only satisfies the conditions 
ascribed to f(x) in the earlier theorems of this section, we can only infer that 
the function must vanish at all points where it is continuous, and that at 
points where lim f f(x + 1) +f{x - /)]» exists, this limit must be zero. 

t — ►() 

Further, if (a, h) is an interval in which f{x) is continuous, the same number 
p, corresponding to the arhitrar}^ c, may be chosen to serve all the values of x 
in the interval (o^, h) ; for this is true, first of the number v in (3), then of A 
in (5), and thus finally of p. 

It follows that as r->l Poisson's Integral converges xiniformly to the value 
f(x) in any interval (a, 6) in which f{.r) is coTitinuous.* 

This last theorem has an important application in connection with the 
approximate representation of functions by finite trigonometrical series.! 

101. Fe’6r’s Theorem.^ 

Let f{x) be given in the interval (-tt, tt). If bounded, let it be 


♦It is assumed in this that /(a -0) =/(«)=/(« + 0) and /(6 ~ 0) =/(6) =/(6 -h 0). 
Also f{x) is subject to the conditions given at the beginning of this section. Cf. 
§107. 

t Cf. Picard, Train d' Analyse, 1 (2'* dd., 1005), 275; B6cher, Annals of Math,, (2), 
7 (1906), 102; Hobson, Theory of Functions of a Peal Variable, 2 (2nd ed., 1926), 
637. 

}Cf. Math, Annalen, 58 (1004), 51. 
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integToJble i if unbounded, lei the infinite integrcd j" f(x)dx be 
absoHutely convergent. Denote by s„ the sum of the (» + 1) terms 


Also let ( 7 -„ (*) =:?«±£i±i:i±£rt.i. 

n 

Then at every point x in the interval - -ir<x<ir at which f{x +0) 
and f{x - 0) exist, 

!im o-„ (x) = H/(J' + 0) +f{x - 0)]. 


With the above notation, j 

JttJ-., l-cos(ic -a;) 

Therefore 



1 - cos w{x “a*) , , 

-Z 7^-7 f dx 

1 - COS (x - x) 



mi^ln(x' -x) J , 


“2n xj _„+/^ ’ sin*^ (x' - x) 


( 1 ) 


if /(x) is defined outside the interval ( - tt, x) by the equation 


/(x+27r)=/(x). 


Dividing the range of integration into {-tt^-x.x) and 
(x, ^+x), and substituting x' — x-2a in the first, and x'=x+2a 
in the second, we obtain 





Now suppose that x is a point in ( — x, x) at which /(x +0) and 
/(x-0) exist. 

Let e be any positive number, chosen as small as we please. 
Then to e there corresponds a positive number t] chosen less 
than |x such that 

|/(x +2a) I -fix +0)1 < € when 0<a ^ tj. 
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Also 


-f /(x+ 2 a)— ” 2— rfa= — [ {/(a;+2o)-/{x+0))-^?j^<?a 
nrJo sin®a ' sm^a 

1 j-/ f*'sin®«a , 

liK ** 

+ ' f‘7(»+2«)’-i^*. 

WTr.l,-''^ sin* a 


(3) 


1 tt /.V f*'sm*na , 

flx + 0) -^-^da 

ms'’^ M, sm*a 

= /i + /2 + /3 + /4, say * 

Putting C„_i= 1 +COS 2a +cos 4a + ... +cos 2(n - l)a, 

we tove O... = i !“> 2'“- ' >».- 

* ^ ^ 4(1- COS 2a) 

r ^ . (1 -cos2«a) ^. sin^nat 

® 1 •*• nit (i_cos2a) ^ sin^a 

rS: ^^“=2 0 +C^I + - +C\.,)da 

J Q SlU (X J Q 

= Jhtt, 

since all the terms on the right-hand side disappear on integration 
except the first in each of the C’’s. 

It follows that ^ 2 = + ^)- 

Also \I ,\ - 1£ |/(u- -^2a) -f(x +0) 1 "^da 


< 


and 

Thus 


< 


<h. 


€ f'' sin^«a 
/?-7rJo sin‘-^a 

du 

€ P’"siiA/a^ 

>?7rJo sin^a 



•(4) 


Further, 


|/,| :J.p'|/(.+2«)|5^Ja 

^ niTj,, " siira 


< 

Uir 1 


2nw sin^;/. 


r' i/(x')idx' (5) 

^ T ! !Zti 


*Thi8 discussion also applies when the upper limit of the integral on the left 
is any positive number ]c.ss than iir. 

fTliis integral can be obtained at once from (1) by putting /(a?) = 1 in ( -ir, ir). 



FOURIER’S SERIES 


257 


iOli 


But we are given that J \f{^')\dx^ converges, and we have 
defined f{x) outside the interval ( - tt, tt) by the equation 

/(x+ 27 r) -/(x). 


Let 

Then we have 
Also 


f \f{x')\dx'~^TrJ, say. 

J —n 


|/4l< 


1 




.( 6 ) 


Combining these n'sults, it follow^s from (3) that 
1 f-’" /'/ o % sin‘^f?a j , 

1 


ittJ 


\€ 




2n si n^/y ' 

Now let V be a positive intc^ger S|uch that 


Then 


— ; — 5— {J + I f ^x -f 0) I } <! e. 

vsmhi 


.( 7 ) 


1 . X sin2/?a , . J., T 1 

<€, when n z=^v. 

In other words, 

,;;^r /(^ +2«) da=lfix +0), 

when /(wC+0) exists. 

In precisely the same way we find that 

i“. .U' A - 2“) “S' "l’ 

when f{x-0) exists. 

Then, returning to (2), we have 

lim (T„(x) = I [/(a: +0) +/(x - 0)], 

M 

when /(x±0) exist. 

Thi.s proof applies also to the points x--= ±ir, when /(ir-O) and 
/( — TT+O) exist. Since wc have defined /(x) outside the interval 
( - X, tt) by the equation fix +2r)-/(x), it is clear that 
/(-X +0)--/(x40) and /(-x-0)=/(x-0). 

In this way w'c obtain 

lim (r„( ±Tr) = l[f{-'n'+0)+f(T- 0)], 

W- >00 

when /( - X +0) and /(w -0) exist. 
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Corollary.* If /(a;) h continuous in a^x'^b, including the end-points, 
when the arbitrary positive number c is chosen, the same t) will do for all 
values of x from a to 6 , including the end-points. Then, from (7), it follows 
that the sequence of arithmetic means 

U‘it cr8, ... 

converges tmiformly to the sumf(x) in the interval (a, 6 ). 

It is assumed in this statement that f(x) is continuous ni x^a and x—h 
us well as in the interval (a, h ) ; t.«. /(o- 0 )=/(a)=/{a + 0 ), and 
/(6-0)=/(6)=/(6+0). 


102. Two Theorems on the Arithmetic Means. Before applying this very 
important theorem to the discussion of Fourier’s Series, we shall prove two 
theorems regarding the sequence of arithmetic means for any series 

In this connection we adopt the notation 

fj. -f gff ... -f 

a *i * 


Til KOKK.M I. If the series « j + t/g + W 3 + • • • converges and its sum is s, then the 
sequence of arithmetic means (r„ also converges to s,* 

(i) First, wc assume that lim and we prove that lim 0 -^= 0 . 

Take the arbitrary positive number c. 

Then there is a positive integer N, such that 

kn I < hr when n^N, 


Also + 

But we can choose v > N, so that 


n 


— ‘ < *€, when n ~ v. 

n * 


Therefore 

|<r„|<it + i when 


< c, when n v. 

Thus 

lim cr„= 0 . 

n-+-3o 

(ii) Let 

lim 


♦// the series diverges to -h oo (or to - « ), then lim = + x (or - x ). 

1 H—*9I 

For, in the case of divergence to + x , however large K may be, we know that 
there is a positive integer N such that Sn>K, when n^N. 


But +*^±*ii* tr:L±l«. 

n n 

The first part tends to zero when n x , and the second part is greater than 
^ A, which tends to K ,when n -► x . 
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The arithmetic mean for n terms of this series is equal to * f - nsY where 
Sn = ; and thus it is equal to ((r„ - «). ' 

But by (i) the limit of this sequence of arithmetic means is zero. 

Therefore limor^=: 5 . 

Theorem II. JjbI the sequence of arithmetic means (r^ of the series 

W| +1^2 + ^^3+ ••• 

converge to <r\ and either »i(«„ - «„^ , )< ff ©r h - «„) < K, where K is some 
'positive constanU 
Then 

n -►yj 

We may, as above, without loss of generality, take 
(|■=0, J^ = l, and 

Suppose we are given lim (r„~0 aiid h{5„ < 1, 

a— >-00 

It is clear that lim is not equal tO ; + oo (or - oo ), because if this limit 

V -^00 

were 4-00 (or - x ) we would have lim (rn = + x (or - x ). [Cf. footnote on 
p. 258]. 

(i) If possible, let lim a,* — A, where A is +x , or a finite positive number. 
><->« 

Then, if A is any positive number < A, 

8^ > A, for an infinite number of values of n, say ilfg, J/ 3 , ... , 

But to the arbitrary positive number €, there corresponds a positive integer /x, 
such that 

|fr„ |<e, when n p. 

Let M be the first of the sequence ... which is greater than fi, 

and such that MA^ an even positive integer. 

Let 2p be the largest even positive integer not greater than J1L4. 

Then 2p ^ MA < ip. 


♦This proof of the Hardy-Landau Theorem is due to Professor A. E. JoIIiflfe. 
This theorem, in a less general form, was given by Hardy in Proc, London Math. 
Soc. (2), 8 (1910), 302. In the earlier edition of this book Littlowood’s proof, given 
in Whittaker and Watson’s Modern Annhfsis is followed. Cf. also de la ^all4e 
Poussin, loc. eii. 2 (4” M., 1922), § 93 ; and Bromwich, he. cit. (2nd ed., 1920), § 151, 
where further references will be found. 

tForifwoput Ui = and 

we have = 

Thus «(/Sfn-'^„+i)<L if 

In the other case, we put Ui = ■ ^ 17,= - etc. 
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Also 




M* 


^.i/+2 > 




> 5jf ~ 


if* 


«Jf+3> 


3 




>8m- 


and each of these 

M 


But 


Mtru + («.w+ 1 + «.v+2 + • • • + S.w+1.) 
M+p 


(^- 1 ) 


Now A - a = J A and 

Therefore 

and 


^ M ^ 

> -~{A -a)-f, where o = £ iT ^A. 

(I ~T 1 ■*” 

A 

, Since '~=a>tA. 

a+l A ’ M 

4 

a+jM ®)>2(^+4)» 
cr,w4.;, ^ t 


A* 


2(A+4) * 

If we take € ^ which is impossible. 

4 ;{A +4) 

Thus lira <0. 

(ii) We shall now prove that lim ^ 0. 

For, if possible, let Hm «„ = A < 0. 

Take B any positive number < - A. 

Then s^<- B, for an infinite number of values of n, say Nj, Nj, .... 
And |or^| < c, when n ~ v. 

N 

Let N be the first of the sequence Nj, Nj, Ng, ... such that ^ " - r - A > v and 

N N ^ ^ 

such that between , , . p and . — there shall be at least one positive 

integer. * * 

N N 

Let the integer next above -z — ^ be q, and write =1+6. 

1 + t/> q 


Then since 

we have 
Also as before 


N 


JB<6< JB. 

rr .. — ^ 


N 
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• _ . 1 , 1 I 

_1 + A7 «+-+^+g 


• \N-l' N-2^-^friqT 

N ~ Q 

Therefore each of these < ^ /i <~ 

Also rrx + - J5 + 6) 

But R-6>iR and 

Therefore 

, m 

If we take e = 4 ^ B -f 4)* (rv < - c, which is impossible. 

Thus lim < 0. 


But we have seen that lim 0. 

n-yr. 

It follows that lim 0. 

Corollary I. IM the sequence of arithmetic mea7is (r^for the series 

-h Un-{ M j + . . . 

cmverge to cr. 

If a positive integer exists such that |?/„| <— , when n 1 : w©, 
where K is a positive number independent of n, 

cn 

then the series converges atul its sum is <t. 

1 

This is a 8[)ecial case of Theorem IT. 


Corollary II. Let u^ix) + u,^{x) + be a series whofie terms are functions 
of ar» and let the sequence of arithmetic tneans i^g^{x) converge uniformly to (r{x) in 
an interval (a, 6). 

T^n,t/either n[a„(x)“5„^i(.a:)]< A" or nf.s„, i(x) - s^(a;)] > A", when n — n^, 
where K is independent of x and w, and the same ?/(> serves for all values of x in 
(®* lim 

uniformly. 

As before we may, without loss of generality, put 

JfiC = 1, o-(ar) = 0, and nK(.r) - s,,^i(x)] < 1 . 

Then we have |<r„I < when n ™ r, 

the same v serving for all values of x in (a, h). 
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If Sf^{x) does not converge uniformly to zero, there must be a positive 
number Cq such that an infinite number of the set 

\8^(X)\, |5,(x)|, 1^8(a?)|, .... 

are greater than or equal to Cq, each for some value of x in (a, b) ; that is, there 
must be an infinite set of positive integers N^, ... such that 

••• 

are each greater than or equal to c,,, ar.v„ ... being points of (a, b), corre- 
sponding to Ni, N 2 t .... 

I^et N be the first of this set N^, ... which is greater than Vq and ng, and 

such that ^ an even positive integer, say 2p, 

Then , . , . 1 

8A+liXy)>Ss(Xy)- 
-f 2{^.\ 


And the argument proceeds as before. 

103. Fej^r’s Theorem and Fourier’s Series.* We shall now use Fej^r’s 
Theorem (§101) to establish the convergence of Fourier’s Series under the 
limitations imposed in our previous discussion; that is we shall show that ; 
Wlitn f(x) satisfies DirichleCs Conditions in tJte interval ( -tt, tt), and 

Og =2” p J'{x')dx', a„ = 

6„ = -( f(x')amnx' dx' (n^\), 
the sum of the series 

ao + (a^ cos x-\-b^ sin x) + (a^ cos 2x + sin 2x) + . . . 

i [/(^ + 0 ) +/(a: - 0 )] every point in -ttkxktt where f(x + 0 ) and f(x - 0) 
exist ; and at x— ±7r the sum w i f/( - tt -f 0) -f/(7r - 0)], whe7i these limits exist. 

I. First, let f{x) be bounded in (-tt, it) and otherwise satisfy Dirichlet’s 
Conditions in this interval .f 

If the interval ( -tt, rr) can be broken up into a finite number (say p) of 
open partial intervals in which /(a:) is monotonic, it follows at once from the 
Second Theorem of Mean Value that each of these intervals contributes to 
I a„ I or I I a part less than 4 J//n7r, where \f{x) \ <M in ( - ir, tt). 

Thus we have | cos wx + sin nx | < SpMlnWf 
where M is independent of n. 

It follows from Fej6r’s Theorem, combined with Theorem II, Cor, T of 
§ 102, that the Fourier’s Series 

a© + («! cos x^b^ sin x) + {a 2 cos 2x + 6^ sin 2ar) -f . . . 
converges, and its sum is ll/(a; + 0)*f/(a:-0)] at every point in -T<x<rr 

* Cf, Whittaker and Watson, loc, cit, (2nd ed., 1915), 167, 

flf the more general condition that the function is of bounded variation in 
(-IT, ir) is taken, then f(x) is the difference of two positive, bounded and 
monotonio functions, and a similar argument applies. 
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at which /(a!±0) exist, and at x= ±ir its sum is i[/( -T+0)+/{ir-0)], 
provided that /( - v + 0) and /(v - 0) exist. ' 


II. Next, let there be a finite number of points of infinite discontinuity 
in ( -T, jt), but, when arbitrarUy small neighbourhoods of these points are 
excluded, let/(x) be bounded in the remainder of the interval, which can be 
broken up into a finite number of open partial intervals in each of which /(x) 

is monotonic. In addition, let the infinite integral T f(x')d 3 ^ be absolutely 
convergent. ^ 

In this case, let x be a point between - w and jt at which/(x + 0) and/(x - 0) 
exist. Then we may suppose it an internal point of an interval (a, 1), where 
b-a<ir, and/(x) is bounded in (a, b) and otherwise satisfies Dirichlet’s Con- 
ditions therein. 


Let 

and 

while 


rb 

f(x')co%nif dx' 
}a 

7r6^'= f(x')emn£dx' 

.'a . 

27rao' = [*/(«') da;'. 

' n 




Then, forming the arithmetic means for the series 

Oq' + («i'cos X + fti'sin x) + (aj'cos 2a; + ftj'sin 2x) + ... , 
we have, with the notation of § 101, 


Bin^x'-x) 

= i {(»'*- V_2„) da + r'V + 2a) ). 

?i 7 r V ' 8in*a jo ® ) 

where \(x- a) and J(6 ~ a:) are each positive and less than Jtt. 

But it will be seen that the argument used in Fej6r’s Theorem with regard 
to the integrals 

- 1 fix ±2a) v -g- da 
nirlo 8m*a 


applies equally well when the upper limits of the integrals are positive and 
less than Jir.* 

Therefore, in this case. 


lim o- Ja;) = J [f(x + 0) +/(a; - 0)]. 


And, as the terms (a„' cos nx + sin wa;) 

satisfy the condition of Theorem II of § 102, it follows that the series 
ao' + (o/ cos x + W sin x) + {af cos 2x-^hf sin 2a;) + . . . 
converges and that its sum is lim 8^(x). 

♦•-►so 


*Cf. footnote, p. 256. 
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But (Uo - + 2{(«n - cos nx + (6„ - 6„') sin nx] 

_ ,r L + S cos »(x' - x)} dx’ 




27r 

:( 


Sin a iib-r) sin a 


By § 94 both of these integrals vanish in the limit as ri^ oo . 
It follows that the series 


(«o - «o') + 2{(®n - cos nx + (6„ - fe„') sin «x) 

1 

converges, and that its sum is zero. 

But we have already shown that 
n 

^ns 7ix + hn sin wx) 

1 

converges, and that its sum is 

i[/{*+0)+/(x-0)j. 

It follows, by adding the two series, that 

ro 

Ofl + w (On ®ns nx + sin nx) 

1 

converges, and that its sum is 

i[/{^ + 0)+/{a:-0)l 

at any point between - tt and rr at which these limits exist. 

When the limits /( -Tr-f-O) aiid /(;r -0) exist, we can reduce the discussion 
of the sum of the series for x= ir to the above argument, using the equation 

/(x + 27r)=/(x). 

We can then treat x= ±ir as inside an interval (a, fe), as above. 
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1. In the interval 
and in the interval 
Prove that f{x) ■■ 


EXAMPLES ON CHAPTER VIL 




2Trx 1 6jra: , 1 lOwx 
CO. , +9«" r’'25“' i + 




2. The function /(x) is defined as follows for the interval (0 , tt) ; 

f(x) - [^x, when 0 a: - Jtt, 
f{x) = .Itt, when Jir <x < jjTr, 
f{x) ~ [\(7r - x), whetn jtt r x tt. 

Show that 

. 6 sin l(2n ~ l)7r8in(2a - 1 )j: , _ 

(^1)2 - ^ 

3. Expand /(x) in a series of sines of multiples of rrxja, given that 

f(x) = ma*, when 0 * x tr Ja, 

f{x) = m(a - x), when \a x *^a. 


4. Prove that 


I 


\l-x- 2* 

TT 1 


2mrx 
' I 


-, when 0<x<l, 


and 




N '. 

12^ 


VOS 


2mTX 


when 0 a: 


5. Obtain an expansion in a mixed scries of sines and cosines of multiples 
of X which is zero between - tt and 0, and is equal to between 0 and tt, and 
give its values at the throe limits. 

6. Show that between the values - tt and + tt of a: the following expansions 
hold: 

2 . / sin X 2 sin 2a: 3 sin 3x \ 

8in»«x=^8inm7r(^jj-^--^3^ + 353 ^+ 

2 / 1 wi cos X m cos 2a: m cos 3a; \ 

cos ^ 8in nvK - 32 + ,„2 + ' •> 

cosh mx 2/^1 m cos x ^ m cos 2a: ^ m cos 3a: ^ ^ 
sinh WITT TT \ 2m 1 ® + m® 2* + 3® + m* / 

7. Express a:* for values of x between - tt and tt as the sum of a constant 
and a series of cosines of multiples of x . 

Prove that the locus represented by 

V L — sin nx sm ny—O 

is two systems of lines at ricrht angles dividing the plane of a;, y into squares 
of area ir*. 
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8. Prove that 


2c» » 4d 


(^dsin 


- mrc cos - 


n7rc\ 

t) 


nrr 

cos - , X 
a 


represents a series of circles of radius c with their centres on the axis of x 
at distances 2d apart, and also the portions of the axis exterior to the circles, 
one circle having its centre at the origin. 


9. A polygon is inscribed in a circle of radius o, and is such that the alternate 

sides beginning at 0=0 subtend angles a and p at the centre of the circle. 

Prove that the first, third, ... pairs of sides of the polygon may be represented, 

except at angular points, by the polar equation 

. 7r0 . 2itB 

r=a, sin— sin + t 
* a+ p “ a+p 

, aJa + p) . UTa nTtp , ,, 

4a 2(a-tP) 2jo a + p 

. niT(2a-hP) p{^^ n7r<f) » 

Find a similar equation to represent the other sides. 


10. A regular hexagon has a diagonal lying along the axis of x. Investi- 
gate a trigonometrical series which shall rejirescnt the value of the ordinate 
of any point of the perimeter lying above the axis of x. 


11. If 0 < ® < 27r, prove that 

trsinha(7r-a;) _ sin a; 2 sin 2a; 3 sin 3x 
2 sinhair a*-f*2* ^ ^ 


12. Prove that the equation in rectangular coordinates 

2 , 4h / TTX 1 27rx 1 Sttx 
T +2* ~ 


-■) 


represents a series of equal and similar parabolic arcs of height h and span 
2k standing in contact along the axis of x. 


13. The arcs of equal parabolas cut off by the latera recta of length 4a are 
arranged alternately on opposite .sides of a straiglit line formed by placing 
the latera recta end to end, so as to make an undulating curve. Prove that 
the equation of the curve can be Avritton in the form 
ir^y , TTX I . ^vx 1 . 57r.r 

64o~®‘"4a‘*^3»‘"” 4a ‘^5“'^'" 4a 


14. If circles be drawn on the sides of a square as diameters, prove that 
the polar equation of the quatrefoil formed by the external semicircles, referred 
to the centre as origin, is 

TTT 

j -f COS 40 - ,1.. cos 80 + I ] cos 120 ... , 

where a is the side of the square. 

15. On the sides of a regular pentagon remote from the centre are described 
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S6giii6nts of circles which contain angles equal to that of the pentagon ; prove 
that the equation to the cinquefoil thus obtained is 

a being the radius of the circle circumscribing the i^entagon. 


16. In the interval 0 < ar < ^ , f{x) ; 

and in the interval *<*</, f(x) - 0. 

it 

Express the function by means of a series of sines and also by means of a 

series of cosines of multiples of Draw figures showing the functions 

represented by the two series respectively for all values of x not restricted to 

lie between 0 and Z. What are the sums of the series for the value x^\/t 

JL 

17. A point moves in a straight line with a velocity which is initially w, 
and which receives constant increments e$ch equal to u at equal intervals t. 
Prove that the velocity at any time t after^the beginning of the motion is 

1 ut u \ . 2tiir ^ 

N. -sin Z, 

2 T T 

and that the distance traversed is 

^ (< + t) + 1 - j cos — <• [See Ex. 4 above.] 

18. A curve is formed by the positive halves of the circles 

(x - (4/1 + 1 )«)*-!- a* 
and the negative halves of the circles 

{x - (471 - l)a)*+y*=a*, 

n being an integer. Prove that the equation for the complete curve obtained 
by Fourier’s method is 

»=i (' -5)”C ”"(- 5 ) 

19. Having given the form of the curve y=f{x), trace the curves 

tr 

y = -28mrx[ f(t)sinTtdt, 

TT 1 Jq 

n 

« = ■* i sin (2r - l)x( /(<) sin (2r - 1 )< df, 

IT 1 .»0 

and show what these become wlien the upper limit is j instead of ^ • 

20. Prove that for all values of t between 0 and - the sum of the series 

^ 1 . rirh . rirx . rirat 

2-sin-j-8in-r8m~-p 

is xero for all values of * between 0 and b-al and between at 4- 6 and 1, and 
is ~ for all values of x between h — at and at+b, when b< 2 ' 
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21. Find the sum of the series 


1 sin 2n7rx 


1 sin (2w “ l)7rx 

and hence prove that tli(‘ frreutevst integer in the positive numbcT x is repre- 
sented by r f a - 8^2. [See Kx, 1, p. 2r>0, and Ex. 4 above.] 

22. If a*, //, 2 are the rectangular coordinates of a point which moves so 
that from //-O to // -/ the value of z is k((i^~x^), and from y^x to y=a 
the value of z is K(a^ - 7/2), .show that for all values of x and y between 0 and a, 
2 may be expressed by a series in the form 

. , . . pTr/x~a\ . qir /y ha\ 

and find the valu(*s of for the different tyj)cs of terms. 

23. If f(x) 

and /( 

prove that, w'hen 


x) Itt sin Xy when 0 J* f 
.7’) Jr, when J7r<j*"r7r, / 

0-x<7r, j 


where 


f(x)- [tt smx^Sii S^ - 

2 4 6 

- 1 sin 2^* * |r sin ix 4 ^ sin 6/ - . . . , 

6^2 - sin X -i- \ sin 3.t* -}- sin 5 j; 4- . . . , 

= sin 2x 4 - J sin 6.r + 1 sin IOjt 4 - . . . , 

and find the values of and *^3 separately for values of x lying within 

the assigned interval. [Cf. Ex. 1, p. 250.] 


24. If 




sin sin .5r 

•-f 


32 


5^ 


.sin 2a- sin3r 
sin X — f 




show that f(x) is continuous between 0 and tt, and that /(tt-O) -!. Also 
show that f\x) has a sudden change of value ~ at the point [See Ex. 1, 2, 


pp. 242-3.] 

25. Let 

Rin3(2» -l)j- .sin(2/7 l).r 6 sin J(2/i - l)7r sin (2/7 l)x 

yW--— -2„_, ^-—2nL\ (2^rn]S 

when O 'rraJ rjTT. 

Show that /( -^ 0) -/(tt - 0) - | r, 

-(»)-. '.Jt, 

/(§:r + 0)-/(§n--0 )--j 7 r; 
also that /(O) Vl k) ^Al^) "-/("•) =0. 

Draw the graph off{x) in the interval (0, tt). [See Ex. 1, p. 260, and Ex. 2 

above.] 



CHAPTER VIII 


THE NATURE OF THE CONVERGENCE OF FOURIER’S 
SERIES AND SOME PROPERTIES OF FOURIER’S 
CONSTANTS 

104. The Order of the Terms. Before entering upon the dis- 
cussion of the nature of the convergence of the Fourier’s Series for 
a function satisfying Dirichlet’s Conditions, we shall show that in 
certain cases the order of the terms may be determined easily. 

I. If f{x) is bounded and otherwise satisfies dirkhlet's Conditions 
in the interval ( - t, t), the coefficients in the Fourier's Series for 
f{x) are less in absolute value than Kjn, where K is some positive 
number independent of n. 

If the interval ( - t, tt) can be broken up into a finite number of 
open partial intervals (c„ c,.+,) in which f{x) is monotonic, it follows, 
from the Second Theorem of Mean Value, that 

f[x) cos nxdx 

= 2 1 /(c, -I- 0)| cos wx dx + f{Cf^i - 0)|^ cos nx dx| , 
where is some definite number in (c„ 

ThiB tK|<^2{|/(c,+0)|+|/(o,«-0)|) 



where p is the number of partial intervals and M is the upper 
bound of |/(x) I in the interval ( - t, t). 

Therefore 

where K is some positive number independent of w. 
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And similarly we obtain 

\bn\<K/n. 

We may speak of the terms of this series as of tbe order 1/n. 
When the terms arc of the order 1/n, the series will, in general, 
be only conditionally convergent, the convergence being due to 
the presence of both positive and negative terms. 

II. If we arc givea that/(*) is of bounded variation in ( -ir, ir)* the same 
result follows at once, since/{*) = F{x) - G{x), where F(x) and 0{x) are bounded 
and nionotonic functions. 


III. If fix) is hounded and corUimious, and otherwise satisfies 
DirichleVs Conditions in -- 7 r<a?< 7 r, while /‘(T~0)=/(-7r+0), 
and if f\x) is hounded and otherwise satisfies Dirichlet's Conditions 
in the satne interval, the coefficients in the Fourier's Series for f{x) 
are less in ahsoliite value than Kjn^, where K is some positive number 
independent of n. 

In this case we can make f{x) continuous in the closed interval 
(-rr, tt) by giving to it the values /( - tt +0) and/(7r - 0) at - tt 
and X respectively. 

Then xfln = j* /(^) cos nx dx 

sin w* J “ n J f ^ 

1 f ” 

= - - j f'(x) sin nx dx, 
nj 

But we have just seen that with the given conditions 


J f'{x) sin na: dx 

is of the order 1/n. 

It follows that , ja„l<hr/n*, 

where K is some positive number independent of n. 

A similai argument, in which it will be seen that the condition 
/(w - 0)=/( - X +0) is used, shows that 


\bn\<Kln\ 

Since the terms of this Fourier’s Series are of the order 1/n*, 
it follows that it is absolutely convergent, and also uniformly 
convergent in any interval. 

The above result can be generalised as follows : If the function 
fix) and its differential coefficients, up to the (p- 1)'*, are hounded, 
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continuous and otherwise satisfy Dirkhlet’s Conditions in the 
interval — tt < ic < tt , and 

/<’■*(- IT +0)=:p>{Tr-0), [r=0, 1, ... (;>-l)], 
and if the y"' differential coefficient is hounded and otherwise satisfies 
Dirichlet s Conditions in the same interval, the coefficients in the 
Fourier's Series for f{x) will be less in absolute value than Kln'^+\ 
where K is some positive number independent of n. 


106. The Riemaim-Lebesgue Theorem,* and its Consequences. La f{x) be 
bounded and integrable in (a, b), or, iff(x) is unbounded, let ^ f(x)dx be (Asdvtdy 
convergent. 

Then lim f /(.r) 

n~+aM c* 

(a) Let |/(ar) 1 be less than A in (a, h), jftnd c the usual arbitrary positive 
number. ‘ 

There is a mode of division of (a, &), say i^ = XQ, arj, ... x^-b, such 

that S -s for it is less than (§ 42). 


ffc m i*r- 

Thus I f{x) sin nxdx-'^] [/(^r) -/(J^r)] sin nx dx 

}a 1 

r- 2 { \f(^r)\ I ^ sin nxdJ + [ ^ \f(x) -/(Xy)|sin nx\dx \ 

1 ^r-l ' ’^r-l / 


2mA 
n T 


{Mf - mf)(Xf - Xf^^), with the notation of § 39 


2?«.4 ^ 

< +(S-s) 

n ^ 


Hence 


2m.4 
< 


4 - 


, _ 4m.4 

< €, when n . 

c 


lim ^ f(x) sin 7ix dx=0. 


And in the same way, lim f{x) cos nx dx~0. 

n~ *-x.'a 

(P) If \ f(x)dx is an absolutely convergent infinite integral, according to 

.'a 

the definition of § 51, we have only a finite number of points of infinite discon- 
tinuity in (a, h). 

As we can treat these separately, it is clear that we need only discuss 
the case when d or 6 is a point of infinite discontinuity. We take the latter 
alternative. 


* This theorem was proved by Riemann \Mfiih. Tf erkt, 1 (2 Aufl., 1892) 254] for 
the functions stated in the text, and extended by Lebesjrue to functions with a 
Liebesgue Integral [Ann, se. de viSicole nortnale (3), 20 (1903), 471]* 
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In this case, there is a point ft, between a and 6, such that 

}li 

Also j I f(x) sin )ix r/j-j — j j^/(.r) sin )ix dx + 


/(.r) sin w.r dn 
a I 

But/(.r) is bounded in (a, f^) : and thus, by the above, we know that 


+ \A^)\dx. 



1.^ ^ 1 

j( .A **) *1 ‘1^ when n r. 

Therefore 

j| f{x) sin nx f/.r j c. 4 when n 7," 


and tlie theorem is proved. 

The followinj^ results can be deduced almost immediately from the Riemann- 
Lebesgue Theorem. In all of them x^^ is a point of the interval ( - tt, tt) ; and 
f{x) is subject to the conditions named in that theorem : it is bounded and 

I* IT 

integrable in ( - tt, tt), or, if unbounded, the integral I f(x)dx is absolutely 
convergent. 

(i) The Fourier's Coustnufs and 5,^ of f(x) lend io zero when 7 i-voo . 

(ii) The behaviour of the Fourier's iSeries corre^jx)nding to /(a:), as to con- 
vergence, divergence^ or oscillation at a jtoint Tq, depends only on the values of 
f{x) in the neighbourhood of ;ry. 

Here, with the notation of § Oo, we have 


27r\J-,r ’»0 -V 8inJ(a:-Xo) 

where (.rg~2//, Xq + 2))) is a neighbourhood of .r,,. 

Thus 

liH’T-fro) sin ( 2 / 1 -f l)a , 

/(xo-2u) da 


1 JTo) .sin(2w + l)a , 1 

+ -1^ rfa + -)_/(x, + 2») 

By the Riemann-Lebesgue Theorem, the first and second 
the limit when W““>x; and the result follows. 


^ (2w -f l)a 
sin a 

integrals vanish in 


(iii) Ti''> behaviour of the, Fourier's Series corresponding iof{x) in an interval 
(cr, b), where - tt < a < b < tt, as to comrrgence, dirergencey or oscillation^ depends 
only on the values of f(x) in (a b -f K), where 8 is an arbitrarily small positive 
n umber. 

This is proved as in (ii). 

(iv) Iff(x) IS of hounded variation in a neighbourhood of ar^, the series converges 
at io \ [/(To + 0 ) +/(*»*o “ 0 )]. 

As above, lim «„(Tn) = ^ Um [’’ /(x, + 2a) + 1 ^ 

a— >-30 sin Ct 

and the result follows from Dirichlet’s Integral (§ 94). 
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If lim [/(oTo +A) - h)] exists, and 2f(Xo) is taken equal to this limit, two 

important sufficient conditions for the convergence of the Fourier’s Series 
at Xq to the value /{x^) are given in (v) and (vi). They are usually called 
Dini’s Condition and Lipschitz’s Condition. In both 

2a)^f(xQ-2a) -2/(a;u). 

(v) Dini’s Condition.* The Fourier's Series corresponding to f(x) has /(Xy) 
for its sum when x — x^y if there is a positive number /; such that da is a 

convergent integral. 

For, we see from (ii), that lim s^(x^)=f(x^)y provided that 

n-*X! 

lim j” f2a) 4/(^„ - 2«) 


„ sma 

ll" i’ 

' Sin a 1^^ Jo a 


da. if 0 <!/’ 


(vi) Lipschitz’s Condition.f The Fourier's Series correspondmg tof(x) has 
fi^o) udon x — x^y if positive numbers C and k exist such thaty 

I f{xQ + i) “/(J'o) I < when |^| some fixed positive number. 

In this case, there is a value of g for which 

1/(^0 I 2a) +/(r„ - 2a) 2f(x^) | < 2*-^ ’Ca*, when 0 a #/. 

A"<. 

which can be made as small as we please by taking g small enough. 

This condition is a special case of the preceding. 

106. Discussion of a case in which f(x) satisfies Dirichlet’s Conditions and 
has an infinity in ( - tt, t).! We have seen that Dirichlet’s Conditions include 
the possibility oif(x) having a certain number of points of intinite discontinuity 

in the interval, subject to the condition that the infinite integral j y(:i:)d.ris 

absolutely convergent. 

Let ua suppose that near the point where -v<Xo<i:, the function/ 
is such that , , ^ 

where 0 < e < 1 and Ax) is monotonic to the right and left of x^,y while ^(aro±0) 

do not both vanisli. , n a 

In this ease the condition for absolute convergence is satistied. 

*Dini. Serie di Fourier e aitre rappresentazioni analitiche dclle funzioni di una 
variabile reale (Pisa, 1880), p. 102. 
jLipschitz, Journal f ur Math., 63 (1864), 296, 

JSeo also Ex. 6, p. 241. 
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Then, in determining a„ and where 

7ra„ = f(x) cos ivx dx and ~ f /(a?) sin nx dx^ 


we break up the interval into 

( -TT, a), (a, a;o), (a^o, /?), and (ft tt), 
where (a, is the interval in which f{x) has the given form. In ( - it, a) 
and (ft tt) it is supposed that f(x) is bounded and otherwise satisfies 
Dirichlot’s Conditions, and we know from § 104 that these partial intervals 
give to and contributions of the order 1/n. 

The remainder of the integral, e.g, in a„, is given by the sum of 


lim ~ cos nx dx and lim cos nx dx^ 

these limits being known to exist. 

We take the second of these integrals, and apply to it the Second Theorem 
of Mean Value. 

Thus we have 


cos nx dx = <I)(xq + 8) 


where + 8 ^ ^ S /?. 

Putting 7i{x- Xq) = ?/, wo obtain 

W <l)(x) , 

r— - i^cosnxdx- 






dx = cos + 


cos (y + nxp)^ 


rft cos f 


TJ i. r*' cos (y -f w.To) , p cos y , . ffr sin y , 

But : — i^dy=coswr«\ - fly-smnarol - rfy. 

ja r .^a r ®ja JT 

Also when a, 8 are positive. 

Ur I lU r •^1 

are both less than definite numbers independent of a and 6, when 0 < r < 1. 

Thus, whatever positive integer n may be, and whatever value 8 may have, 
subject to 0 < 5 < )? - a;^,, 


where K' is some positive number independent of n and 

It follows that 

r cos na; dx <K'ln\-y. 

A similar argument applies to the integral 

</i(a;) 

It thus appears that the coefficient of cos nx in the Fourier's Series for the 
given function f(x) is less in absolute value than iC/»i - where K is some 
positive number independent of n ; and a corresponding result holds with 
regard to the coefficient of sin nx. 

It is easy to modify the above argument so that it will apply to the case 
when the infinity occurs at ±ir. 
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107, The TJnifonu Conyergence of Fourier’s Series.* We 
shall deal, first of all, with the case of the Fourier’s Series for 
f{x), when f{x) is bounded in ( — ir, ir) and otherwise satisfies 
Dirichlet’s Conditions. Later we shall discuss the case where a 
finite number of points of infinite discontinuity are admitted. 

It is clear that the Fourier’s Series for f{x) cannot be uniformly 
convergent in any interval which contains a point of discontinuity ; 
since uniform convergence, in the case of series whose terms are 
continuous, involves continuity in the sum. 

y(®) ^ bounds in the interval ( — tt, tt), and otherwise satisfy 
Dirichlet's Conditions in that interml. Then the Fourier’s Series 
for f{x) converges uniformly to f{x) sin any interval which contains 
neither in its interior nor at an end 4ny poini of discontinuity of the 
fu‘nction.'\ 

As before the bounded function /^x), satisfying Dirichlet’s Con- 
ditions in ( - IT, ir), is defined outsido that interval by the equation 

/(x-f-27r)=/(x). 

Then we can express f{x) in any interval — e.g. i-2rr, 2ir) — as 
the difference of two functions, which we shall denote by F(x) 
and G{x), where F(x) and G(x) are bounded, positive and. mono- 
tonic increasing. They arc also continuous at all points where 
/(x) is continuous [§ 36. 1 or § 36. 2]. 

Let/(x) be continuous at a and and at all points in a<x<b, 
where, to begin with, we shall assume - 7 r<a and b<Tr.- 

Also let X be any point in [a, b). 

Then with the notation of § 95, 


5„(x) = 



sin J (2« -t- 1) (x' — x) 
sin ^ (x' - x) 


dx' 


f {x da, where »»=2»-l-l.§ 
sma 


♦See footnote, p. 230. 

tit will bo Been from § lOo. (ii), that if (a, 6) be any interval contained in 
( - ir, r) such that f{x) is continuoas in (a, 6), including the end-points, the answer 
to the question whether the Fourier's Series converges uniformly in (ct, 6), or not, 
depends only upon the nature of f(x) in an interval (a', 6'), which includes (a, 6) in 
its interior and exceeds it in length by an arbitrarily small amount. 

{Thus f(a + 0) =/(a) =/(a - 0) and /(6 + 0) =/(6) -/(6 - 0). 

§We have replaced the limits -v, r by integral before 

changing the variable from to a by the substitution z =a;4’2a. Cf. § 101. 



276 THE CONVERGENCE OF FOURIER’S SERIES [ch. vin 


Thus 

S„(x): 


1 f*’' n, « V sin ma , 
Fix +2a )—. — da 
ttJ ' sina 


-5-f (1) 

tJ ' ' sin a 

We shall now discuss the first integral in (1), 


1 


Ti/ V sin ma , 
F{x 4-2a) - da, 

-iff 


sin a 


i,e. 


f* X sin ma , ^ . sm ma , 

I F{x +2a) da + 1 F(x - 2a) — ^ da, 

Jo sm a Jo sina 


Let fj, be any number such that 0</^<|T. 
Then 


f* n/ ft X sm ma , sm ma , 

-F(a;+2a)>~^ da^F(x^0)\ . da 

Jo ' sma 'Jo sma 

+ ['‘{iF(x +2a) - F{x +0)} da 


+ [\F{x+2a)-F{x+0)}^^^da 

J ^ slu u 


— 1 1 +I2 + I3, say (2) 

We can replace F{x +0) by F{x), since F{x) is continuous at x. 

^ n’sin (2n +l)a , ,, „ o \ j i 

But . da=\ (1 +2 Xco8 2m)<ia=iTr. 

J 0 sm a Jo 1 

Thus l^-\xF(x) (3) 


Also {F(x +2a) - ^’(x)} is bounded, positive and monotonic 

increasing in any interval; and is also bounded, positive and 

monotonic increasing in 0<ai, ^-w. 

Therefore we can apply the Second Theorem of Mean Value to 
the integral 

f" , , . sin jwa , 

<l>ia) — - — da, 

Jq ^ 

where 9!>(a)-{Jf’{a; +2a) - J’(x)} 

sin a 

It follows that 

h=^{F{x +2/1) - da, 

where 0 S', f /t. 
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But we know that 


Jt a Jmf a 


<^- (§91.) 


Therefore 

Finally 


|/2l<{F(^B + 2/^)-F(a;)} 

sm fi, 


•( 1 ) 




^ Sin ma , 

da 

sm a 


where jli *^ f' -J. Jx. 

But, if 0<0<(p Jx, 

ma j 1 
da- 

siri i)Je 

where 6 x ^ 0* 

: da 


Jr sin a 


f^sinma , 1 . 

— V da— . ,, SI 

je sm a sm 


sin ma da+ . f sin ma da. 

sm ’ 


Therefore 


r^sin ma d 
Je sin a 


It follows that 


< {cOsec 6 + cosec </») 
m ^ ^ 


< - cosec 6. 
m 


I sin )i ~ J 


<- 


iK 


, (5) 

m sm // ' ' 

where K is some positive number, independent of and de- 
pending on the upper bound of |/(:r)| in ( - x, x). 

Combining (3), (4) and (5), we see from (2) that 

1 1 f**" r*/ o X sin ma , i x 
I F(x~h2a) da-\F{x) 

)x.l„ ' sin a 

<{F(x +2//) - F(x)}^. +^„ J“~7. (6) 


4K 


sm ^ niTT sin ju 

A similar argument applies to the integral 

ri'r,/ o .sin iiWj 
F{x - 2a) - da, 


f 

•'O 


sm a 


but in this case it has to be remembered that F{x — 2a) is mono- 
tonic decreasing as a increases from 0 to ^x. 

The corresponding result for this integral is that 
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K as before being some positive number independent of m, and 
depending on the upper bound of |/(a;)| in ( - t, tt). 

Without loss of generality we can take K the same in (6) and (7). 
From (6) and (7) we obtain at once 

I 1 f*"' 71/ n 1 sin J EI/ \ 

— I F(x+2rt) . da-F{x) 

I itJ _ j, ' ' sm a 

< 3 ?^ ( + 2 ") - ^<*>1 ^ 

Similarly we find that 


m c. X sin 7 nf \ 

G(x +2a) ' . — da - G{x) 
^ ^ sma 


< 3^? f +2//) - e(x)l + |e(x- - G(x)l ) ■ 

Thus, from (1), 


' sma 


< ^ { I F{x +2/.) - + |F(x - 2/i) - F(x)| 

olll lAi 

+ |«(x +2//) - 0(x)\ + \G{x - 2ix) - (?(x)| } 


niTT sm yu 

Now F{x) and G(x) are continuous in a<x<h, and also when 
x=a and x=b. 

Thus, to the arbitrary positive number r, there will correspond 
a positive number /ig (which can be taken less than |w) such that 
I F{x + 2^) - F{x) I < f , I G{x +2fi)- G(x) [ < e, 


when |ju| ^ jWg, the same /ig serving for all values of x in o ?= x g 6. 

Also we know that /u cosec yu increases continuously from unity 
to ^-r as yu passes from 0 to 

Choose //g, as above, less than Jx, and put the argu- 

ment of (1) to (10). This is allowable,, as the only restriction 
upon ft was that it must lie between 0 and ^x. 

Then the terms on the right-hand side of (10), not including 
l&Kfm-TT sin yUg, are together less than 8c for all values of x in 
(a, b). 

So far nothing has been said about the number m, except that 
it is an odd positive integer (2n +1). 
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Let be the smallest positive integer which satisfies the in- 
equality 

16 X 

(2wq + l)7r sin 

^ independent of a?, so also is Wq. We now choose 
m (i.e. 2n +1 ) so that n n^. 

Then it follows from (10) that 

l«»i(^)-/(^)l<9^> when n 
the same serving for every a; in a ^ a? ^ 6. 

In other words, we have shown that the Fourier’s Series con- 
verges uniformly to/(a:), under the given conditions, in the interval 
(a, &).♦ 

If /( “7r + 0)=/(7r-0), we can regard |he points ±7r, ±2tt, etc., as points 
at which /(a?), extended beyond ( -ir, 7r| by the equation /(•» + 27r) =/(x), is 
continuous, for we can give to/(±7r) the common value of /(-tt + O) and 
/K~0). 

108. The Uniform Convergence of Fourier’s Series t (continued). By 
argument similar to that employed in the preceding section, it can be proved 
that when/(a;), bounded or not, satisfies Dirichlet’s Conditions in the interval 
( - IT, tt), and /(a;) is bounded in the interval (a\ V) contained within ( -tt, tt), 
then the Fourier’s Series for f(x) converges uniformly in any interval (a, h) in 
the interior of (a', 6'), provided f(x) is continuous in (a, &), including its end- 
points. 

But, instead of developing the discussion on these lines, we shall now show 

* It may help the reader to follow the argument of this section if wc take a 
special case ; 

E.g. /(x)=0, x^Of ^ 

/(x) = l, f 

Then we have: 


Interval. 

Jir) 

F(jr) (•U) 

-2Tr< X < ~ir 

1 

1 0 

- TT^ X"^ 0 

0 

1 1 

0< w 

I 

2 1 

ir< X 2ir 

0 

2 2 


If 0 < o ^ X 6 < IT. the interval (a, 6) is an interval in which /(u-) is continuous. 

The argument of the preceding section will then apply to the case in which 
~ TT or TT is an end-point of the interval (a, b) inside and at the ends of which 
fix) is oontinuous. 
t See footnote, p. 230. 




280 THE CONVERGENCE OF FOURIER’S SERIES [ch. viu 


how the question can be treated by Fejer’s Arithmetic Means (cf. § 101), and 
we shall prove the following theorem : 

IM f(x)y hounded or not, satisfy DirichleVs Conditions in the interval ( - tt, w), 
and let it he contin uou^ at a and h and in (a, h), where ~ tt ^ a and h tt. Then 
the Fourier's Series for f(x) converges uniformly tof(x) in any interval (a + 5, 
6 - S) contained within (a, h). 

Without loss of generality we may assume 6 - a ~ tt, for a greater interval 
could be treated as the sum of two such intervals. 


Let 



and 


f(x') cos nx' dx' j 

/ /i^l. 

Trh^' = \ f(x') sin nx' dx\ j 


Since f(x) is continuous at a and h and in (a, h), it is also bounded in (a, h), 
and we can use the Corollary to Fej^r’s Theorem (§ 101) and assert that the 
sequence of Arithmetic Means for the series 


1 

converges uniformly to f(x) in (a, 6). 

Also I a„' cos 7ix + hf sin | ' ^ (af^ -f 

But f(x) is bounded in (a, h) and satisfies Dirichlet's Conditions therein. 

Thus we can write f(x) — F(x) - G(x), 

where F(x) and G(x) are bounded, positive and monotonic increasing functions 
in (a, h). It follows that we can apply the Second Theorem of Mean Value 
to the integrals 

XT/ /V cos , , , ,, cos , , , 

I F(z ) . nx dx , I G(x ) . nx dx , 

}a sin }a sm 

and w'e deduce at once that < Kjn, 

w'here K is some positive number dejiending on the upper bound of |/(x)| 
in (a, 6). 

Then we know, from Theorem IT, Cor. II of § 102, that the series 

cos nx + hf sin 9ix) 
converges uniformly iof(x) in (a, h). 

Let us now suppose x to be any point in the interval (a + 6, 6 - 8) lying within 
the interval (a, 6). 

With the usual notation 

27i*Uo“1 f(x')dx\ 

} —n 


|ir 

™n “ 1 COS nx' dx', 

= I sin nx' dx'. 
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It follows, as in § 103, that 


(^0 ” flo') + 2 {(fln ~ «n') nx + (b„ - sin nx} 

is equal to 

irj*(x-a/' Bina ^h(i, Tin 

f(x) being defined outside the interval ( -ir, tt) by the equation 

f(x + 2Tr)=f(x). 

Now/(a:) is supposed to have not more than a finite number of points (say m) 

of infinite discontinuity in ( - ir, tt), and j' \f(x') | dx' converges. 

We can therefore take intervals 2y„ 2yj, ... 2y„ enclosing these points, the 
intervals being so small that 

L sin|8, [r = l,2, ...w] 

J-y, , 

€ being any given positive number. 

Consider the integral 

(*' /(x-2a)'®.<2» + l)!?^ 

sina 

X, as already stated, being a point in (a + 8, 6 - cS). 

As a passes from ^(x-a) to Jtt, we may meet some or all of the m points 
of discontinuity of the given function in /(x - 2a). Let these be taken as the 
centres of the corresponding intervals yz* 

Also the sraallcvSt value of (x-a) is 8. 

1 


Thus 


, sin (2rt f l)a , ! 

/(x-2a) — V -^da < , , . , 
/ sin a 1 sin Jo j. 


I /(x~ 2a) I da 
f(x')\dx' 


2sin J8 jL>- 
<c. 

When these intervals, such of them as occur, have been cut out, the integral 

^ Sin a 

will at most consist of (m-; 1) separate integrals (Ir). [r — 1, 2, ... m + 1.] 

In each of these integrals (Ir) we can take/(r - 2a) as the difference of two 
bounded, positive and monotonic increasing functions 

F(x-2a) and G(x-2a). 

Then, confining our attention to (If), we see that 

11 ' ' sain n ' 

\^{F- (?){co8ec iS - (cosec Jfi - cosec a)} sin (2» + 1 )a rfu 
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Ji=coBec JS F sin (2n + l)ada. 


=coseo ^51 sin (2n -f l)ct cfa. 


J3 = I .P {coseo JS - cosec a} sin (2n + l)a (2a, 

J4 = I 6? {cosec i ^5 - cosec a} sin (2n + l)a cfa. 

But we can apply the Second Theorem of Mean Value to each of these integrals, 
since the factor in each integrand which multiplies sin ( 2 n + 1 )a is monotonic. 

It follows that 1 If\ <‘ 2^1 

where K is some positive number independent of n and ;r,*and depending 
only on the values of /(x) in ( -tt, tt), when the intervals 2yi, 2y|, ... have 
been removed from that interval. 

Thus 

, sin(2»-i-l)a j ^ (w-f-l)A' 

I.Uu-«) sin a (2w-fl)8inj6 

<(2m + l)c, 

when (2» + 1)€ > cosec 

Since this choice of n is independent of x, the integral converges uniformly 
to zero as n->ao , when x lies in the interval (a + 5 , 6 - 5 ). 

Similarly we find that 

(*' /(x + 2«) ”"<?”± l) g d„ 

Sin a 

converges uniformly to zero when x lies in this interval. 

Thus the series 

00 

(«o - ««') + S {(<»„ - o„') cos nx + (6„ - b„') sin nx ] 

converges uniformly to zero in (a + S, 6 - 8). 

But we have shown that the series 

QC 

do' + ^ cos nx + 6^' sin nx) 
converges uniformly to f{x) in (a, h). 

Since the sum of two uniformly convergent series converges uniformly, we 
see that 

oo 

«o + 2 («« cos nx + h^ sin nx) 
converges uniformly to f(x) in (a + 8, 5-5). 

109. Differentiation and Integration of Fourier's Series. 

Differentiation, From the worked out examples in §§ 96-97 it is clear that 
term by term differentiation of Fourier’s Series is not in general permissible, 
as the terms do not tend to zero sufficiently quickly. 

This difficulty does not arise in the application of Fourier’s Series to the 

solution of the Equation of Conduction of Heat — often written as ^ 
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Here • the terms in the appropriate series are multiplied by a factor (e g 
^hieh may be called a eonvergency factor, as it increases the rapidity 
of the convergence of the series, and allows term by term differentiation both 
with respect to x and L 

Integration. Again we have seen that under certain conditions the Fourier’s 
Series for f{x) converges uniformly to/(x) in the interior of any interval in 
which the function is continuous. In this case we know that we may integrate* 
the series term by term within such an interval, and equate the result to the 
integral otf{x) between the same limits. Also this operation can be repeated 
any number of times (§ 70. 1). 

But such a simple series as the Sine Swics for unity in 0 < a; < tt, namely 

1 =^^8ina:+|ain3x + g^5x + ...^, {^<x<7r 

is not uniformly convergent in the internal 0 ^ ir, as its sum is discon- 

tinuous at a;=0 and x—tt. 

However it can be integrated term by term between the limits 0 and x, 
where x ~ tt (cf. § 70. 2). This can be ve^fied at once by comparing the Cosine 
Series for x in (0, tt), namely 

^4/ 1 o I . \ - 

^“2 ~7r\ + ^ 5x4- ...1, 0 — x^TT 

with the series obtained from the above by integration. 

In the days when Fourier’s Series were first used, term by term integration 
was employed without any hesitation, both in the case of the Fourier’s Series 
for /(x), and when the series considered was that obtained by multiplying the 
Fourier’s Series term by terra by another function. Later it was seen that 
such a step required justification. Hence the importance attached to the 
question of the uniform convergence of Fourier's Series in certain cases. But 
the theorem that follows shows that the presence or absence of uniformity of 
convergence has little or no bearing on the subject of the integration of the 
Fourier’s Series : and that, even the convergence of the series, is of secondary 
interest. 

Ijei f(x) he hounded and integrable in ( - tt, tt), or, if unhoundedy let j J'(x)dx 

he (xbsolutely convergent. Then, whether the Fourier's Series corresponding to 
f(x), namely 

+ (®i cos X 4- sin x) 4- (a j cos 2x 4- h^ sin 2x) 4- . . . , 

converges or not, 

r f{x)dx=a,{x + ir) + 2 ^ (On sin «* + 6n (cos nir - cos nx)), 

J - W 1 

when - TT = X = IT. 

Let y=F(*) = |* f(x)dx-a,ps. 

Then F(»r) = f' f(x)dx-atir=^a^ir, since 27rao=r /(*)<&• 
and F(fr). 

*Carslaw« Conduction of Heat (2nd ed., 1921), Ch. IV. § 30. 
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Also F(x) is continuous in ( - jt, it) (§ 49). 

And it is of bounded variation in this interval ; for, with the notation of 

§ 36. 2, 

v-l w-ll, --11 f"" 

2. \!/r+^-yr =S i: \f{T)\dx. 

0 0 • - IT 

Hence, by § 95, the Fourier's Series for F{x), which we write as 
Aq + 1 cos X + j sin ;r) + (^ 2 cos 2r + /fg + • • • 

has F{x) for its sum at every point of ~ tt x tt. 

1 1 

Also, when w 1, - 1 F(x) cos nx dx 

TT.' — tr 
1 1 *"’ 

— I F'ix) sin nx dx 

W7rl_ff 

= - fir) ~ Oo) sin vx dx* 

n 

Similarly ^ F{x) sin nx dx = “• 

00 j 

Therefore F{x) =Ao+ ^ (ei„ sin nx - cos nx). 

But since F(t)= F{ - rr)=aQ7r, we have 



Hence, on subtraction. 


fr w 1 

j f(^)dx = a^^(x + tt) 4- X i^n /i„(cos /# rr ~ cos nx) ), - tt ^ jj tt. 

It also follows that, when - tt < < j*2 < tt. 


1 fWdx — a^^(x 2 - a-j) + («„(sin 7/^2 ^^•*'1) + M^'*^** ^*^1 ” wxj)). 

.JTi 1 /i 

Again since F{x) is continuous in -tt^x^tt and F{w) F{ - tt), we know 
that the Fourier’s Scries for F{x) converges uniformly to F{x) in this interval. 

Hence term by term integration of /(x) can be repeated any number of 
times. 


110. Parse val’s Theorem on Fourier’s Constants. 

In this section, as usual. 


+ — («r cos rx -f hr sin rj*). 


and Oq, a^, ... ... are Fourier’s Constants for the function f(x). 


♦It is assumed that the rule for integration by part.s can l)e applied, and that 
F (x) —f(z) - (Jq, This makes the condition attached to f{x) less general than in the 
statement of the theorem. For another proof, see §110, IV. 
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We shall prove that under certain conditions 

^ [/(*)]» d* =2a„* + £ (a„* + b„% 

a result usually called Parseval’s Theorem.* * 

I. Let/(x) be hounded and integrable in { ,r). or, if unbounded, let 

(' [/(*)]* dx 

« — tr 

be convergent. 

Then 2a,*+ V(a„* + 6„*)^M" [/(x)Pdx. 

1 TT J - ir 

[ [/(^) dx- 2 \ f(x)s^dx-\-^ 8 ndx. 

^ J — IT ' — IT 1 _ ^ " 

Substitute for on the right-hand side, and we have at once 

jl, “ '""j’ ! -r ^ " 2jr[2o„» + 1 (a,» + V)J 

' +’r[2a„2 + i(a,* + 6,^)]. 

It follows that 

I -= I i" , d-r - [2a„* + I (o,^ + hr^) ] . 


Thus 2ao* + v(a,2 + t,*)^ {f(x)fdx (1) 

1 ^j-TT ' ' 

And 2a<,* + V(a„* + V)'.^‘^r l/(^)?dx (2) 

I TT t -»r 


But if this Fourier’s Series had converged uniformly to the continuous 
function /(a:), we could have multiplied both sides of the equation 
/( a:) = Uq + (Ui cos a: + sin x) -f . . . 
by/(j:), and, integrating term by term, we would have obtained 

i j' ( /(!)]» dx =- 2 a.* + V (o„* + h„\ 

TT } —rr j 

in this case. 

We proceed to prove that this equality holds when the only condition 
attached to f(x) is that it is bounded and integrable in ( - tt, tt). 

II. Lei f(x) be bounded and integrable in { - tt, tt). 

Then * 1 ' [/(x)]* dx =- 2a„* + 2 («„* + V)- 

TT I - tr 1 

Since «n = « C" /{x')(l + 2icos r(x'-x))dx', 

*If the Lebesgue Integral is used, the following theorem also holds : 

Any trigonometrical series 

a© + (Uj cos ar + sin x) -i- (a2 cos 2 x + 62 si*' 2a:) -f . . , 

for which ^ (a„® + 6„*) converges is the Fourier^s Series of a function whose square is 
1 

iniegrable (L) in ( - t, it). 

This is known as the Riesz-Fischer Theorem. 
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we have, as in § 101, 

“2»nr J - ' sin* t(*' - ») 

Also we know that 

(' “ 2 !W^rf*'= 2 »w(cf.p. 266 ). 

J-r sm*i{x'-a:) 

Therefore -/(*) = 2 ^ j' ^ [/(*') -/(^)] 

and 


■(3) 

•(4) 


where M, m are the upper and lower bounds olf(x) in ( -w, ir) and x is any 
point in this interval. 

Now let € and k be any arbitrary positive numbers. 

We know from § 42, III, that there is a mode of division of ( - ir, tt) into a 
finite number of partial intervals such that the sum of these intervals for which 
the oscillation of f{x) is greater than or equal to k is less than c. 

Let A denote the intervals in this mode of division for which the oscillation 
is greater than or equal to k, and 8 the other intervals. 

Cut off from the intervals of h at each of their ends a part, so that the sum 
of these segments cut off is less than c. 

Let S"' denote the segment cut off, and 8' the inner parts of S which remain. 

Then K -f(x)f { I (j, + 2 + 1 y K -/(*)]* dx (6) 

where, by this notation, we mean that the integrals are taken respectively over 
the intervals of 8^ and A, 

Now let (a, h) be one of the intervals of 8, and {a\ ¥) the corresponding 
interval of 8'. 

Also let x l)e a point of (a', b'). 

Then from (3), 




Taking these three integrals separately, we have 


^ r^/ /\ r/ ^ M~mCn ,,, , , 



where A* is a positive constant depending upon the position of (o, b) and (o', 6'). 
Similarly wo find that 




sin® Jn(a;'~a;) 
sin® x) 


dx' 





where it is clear that we may take the same value for K in both, and replace it 
later by any larger value we please. 
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Finally 

|2»Mr)o 8in>J(x' -a :) ^ 2m^]aliJi(x' ~x) ^ 


Thus, from (6), 


< 
<K. 


-‘Li’ aiP»in(a:^-ai) 
2»7r 



lu-n -/(*)!?' (* + 2^^ 

(7) 

But the sum of the intervals of B' does not exceed 27 r. 


Therefore in (6), we have 


6' J 

-/(o:)]* dx^2ir^K + 2^ J 

,.(8) 

Also 2 ( 

\,l<r„-mfdx^i{M-m)^ ... 

..(9) 

by (4), since the sura of the intervals S'" ii^ less than c. 


And 

kn -Ax)fdx':^({M-m)\ .. 

..(10) 

for a similar reason. 

It follows from (5) and (8), (9), (10), that 



lira [(rn- f(x)fdx~0 

n—hr — 

(11) 


since k and c are arbitrary positive numbers, which can be chosen as small as 
we please. 

11 •*“ 1 — f“\ 

But "•n=®o+ 2 \^—^j{arCOsrx + bf.8inrx). 

Therefore, as in (I), wo have 

I -/(=t)Prfx=^ \’_[/{^)?dx - [2s» + 

== { ] 1 1 „ [/(a;)]* dx - [2ao* +"| ' (o,* + 6,*)] } 


+ i2^*(«r‘ + &r*)• 

n» 1 


.( 12 ) 


But we know from ( 1 ) that 

TT i 


[/(a?)]* dx - [2ao* + 2 (a,.* + &r®)] = 0. 

Therefore from (11) and (12), we see that, under the conditions stated in the 
theorem, 

* r [/(*)]* dx = 2a,* + i: (Or* + V)- 

TT .U^ 1 

fl N - 
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III. Let f(x} and g(x) be hounded and inlegrabk in (- v , ir ) and o„, b „ the 

Fourier's Constants for f(x), the Fourier's Constants for gix). 

Then f{x)g{x)dx-2aoaf,+ '^{a„an + KPn)‘ 

We have from (II), 

^ I ^ [/(•»■) + - 2(«o + «o)‘ + H(®n + “«)* + (^n + Pn)*]> 

and 7 1 _ „ [.A-*') - - 2((io - a^f + ^[(a„ - a„)* + (K “ 

On subt raft ion, the result follows. 

IV. Wo may put (j{x) - 0 in ( tt, x^) and (j*2» tt), where ~ tt — ~ ir. 

Thus Ave liavo the following theorem : 

Let f{x) be houmhd amt iutcfjrabte in ( -7r» tt) and g(x) he bounded and integ- 
rahle in x.,) mhere - r ^ .Fj < x^ r. 

Then from (HI), 

I \f(x)(j(x)dx - ' (j(x)dx -f [ g(x) cos nx dx + g(x) sin nx dxj. 

It will he seen that (IV) e.stablishos the possibility of term by term Integra, 
tion of the Fourier’s Series for the bounded and integrable function /(x), and 
also shows that this can be done \Ahen/(.F) is multi])lied by another function 
of the same class. 

The argument in (IF) is taken from Hurwitz’ proof of Parseval s Theorem,* 
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CHAPTER IX 


THE APPROXIMATION C0RVES AND THE GIBBS 
PHENOMENON IN J^URIER'S SERIES 


111. We have seen in § 104 tl|at, when f{x) is bounded and 
continuous, and otherwise satires Dirichlet’s Conditions in 
- T<J-<7r./(7r -0) being equal td!/( - tt 4-0), and /'(/) is boiinded 
and otherwise satisfies Dirichlet’s Conditions in the same interval, 
the coefficients in the Fourier’s Series for/(x) are of the order 1/n*, 
and the series is uniformly convergent in any interval. 

In this case the approximation curves 

in the interval - 7r<x<x will nearly coincide with 

y=f{r), 

when n is taken large enough. 

As an example, let /(/) be the odd function defined in (-tt, t) 
as follows : f(x) = - ] tt ( x +x), -v x ' V - 1 x, 

/{a') = {TX, 

/(/) = | 7 r ( x - a -), Itt^'x- [tt. 

The Fourier’s Series for/(/) in this case is the Sine Series 

1 • Q , 1 ■ r 
sin X - sin 6x 4-^2 sin ox - . 

which is uniformly convergent in any interval. 

The approximation curves 


y-sinx, 

?/-8inx- 


1 

32 


sin 3x, 


1 / = sin X - ^2 + 52 

are given in Fig. 29, along with y-j[^)> lor interval (0, tt), 

289 
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and it will 1^ seen how closely the last of these three approaches 
the sum of the series right through the interval. 



tia. 29. 


Again, let/(a:) be the corresponding even function : 
f{x)-{Tr{Tr +x), 

f{x)=-\Trx, jTTga^SO, 

f{x) = Ittx, 0 :r: x^^TT, 

/(x) = iT(7r-x), iTT^X^yr. 

the Fourier’s Series for /(a:) in this ca.se is the Cosine Series 


^ T* - 2 I i cos 2x+^ cos 6x cos lOx + ... j . 

which is again uniformly convergent in any interval. 

The approximation curves 

y= iVv®- Jco82x. 

y = iV’T* - J cos 2* - tV cob 6x, 
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are given in Fig. 30, along with y—f(x), for the interval (0, w), 
and again it will be seen how closely the second of these curves 
approaches y=f(x) right through the interval. 



It will be noticed that in both these examples for large values 
of n the slope of y=s„(x) nearly agrees with that of y=f{x), 
except at the corners, corresponding to x=±\ir, where /'(a;) is 
discontinuous. This would lead us to expect that these series 
may be differentiated term by term, as in fact is the case. 


112. When the function /(a:) is given by the equation 
f{x)=x, -ir<x<ir, 

the corresponding Fourier’s Scries is the Sine Series 
2{8in a: - i sin 2a: +J sin 3a: - ...}. 

The sum of this series is x for all values in the open interval 

-^<®<7r,anditi8zerowhen a:=±x. .r ^ n 

This series converges uniformly in any interval ( - t +5, t - d) 
coatoinrf mthia 

Uking . l«ge »» «•» "“I* 

owilbte .bout »=* aa closely os P'““- , . 

Until recent years it was wrongly believed tha , 
of ». each approximation curve passed at a steep gradient from the 
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point ( - TT, 0) to a point near ( - tt, -- tt), and then oscillated about 
y=x till X approached the value tt, when the curve passed at a 
steep gradient from a point near (tt, tt) to (x, 0). And to those 
who did not properly understand what is meant by the sum of an 
infinite series, the difference between the approximation curves 

for large values of n, and the curve y = lim Sn{x) offered consider- 
able difficulty. 

In Fig. 31, the line y=x and the curve 

y =2(sin X - 1 sin 2x + J sin 3x - ] sin ix + \ sin 5x) 
are drawn, and the diagram might seem to confirm the above 





Fig. 31. 


view of the matter — namely, that there will be a steep descent 
near one end of the line, from the point ( - tt, 0) to near the point 
( ~ TT, - tt), and a corresponding steep descent near the other end of 
the line. But it must be remembered that the convergence of this 
series is slow, and that w=6 would not count as a large value of n. 
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113. In 1899 Gibbs, in a letter to Natitre* pointed out that 
the approximation curves for this series do, in fact, behave in 
quite a different way at the points of discontinuity ±_ir in the 
sum. He stated, in effect, that the curve y — s^[x), for large 
values of n, falls from the point ( - tt, 0) at a steep gradient to a 

point very nearly at a depth 2 ^ -dx below the axis of x, then 

^ Ji) ir 

oscillates above and below y~-x close to this line until x approaches 
TT when it falls from a point very nearly at a height 2 1 dx 

’ * J 0 ^ 

above the axis of x at a st<‘ep gradfcnt to (tt, 0). 

The approximation curves, for l$rge values of n, would thus in 
( _ TT, tt) approach closely to the liuie y — xol Fig. 32 with the lines 
parallel to the axis of y as drawn ii| that figure. 



Vw . T2. 


His statement was not accompanied by any proof. Though 
the remainder of the correspondence, of which his letter formed 
a part, attracted considerable attention, this remarkable observa- 
tion passed practically unnoticed for several years. ^ ^ 

Bocher returned to the subject in a memoir t on Fourier s Scries 
and greatly extended Gibbs’s result. He fjer 

thingl that the phenomenon which Gibbs had 
case of this particular Fourier’s Si‘rics holds in general at ordinary 
points of discontinuity. To quote his own words:+ 


•Mature, 59 WX?- 

f Annals of Math., (2), 7 (1900), 81. 
J/or. cit.f p. 131. 
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Iff{x) has the period 27 r and in any finite interval has no discon- 
tinuities other than a finite number of finite jumps^ and if it has a 
derivative which in any finite interval has no discontinuities other 
than a finite number of finite discontinuities^ then as n becomes 
infinite the approximation curve y=s„(x) approaches uniformly the 
continuous curve made up of 

(a) the discontinuous curve y=f{x)^ 

(b) an infinite number of straight lines of finite lengths parallel 
to the axis of y and parsing through the points a 2 , ... on the axis 
of x where the discontinuities of f{x) occur. If a is any one of these 
points, the line in question extends between the two points whose 
ordinates are 

DP DP 

/(a_0)+--‘. /(a+0)--^, 

TT TT 

where D is the magnitude of the jump in f{x) at a* and 

p^=r^dx= -0 2811. 

J ir X 



Fia. 83. 


This theorem is illustrated in Fig. 33, where the amounts of 
the jumps at a^, a 2 are respectively negative and positive. Both 
Gibbs and Bocher thought they were describing properties previ- 
ously unknown. However, in 1848, Wilbraham f had noticed its 

♦ i.e. D =/(fl + 0) -/(a - 0). 

fCamb. and DMin Math, Journal, 3 (1848)» 198. 
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) 0 currence in the approximation curves for the series 

And in 1874 du Bois Reymond ♦ would have reached the same 
conclusion, both for Fourier’s Series and Integrals, had he not made 

a curious slip in dealing with the integral I — dt, when n->a> 

Jo f 

and x->0 simultaneously. In recent years a number of other 
writers have dealt with the matter, and the property in Fourier’s 
and other series is now well know% as the Gibbs Phenomenon.f 


114 . 1 . The series on which Bother founded his demonstration 
of this and other extensions of Giles’s theorem is 
sin a; + 1 sin 2x -tjl sin 3x + ... , 

which, in the interval (0, 27r) repiiesents the function /(x) defined 
as follows : /(O) =/(2ir) = 0, 

/(3-) = |(ir-x), 0<x<27r. 

In this case 

s„(x)=:sin X sin 2x +... H — sin nx 

Th 


~ I (cos a +C08 2a + ... +cos na)da 
Jo 

sin^a 

The properties of the maxima and minima of s„(x) are not so 
easy to obtain, J nor are they so useful in the argument, as those of 
i?„(x) = J(x-x)-s„(x) 

2 Mo 8m|a 

In his memoir Bocher dealt with the maxima and minima of 


Tn addition to th© papers 


*Math. Aniuden, 7 (1874), 241. 
tCf. Sne, d, math. Bd. II, Tl. Ill, 2, p. 1203. 

referred to on pp. 1203-4. the following may bo named: 

Weyl, Retid. Circ. Mat. Palermo, 29 (1910) and 30 (1910). 

Ck>oke, Proc, London Maih, Soc. (2) 22 (1928), 171. 

Wilton, Journal f&r Math., 159 (1^28), 144. 420 

And a historical note by Carslaw, BuU. A mer. Math. Soc... 31 ( 1. -o), • 

tGronwall discussed the properties of ,„(*) for this scries. 

pLomenon for the first wave, ’ 

(1012). Aho Jackson, Bern/. Cire. Mat. Palermo, 32 (191 1). 
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jR„(a;), and he called attention more than once to the fact that 
the height of a wave from the curve y=f{x) was measured parallel 
to the axis of y. This point has been lost sight of in some exposi- 
tions of his work. 


114. 2. However the series 

2(sin a: -f-J sin sin 5x -h...) 

has certain advantages as an approach to the Gibbs Phenomenon. 
This is the Fourier’s Series for f{x), when 

/(a;)=-|7r for — 7r<a:<0 ^ 

— \Tr for 0<rc<7r 


and 

Let 

Then 


/(-^)-/W=/(o)=o. 

^ «„(«)= 2 S C 08 (2r - 1 )x : 


sin 2na; 
sin X 


and 

s„(x) = 

r* sin 2«a ^ 

}q sin a 



Also 

«n(«) - 

sin 2na , P • o / 
'o « Jo ^ 

' 1 ^ 
sin a a> 

)da. 

Thus 

f*”®8ma j f • o a (a 

«nW-| da=\ sin2»a-.- ( „, 

Jo « Jo 8ina\3! 

“5I+-V 

1 da. 


But a; cosec X continually increases from 1 to ^tt as x passes 
X a?^ X 

)m 0 to Ir and 0<g|-gj +...<g, when 0<a::t:j7r. 

Thus s„(x) - f"" ^^da\<~\\dx 

Jo ^ 


ar* when 0<x iv. 

If we take the arbitrary positive number e, there is a corre- 
sponding positive number rj, such that 

pnx gin Q I 

ri(a?)~Jo daj<e when O^x^r;, .(2) 

and this holds for all values of n. 

Thus, if we choose n so large that we have 
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that is 


( — 

*"V2n/ V2 


Jir a 


< 6 . 


I " I I 

This shows that the approximation curves y — sj^x) for this series 
rise above the sum in the right-hand neighbourhood of the origin by 

nearly j J* da |, when n is sufficiently large. 

r* sin X 

The integral I dx is known to be approximately - 0*281 1 

Jir ^ 

Or, we may put the matter as follows : 

Let y=\^^±l"da=^(x). 

The turning points of this curve occur when x = r7r ; the odd 
multiples of tt give maximum ordipates; the even multiples give 
minimum ordinates. 

The maxima continually decrease from towards ^tt 

- Jo ® 

when x->oo . 

The minima continuallv increase from I da towards Jtt 

. " Jo ® 

when 2 c~>-oo , 

If the abscissae of this curve are reduced in the ratio 1 : 2n, we 
obtain the curve 

sin a j 
— da, 

and, when n increases, the turning points of the curve come closer 
and closer to x=0, the first (and largest) ordinate being always at 

By (2), the curve y=s„(x) in the neighbourhood of the origin 
' p^^sina , 

differs by the arbitrarily small e from the curve y=J^ ^ a- 

" sin (2r- l)g 

The Trigonometrical Sum 2 ^ 2r- 1 

115 . The discussion in § 114. 2 establishes the existence of the 

Sin ( 2n- I )y j 

Gibbs Phenomenon in the Fourier’s Series 2N 1 ' ’ 

M see in 5 1 17, « “ »"'» >>» 

m«>on will .pp.» nt .-a in the .ppmt.=t.t.on c«r,ee lot the 


•Of. BOoher. toe. eit., p. 124. 



298 THE APPROXIMATION CURVES AND THE [caa. nc 

Fourier’s Series for any function f{x) with an ordinary discon- 
tinuity at a:=o, if f{x) satisfies Dirichlet’s Conditions in ( - tt, ir). 
But the approximation curves 

sinSaj-h... + 

are worth a more detailed examination, for it will be found that 
from the properties of their turning points and their graphs, the 
Gibbs Phenomenon is exhibited in the clearest possible manner.* 
In this section we proceed to obtain the properties of the maxima 

and minima of these approximation curves y — 2* ^ 
when 0<a:<'7r. ^ ^ 

I. Since, for any integer m, 

sin (2m - l)il-ir -l-a:') = sin (2m - 1 )( Jtt - x'), 

it follows from the series that s„(x) is symmetrical about a;=|v, 
and when x=0 and x—ir it is zero. 


I sin (2n - l)®j =«„(x) 


y=2^8inx-l-] 


II, When 0<x<-7r, s„(x) is •positive. 

From (I) we need only consider 0<x ~lir. We have, by 
§114.2(1) 


, . f-'sm2naj 

Sn(*)= — ’ 

Jo sin a 


=ir 


sin a 


2»Jo • a 


da, 0<x~lir. 


The denominator in the integrand is positive and continually 
increases in the interval of integration. By considering the 


successive waves in the graph of sin a cosec the last of which 

2n 

may or may not be completed, it is clear that the integral is 
positive. 


III. The turning points of y=s„(x) are given by 

T 3x 2n - 1 , . . 

®i=2«’ xo„_i=-^x(m<mmo), 

TT 2x n-1 . . . . 

^ Ttf 71 Ji 


♦§1 115-117 are founded on a paper by the author in the American Journal of 
Malhefnaiic8f 39 (1917)» 185. The computations for Fig. 34 and Fig. 36 were 
made by Mr. F. G. Brown, B.Se. 
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We have 

f* sin 2/10 j 

y= -I da, 

Jo sin a 

The result follows at once. 


and 


(^_sin2nx 
dx sin X 
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IV. As we T^oceedfrom x^O to a:=^x, the heights of the maxiina 
cotUinuaUy diminish, and the heights of the minima continually 
increase, n being kept fixed. 



FIO. 34. 


Consider two consecutive maxima in the interval 0<x^^ir, 
namely, s„ •^) «n ® positive integer 

less than or equal to J(n - 1). We have 


*« 


/2wi-l 

V 2n~ 


/2m + 1 
V 2n 


\ j p2m-i)ir gjna 
2» 


da 


^ l_(p ±lLda4"^ 

2n j J( 2 m-l)tr^j^ a J2mn 

I 2n 


r(2m+i)7r sin a 


da\ 


sm 


2n 


The denominator in both integrands is positive and it con- 
tinually increases in the interval (2m — l)7r~aS(2m+l)7r; also 
the numerator in the first is continually negative and in the second 
continually positive, the absolute values for elements at e<|ual 
distances from (2m - l) 7 r and 2mir being the same. 
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Thus the result follows. Similarly for the minima, we have to 
^ x.tmine the sign of 

/m-1 \ /wt \ 

wherti m is a positive integer less than or equal to \n, 

V. The first maxihunn to the right of x~i) is at x—~ and its 

u n 

height continually diminishes as n increases. When n tends to 
infinity^ its limit is 

Jo 



nwukfAmmmmmm 

iwmwM 

IfffiBBBI 

I/IMKBBBBBBBBBBBBBBI 
II^BBBBBBBBI 
ll'VnBBBBBBBI 

irtiui 


g BJBBBBBBBL 

6!BBBBSiElflBBIIISIBB||lBB! 

aflBBBBBBBBIIIill 


BBBBBBBBBB V BB 
BBBBBBBBBBlVr 

IVI\1 

^Bl'L^ 

„ BBBBBBBBBBB *9 

PISIBBBnmBBBB?:^ 

icaaflflKaaBflflflEUB 


The curves y~s„{x), when n = l, 2, 3, 4, 5 and 6. 


We have 


/ttX f^"8in2naj 1 , 

^n( ^ “ • da = ^ sin a 

\2w/ Jo sina 2nJo 

( 2 ) 1 + 2 ) 

f / 1 a 1 a \ j 

= sin a ^ cosec ^ cosec ,, 

Jo \2n 2n 2n+2 2n+2/ 


cosec ^ da, 
2n 


i^ince a/sin a continually increases from 1 to 00 , as a passes 

from 0 to TT, it is clear that in the interval with which we have 

to deal 1 a 1 a ^ 

TP cosec jr — - — — cosec u >0. 

2m 2m 2m +2 2m +2 
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*"(2n) (2(n + l))^^’ 


TllUS vn 1 « I **« + ! I / 

l2(n + l)> 

But, from (II), s„(x) is positive when 0<x<ir. 

Z' z 


It follows that s„ ( 2 ") tends to a limit as n tends to infinity. 
The value of this limit can be obtained by the method used by 
Bocher for the integral But it is readily 

obtained from the definition of the Definite Integral. 

(2^) = 2 (2I) ll” 2n + 3 ^“ 2^ + •• • 

2to . 2n-l I 
— Bin - — TT y 
^-l)7r 2n / 

, . , W /ciiwk /will \ 


Therefore 


2n 

= 22 

n<- = l I 


+ 

sin mh 
mh 



f^sin mh ^ 

y 2 1 

' »i ■= 1 1 

V mh 


nh =ssn I 


r Psinx, f’^sinx , 

VI. The result obtained in (V) for the first wave is a special 
case of the following : 

2r — 1 

The maximum to the right of x = 0 is at ^2r-i^~'~2n~ 

its height continually diminishes as n increases, r being kept coiu. 
When n tends to infinity, its limit is 


£ 




sinx 

X 


dx, 


which is greater than Jtt. 

r 

The minimum to the right of x=^0 is ai X 2 r= tt, and its height 

n 

continually increases as n increases, r being kept constant 

. sin X 
%s 

Jo 


n tends to infinity, its limit is 


- dx, which is less than 


To prove these theorems we consider first the integral 


f 

Jo 


“ (4 2^ ' 2i V 2 “““ 2» 




wi being a positive integer less than or equal to 2w — 1, so that 
0 <^< 7 r in the interval of integration. 

•Annals of Math., (2), 7 (1906), 124. Also Hobson, Theory of Functionsof n Ural 
Variable, 2 (2nd ed., 1926), 494. 
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Thea 

ih this interval. (Cf. (V).) 

Further, 

171// X 1 u oO 1 ® n a 

F (a) = 7^ ^ cos pr cosec* ^ s cosec* jp 

' ' (2n4-2)* 2n+2 2n4:2 (2n)* 2n 2n 

cos 0 cosec* *0 - ^r* cos 0- cosec* \/r}, 

where 0=a/(2w4-2) and yr=a/2n. 

But ^ (0* cos 0 cosec* 0) 

= *“ 0 cosec* 0 [0(1 =F cos 0)*±2 cos 0(0^ sin 0)J. 

And the right-hand side of the equation will be seen to be 
negative, choosing the upper signs for O<0<j7r and the lower 
for J'7r<0<'7r. 

Therefore 0* cos 0 cosec* 0 diminishes as 0 increases from 0 to tt. 
It follows, from the expression for F'(a), that F'{a)>0, and 
F{a) increases with a in the interval of integration. 

The curve 


r=8in»(i 


1 a: 1 X 

^ cosec tr ^ cosec r pr 

2n 2n 2n+2 2n+2 


), ... , 0<x<mT, 


thus consists of a succession of waves of length tt, alternately 
above and below the axis, and the absolute values of the ordinates 
at points at the same distance from the beginning of each wave 
continually increase. 

It follows that, when m is equal to 2, 4, ... , 2(» - 1), the integral 


r ' • /'I 

sin a ( cosec x — s — m cosec =: ^ ) Oa 

^2n 2n 2n+2 2 m +2/ 

is negative ; and, when m is equal to 1, 3, ... , 2n- 1, this integral 

is positive. 

Returning to the maxima and minima, we have, for the 
maximum to the right of a;=0, 


^)(ia 

(+2/ 


2“ sin 2na 


<»+i) 8in2(MH-l)a 


. /I a 1 a \ , 

Therefore, from the above argument, «n(»fr-i)>««+i(»»r-i)« 
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Also for the r"' minimum to the right of *=o, we have 

=£ sin a (1 cosec ^ cosec da, 

and ^ni^iA^^n+li^tr)' 

By an argument similar to that at the close of (V) we have 

n->-« Jo ^ 

It is clear that these limiting values are all greater for 

the maxima, and positive and less Ijian for the minima. 


The Gibbs Phenomenon fob the Series 
2(Bin X + J sin 3x +5 sin 5x + ...), 

116. From the Theorems I- VI o( § 115 all the features of the 
Gibbs Phenomenon for the series 


2(sinx + l sin3x + i sin 5x + -x=^xrix, 


follow immediately. 

It is obvious that we need only examine the interval 0 ^ x Sv, 
and that a discontinuity occurs at x=0. 

For large values of n, the curve 

y = «n(»). 

where «„(x)=2^sin x+^sin 3x + ... + 2 ;^^ sin (2n- l)x^, rises at 

a steep gradient from the origin to its first maximum, which is 

very near, but above, the point (o,J di:^(§ 115, V). The 

curve, then, falls at a steep gradient, without reaching the axis 
of X (§ 116, II), to its first minimum, which is very near, but below, 

the point then oscillates above 

and below the line the heights and (depths) of the waves 

continually diminishing as we proceed from x=0 to x= Jx (§ 116, 
IV).; and from x=Jx to x=x, the procedure is reversed, the 
curve in the interval 0~x = x being symmetrical about x=Jx 


( 8116 , 1 ). 

The highest (or lowest) point of the l*' wove to the nght 


of 


• For the valoM of T— dx. soo AnnaU of Math., (2). 7 (1900). 129. 

10 X 
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ar=0 will, for large values of n, be at a point whose abscissa is 

Tit 

2 ” (§ 115, III) and whose ordinate is very nearly 

VI). 

By increasing n the curve for 0 ^ a: ^ tt can be brought as close 
as we please to the lines 

_ ^ f'" sin X , ] 

x^O, 0 <//^- --dx, 

Jo 


o<x<x, 



We may state these results more definitely as follows : 

(i) If € is any positive number, as small as we please, there is 
a positive integer r' such that 

|j7r-.s„(x)|<e, when n e^jr^lTr. 

This follows from the uniform convergence of the Fourier's 
Series for /(.r), as defined in the beginning of this section, in an 
interval which does not include, either in its interior or at an end, 
a discontinuity of f{x) (cf. § 107). 

(ii) Since the height of the first maximum to the right of x = 0 

sin X 

tends from above to — dx as n tends to infinity, there is a 
j 0 ^ 

positive integer / such that 
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(iii) Let v'” be the integer next greater than Then the 

2e 

abscissa of the first maximum to the right of a:=0, when n^v"' 
is less than e. 

It foUows from (i), (ii) and (iii) that, if ^ is the greatest of the 
positive integers v , i> and v , the curve y—s„(^x), when ti~v, 
behaves as follows : 

It ri.ses at a steep gradient from the origin to its first maximum 
which is above J - - dx and within the rectangle 

0<X<e. 0<y<r®i-“^d*+e. 

Jo ^ 

After leaving this rectangle, in which there may be many oscilla- 
tions about y = \Tr, it remains within the rectangle 
e<X<ir-€, ^ir -e<y<l-7r +e. 

Finally, it enters the rectangle 

^ f " sin X , 

7r-f<a:<x, 0<y<| - ax-fe, 

Jo ^ 

and the procedure in the first region is repeated.”' 

The Gibbs Phenomenon for Fourier’s Series in General. 

117. 1. L et f(x) bo a function with an ordinary discontinuity 
when x = ay which satisfies Dirichlet's Conditions in the interval 

— TT X r-. TT. 

Denote as usual by /(a+0) and f{<i-0) the values towards 
which f{x) tends as x approaches a from the right or left. It 
will be convenient to consider /(u+O) as greater than /(a-0) in 
the description of the curve, but this restriction is in no way 
necessary. 

Let V sin (2r-- l)(x-a). 

Then </>{x-a)= Iv, when a<x<ir+a, 

(/>{x-a)= - Itt, when -Tr+a<a;<a, I 

f/>(40)= \ir, <p{-0)— -\ir, 

(f>{fS)~ 0 and ^(x) = f/>(a: -l-2ir). 

*Tho <50sine series 

^ - r cos .T - s cos 3.r f . cos ox + ... L 

TT L •' ^ 

rhich represents 0 in the interval 0 x < Jir and Jir in the interval <x 
tan be treated in the same way as the series discussed in this article. 
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Now put 

Vr(x) =/(x) - i{/(a +0) +/(a - 0)} - - {/(o +0) -/(a - 0)}^(* - a), 

IT 

and let /(x), when x=o, be defined as |{/(o +0) +/(a - 0)}. 

Then ■\/^{a+0) = \(^{a-0) = \l^{a)=0, and ^'(x) is continuoTiB at 
x=o. 

The following distinct steps in the argument are numbered for 
the sake of clearness : 


(i) Since yjr{x) is continuous at x = a and \/r (a) = 0, if e is a positive 
number, as small as we please, a number ij exists such that 
|\^(x)|<Je, when |x-o|=};. 

If r) is not originally less than t, we can choose this part of rj 
for our interval. 


(ii) \Er(x) can be expanded in a Fourier’s Series,* this series being 
uniformly convergent in an interval a'S.x Vzkfi contained within an 
interval which includes neither within it nor as an end-point any 
other discontinuity of /(x) and ^(x-o) than x=o (cf. § 108). 

Let s„(x), - a) and >^„(x) be the sums of the terms up to 

and including those in sin nx and cos nx in the Fourier’s Series 
for /(x), </>(x-a) and yl/(x). Then e being the positive number 
of (i), as small as we please, there exists a positive integer / such 
that 

l'/'n(®)-'A(»)l<if. when n:rv', 
the 'same v' serving for every x in az^x^ 

Also I Vr„(x) I ^ I Vr„(x) - ,/,(x) I 4- 1 \<r(x) I < ie + = Jf , 

in\x-a\'Sr],ifa<a-i]<a<a+r)<p, and n — v. 

(iii) Now if n is even, the first maximum in c/>„(a;-a) to the 


right of x^a is at a ; and if n is odd, it is at a + — , . In 
® n n + 1 

either case there exists a positive integer u" such that the height 

of the first maximum lies between 


sin a; , , sjn x , 

I ax and I ax-f. 

Jo X Jo X 5 


TTf 


(iv) This first maximum will have its abscissa between a and 


a +tj, provided that - <T]. 

ft 


*lf f(x) satisfies Dirichlet's Conditions, it is clear from the definition of0(x-o) 
that ^ {z) does so also. 
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Let V be the first positive integer which satisfies this in- 
equality. 

(v) In the interval s„{x) converges uniformly 

^ y(®)' Therefore a positive integer »/•''* exists such that, when 

|/(a:)-s„(®)|<e, 

the same serving for every x in this interval. 

Now, from the equation defining \f/^{x), 

«»(®) = !(/(« +0) +/(a - 0)) +y(g- ±Q) <p„(x - a) +xlr„{x). 

It follows from (i)-(v) that if v is the first positive integer greater 
than v' , p", /" and v*”*, the curve y=s„(x), when n^p, in the 
interval o g a: £ j8, behaves as folloWs : 

When a:=a, it passes through a ^oint whose ordinate is within 
ie of i{f{a+0)+f{a-0)), and asdends at a steep gradient to a 
point within e of 

K/(a +0) +/(« - 0)} +y(?-±*^r/ki 0) p “Ef dx. 

TT Jo ^ 

This may be written 

f^a ^0) !!Hf ix, 

and, from Bocher's table, referred to in § 115, we have 

-0*2811. 

Jir X 

It then oscillates about y=f{x) till x reaches a +r/, the character 
of the waves being determined by the function <f>n(x - o), since the 
term \JrJ^x) only adds a quantity less than Je to the ordinate. 

And on passing beyond a; = a the curve enters, and remains 

within, the strip of width 2t enclosing y^f(x) from x = a-hrj to 

On the other side of the point a a similar set of circumstances 
can be established. 

Writing Z)=/(a+0)-/(a-0), the crest (or hollow) of the first 
wave to the left and right of a;=a tends to a height 

where i*i= f ~ - dar. 

Jir X 
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117. 2. The argument of the previous section can be at once adapted to the 
ease of summation by Arithmetic Means, and it will be seen that, if we can 
show that the Gibbs Phenomenon does not occur in the approximation curv4>:« 
for a single example of Fourier's Series with this method of summation, it 
cannot appear in these curves for any function satisfying the conditions of 
§ 101, at a point of ordinary discontinuity.* 

It is, however, easy to show that it does not occur in the curves y=(r„(^} 
for the Fourier’s Series corresponding to the function in § 114. 2. 

For this case, we have f{x)= ~ Jtt, when -7r<x<0, and/(x) = j7r, wh« > 
0<a:<7r. 

But from § 101 we know that, when f(x) is bounded and integrable in ( - tt, ti- ^ 


/V If" n /V sin* Jw(a:' -x) , , 

»■„(*) - ; ? - 2 I _ ^ /(* ) -8inay(*' 


1 _ K Sin* i (x -X) 


Thus, for the function with which we are now concerned, 


«(^)1 =- 


1 

2»7r 1 ^ 1 




, ,,,8in*ln(x -x) j , 

8in*i(x'~x) 


1 

8in*j'(x'-x') 

<i^r. 

By § 1 15, II, the sums when 0 < x < tt, are all positive. 

It follows that 0 < (Tn(x) < iTT, when 0 < x < tt . 

But we know by § 101 that (r„(x) converges uniformly to Jtt in any interv 
wholly within (0, tt). 

Thus the Gibbs Phenomenon docs not occur when the Fourier’s Series 


is 


2(8in X + }. sin 3x + J sin 5x + . . .) 
summed by Arithmetic Means.t 
In this example, by § 114. 2 (1) 


27* ^ i(*^) — 



i sin 2rt 

I 

sin/ 


(It, 


It can be shown that, as we proceetl from 0 to Jtt, the ordinates of ti 
maxima continually increase, and that the same holds of the minima. 

The last maximum in 0 x-^ iir, has the greatest ordinate for the whoh 

interval, ar.d when n^co , this tends to ^tt from below. 

The curve y=<r 2 n+i(-*^) ?»=6 is given in Fig. 37, and it is interesting 

compare it with the curve of Fig. 34, which corresponds, with this notation, ? * 
y=«2n(^) forn = 6. 

In the case of the ordinary sums the approximation curves y=s„(x) ar 
brought within the shaded {>art of Fig. 38 by taking n large enough. 


*For another proof see § 4 of a paper by Fejer in Maih, A nnalen^ 64 (1907), 273 

• *• g| j) (2r “ 

fit should be noticed that with the notation of this section =- 2- - , . /- 

and c?,,. siu^ e cof^fficient < f mp, ?nr. ?er> 






310 


THE APPROXIMATION CURVES 


REFERENCES. 

BdcUEK, “Introduction to the Theory of Fourier's Series,” Annala of Math. 
(2). 7 (1906). 

UiBBS, Scmtijic Papers, Vol. II, p. 258 (London, 1906). 

And the other papers named in the text. 



CHAPTER X 


FOURIER'S INTBGRALS 

118 . When the arbitrary funiCtion f{x) satisfies Dirichlet’s 
Conditions in the interval (-/, l)^ we have seen in §98 that the 
sum of the series 

2 J /{a;')cos Y {x'-x)dx' (1) 

is equal to l[f{x+0)+f{x-0)] at every point in -l<x<l 
where /(x+O) and /(x-0) exist; and that at x=±l its sum 

is H/( ■ ^ +/(^ ■ 

Corresponding results were found for the series 

I j" f{x') d/' + ^ ^ cos X j* /{x') cos ” ' (2) 

and ^ Vsin j xj'^/(x')sin jx'dx', ( 3 ) 

in the interval (0, /). 

Fourier’s Integrals are definite integrals which represent the 
arbitrary function in an unlimited interval. They are suggested, 
but not established, by the forms these series appear to take as I 
tends to infinity. 

If I is taken large enough, rjl may be made as small as we please, 
and we may neglect the first term in the series (1), assuming that 

j* f{x)dx is convergent. Then we may write 

/(*')C08 j(x'-x)dx' 

as I I J-i 

/(x')cosAa(x'-x)dx'+Aa| ^co8 2Aa(x'-x)dx'-:-...j, 

where Aa=7r/i. 
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Atbuming that this sum has a limit as l->oo , an assumption 
vv iich, of course, would have to be defended if the proof were to 
be regarded as in any way complete, its value would be 


“ [ da f / {x') cos a (x' - x)dx', 
ttJo J -X 

and it would follow that 


- f da P f{x') cos a {x' - x) dx* = J [ /(a? +0) +/(a? - 0)], 

"TT J 0 J - 00 

- 00 <x<co , 

when these limits exist. 

In the same way we arc led to the Cosine Integral and Sine 
Integral corresponding to the (Cosine Series and the Sine Series : 



cos ax cos ax' dx' 

= -U/(^+0)4-/(:r -())], 
sin ax sin ax' dx' 

— i [/(^+0) 4-/(x-0)], 


) 0<x<oo , 


when these limits exist. 

It must be remembered that the above argument is not a proof 
of any of these results. All that it does is to suggest the possi- 
bility of representing an arbitrary function/(x), given for all values 
of X, or for all positive values of x, by these integrals. 

We shall now show that this representation is possible, pointing 
out in our proof the limitation the discussion imposes upon the 
arbitrary function.* 


119. Let the arbitrary function f{x), defined for all values of x, 
satisfy Dirichlet's Conditions in any finite interval^ and in addition 

let f{x)dx be absolutely convergent, 

J _ 00 

Then 

-f dap /(x') cos a(x' -x)dx' = ^ [/(x +0) +/(x-0)], 

'TTJo j - X 

at every point where /(x +0) and f(x - 0) exist. 

Having fixed upon the value of x for which we wish to evaluate 
the integral, we can choose a positive number a greater than x 
such that f(x') is bounded in the interval a ^ x'^ b, where b is 


*See footnote, p. 230. 
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arbitrary, and f \f{x')\dx' converges, since with our definil!. 

the infinite integral only a finite number of points of infinite dis 
continuity were admitted (§ 60). 

It follows that f /(x')cos a (x' -x)dx' 

Ja 

converges uniformly for every a, so that this integral is a cm- 
tinuous function of a (§§ 83, 84). 

Therefore j* da [ /(x') cos 9 (x' - x) dx' exists. 

•'O J a 

Also, by § 85, 

I «ia I f{x') cos a (x' - x) dx' =* f dx'\^ f{x') cos a {x' - x) da 



But — X a — ic>0 in a;' ill a, since we have chosen a>x. 

And I /(x') I rfx' converges. 

J a 

Therefore I - dx' also converges. 

J ^ X — X 

It follows that J f{x')^—^^^^~dx' 

converges uniformly for every q. 

Thus, to the arbitrary positive number e there corresponds a 
positive number A>a, such that 

j* <Je, when A' — A>a i^) 

the same A serving for every value of q. 

But we know from § 94 that 

1 - f’* t! /X singrfx'-x) , , 

lim f{x') ^y^-’dx 

► iT J a X 

Q—*-ycj J a - X ^ 


since f(u+x) satisfies Dirichlet’s Conditions in the interval 
(a - ®, A- x), and both these numbers are positive. 
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Thus we can choose the positive number Q, so that 

I rV(»-') dx' < Je. when q = Q. (3) 

It follows from (2) and (3) that 

when q^Q. 

Thus lim f J(x') — —dx' — Q, 

J a X X 

and from (1), f da{ /(ar') cos a (a;' - x) dx' = 0 (4) 

Jo Ja 

But, by § 87, 

f daj /(a:') cos a (x' — a:) dx' — j dx'f /(x') cos a(x' — x) da 
0 •' X J ar J 0 

Jx X “ X 

.sinuMj 

=J„ ■» 

Letting q-^oo , we have 

I* daf /{x')cosa(x'-x)dx' = jr/(x+0) (5) 

Jo J* •J 

when /(x+0) exists. 

Adding (4) and (5.), we have 

J daj /(x')cosa(x'-x)dx' = ^/(x+0), (6) 

when /(x +0) exists. 

Similarly, under the given conditions, 

J daj f{x')coaa{x'-x)dx'=^f{x-0) (7) 

when f{x - 0) exists. 

Adding (6) and (7), we obtain Fourier’s Integral in the form 

~[ daf /(x')cosa(i'-xjdx' = j[/(x+0)+/(x-0)] 

‘ST Jo J - 00* 

for every point in -oo<x<oo, where f{x+0) and /(»-0) 
exist. 
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120. More general conditions for f{x).* In this section we shall show that 
Courier s Integral formula holds if the conditions in any finite interval remain 

as before, and the absolute convergence of the infinite integral f * f(x)dx is 
replaced by the following conditions : 

For some poailive number and to the right of it, f(x') is bounded and mono- 
tonic and \m^f(x') =0 ; and for some negative number and to the left of it, f(x') 

is hounded and monotanic and lim /(a?')z=0. 

Having fixed upon the value of * for which we wish to evaluate the integral, 
we can choose a positive number a greater than x, such th&tf{x') is bounded 
and monotonic when x' -si a and lim J\x')=^0, 

x '— >-00 

-00 

Consider the integral I / {x') cos a^x' - x) dx\ 

• * 

By the Second Theorem of Mean Value, 

I cos a(a;' - x) dx' coak(x' -x) dx' coa nix' - x)dx'. 


where a i 
Thus 




r'/(x')cosa(.'-x)dx'=-^i^')i*''-'’ cos«da+^-M2r‘"'- 

]a* a ja(,4'-jp) a j*(^- 


JXA") 

Jr> 


coa udu. 


Therefore 


/(*') cosa(x' - X) dx' < for a ^ > 0. 

'a' 


But we are given that lim /(x') = 0. 

2"-».30 

eiO 

It follows that 1 /(x') cos a (x' - x) dx' 

'a 

is uniformly convergent for a ^ > 0, and this integral represents a con- 

tinuous function of a in a go- 
Also, by § 85, 

da I /(x')co8 a(x' - a:) da;' = | dx' /(a;') cos a(x' - x) da 

But x' - * a - * > 0 in the interval x' ^ a, since we Jiave chosen a greater 
than x, 

both converge. 

•These extensions am due to Pringsheim. Cf. Math. Anaofca. M (1910). 367 wd 
71 (1911), 289. Reference should also be made to a paper by W. H. Young m I'roc, 
Jtoyal 8oc* Edinburgh, 31 (1911), 559. 
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Then^fore, from (1), 


da f(x') cos a(x - £)dx* 


. - (*/(:,•, '-iSfili-e *. ,2) 

Jrt ' X -X la X -X 


Now (consider the integral 

From the Second Theorem of Mean Value* 


. 4 /' ' ' '*• 




IJ, 


where a < .d ' ^ A", 


sin qii(x' - x) _ fg8(^~-y> sinu 


I X - a; 


the limits of the integral being both positive. 


Tlierefore 


<^. (rf.§91.) 

}a' x'-x 


* And similarly dx' 


Thus, from (3), 


It follows that 




s uniformly convergent for £r= 0, and by § 84 it is continuous in this range. 
Thus lim r (f 

a XX 


Thus lim U x'^0, (5) 

70“^ iT ar 

since the integral vanishes when 
Also from (2), 

l^dal f(x')iio&a(x' -x)dx' — \ f{x') ^ dx' (6) 

}a 1« X - X 

But we. have already shown that the integral on the right-hand side of (6) 
is uniformly convergent for g ~ 0. 

Proceeding as in § 110, (2) and {3),* it follows that 


ry— ►aoJ'* X —X 

Thus, from (6), [ da f f(x')coBa(x'-’X)dx'^0, 

JO Ja 


*Or we might use the Second Theorem of Mean Value as proved in § 58 for the 
Infinite Integral. 
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But we know from § 1 10 that 

L c°8a(a:'-a:)<ia:'=|/(a: + o), (8) 


when this limit exists. 


Thus 

.'0 

when this limit exists. 


1 f" 

^ I (in f(x') cos a(ar' - x)dx' = \ f(x + 0), 


.(9) 


Similarly, under the given conditions, we find that 
1 raj 

7T jo j _ V. - a:) rr. J/(x - 0), (10) 

when this limit exists. 

Adding (9) and (10), our formula is proved for every point at which /(a: ±0) 
exist. 


121. Other conditions for f(x). We ^all now show that Fourier s Integral 
formula also holds when the conditions at ioo of the previous section are 
replaced by the following: 

(I) For fiorne poifitive number and to the right of it, and for some negative 
number and to the left of it, f(xf is of the form g(x') cos (Ax' + /a), where 
a(x^) is hounded and monotonic in these intervals and has the limit zero 
as x'-y ±<Xi , 

(II) 1 dx* and [ ~,- dx' converge, 

I x I — TO a? 

We have shown in § 120 that when g(x') satisHes the conditions named 
above in (I), there will be a positive number a greater than x such that 

\ da g{x') cos {i{x' - x)dx'~0^ 

-0 a * 

But, if A is any i)oaitive number, 

\ da I g{x') cos a(x' - x)dx' 

’o 'a 

= Tc/at ( 7 (j"') cosa(.r' -.r)f/.r'H-l t/u [ g(x') vos a{x' ~ x)dx' 

0 .<1 ^ a 

“ da \ g{x') cos a{x' - x)dx'-i f da [ g{x') cos a{x' x)dx' 

j( (/« ( gix') cos a(x' - x)dx' -t da i g{x/) cos ( 2 {x' -x)dx' 

- A 'a A 'a 

i r ‘•‘>8 (a + A)(a;' - x)dx' -t i [ da\ g(x') eos (a - A)(x' - x)dx'. 

Therefore 

( da\ g(x') cos a(.r' - x)dx' 

•V a 

=r f "" da f g{x') cos \(x' - x) cos a(x' - x)dx'=0, 

’o rt 


( 1 ) 
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Again we know, from § 120, that 

,00 

J g(x') sin a{a?' - x)dx' 

is uniformly convergent for a ^ Ao > 0. 

It follows that ( * ^ ® 

Ja 

exists, for A^ > A© > 0. 

Also 


fAi f* 

I da\ g(x^) Hina(x' -x)dx' 

JAo Ja 

= ( dx' l^V(*0 si>^ -x)da (by § 84) 

Ja JAq 

= / 2£8Ao(^) _C08 X, (£l-£)| 

}a V x -x X -X j 

1® , cos Ao(a;' - ar) , , f* , cos Ai(x' -a:) . , 

=.L — /-X *' -)/(*) — zrF~ ‘ 

since both integrals converge. 

c’^q(x') 

But we are given that 1 dz' 

J ^ 

f® q(z') 

converges ; and it follows that 1 ^ — - dx' 

J a X z 

also converges, so that we know that 

1® . cos Ao(x'-a;) , , 

is uniformly convergent for Aq 0, and therefore continuous. 

Thus lim k- ~ dx' =\* dx'. 

A,^0 'a * iaX -X 

It follows from (2) that, when A > 0, 


j da j g(z') sin a (a;' - x)da;'= j --^dx' - | g{z 


')22lh^f^dx'. ...(3) 

X ~X 


Also, as before, wo find that, with the conditions imposed upon g{x')* 


lim 
X~»-x .’a 

Therefore, from (2) and (3), 


° „ cos A(x' -x) J , ^ 

g{x') : — ?dx'=0. 


x-x 


and 


( rf<x[ g(x’)Bma{x' -x)dx' = \ g{x')^— dx:', (4) 

JA Ja Ja X —X 

[ da I g(x') sin a(x' - x)dx' = I dx* (6) 

Jo Ja Ja ^ 


♦This can be obtained at once from the »Second Theorem of Mean Value, as 
proved in § 58 for the Infinite Integral; but it is easy to establish the result, as 
in § 119, without this theorem. 
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tK f* 

Again, since j da J g(x') sin a{a;' - x)dx' 

! x f®® 

dal ^(a;')8ina(a:'-a;)da;'=0 (6) 

-X .'a 

S « j-oo 

da \ g{x') sin a{x' -*x)dx', it follows 

that ^ •“ 

( da[ ^(a:')8ina(a;'-a;)da;'~l dal ^(a:') 8ina(«'~a;)da;'=0. 

J - X )a '« 

Thus 

("^daf gr(a:')8in(a + A)(ar'-®)dar'“[ dal g(x') (a - \)(x' - x)dx' ^0, 

Jo 'tt J« 

Therefore ( da 1 g(x') sin \(x' ~ ^ cos a(x' - x)dx ' =0 (7) 

Jo Ja 

Multiply (1) by cos (Aa; + /i) and (7) by sin (Ax+/a) and subtract. 

It follows that ■ 

(M rcc ' 

da 1 g(x') cos (Xx' + cos a (x' - a:)da;' =0 (8) 

.0 • « 

And in the same way, with the conditions imposed upon g(x'), we have 

j da I ^ g(x') cos (Ax' + /t) cos a(x' - x)dx'=0 (8) 

These results, (8) and (9), may be written 

( X> rto 

da I /(x') cos a(a;' - x)da?' = 0, 

0 (10) 

{ dal fix') cos a (x' - x)dx' =0, 

Jo 

when /(*') =»(*') cos (Xx' + /i) in (a, cc ) and ( - oo , - o'). 

But we know that, when/(x) satisfies Dirichlet’s Conditions in ( - o', a), 

I da|** /(x')co8a(x'-x)(fo:' = 2[/(®+0)+/(*~0)] 

when these limits exist. (Cf. § 1 19 (6)-] , , ,j u 

Adding (10) and (11). we see that Fourier’s Integral formula holds, when 
the arbitrary function satisfies the conditions imposed upon it in this ^tion. 

It is clear that the results just established stiU hold if we replace cos (Xx + ^) 
in (I) by the sum of a number of terms of the type 

0 „C 08 (X„x' + /i„). 

It can be proved ♦ that the theorem is also valid when this sum is replaced 
by an infinite series ^ 

C08(A„«'-f A*n)» 

when i«„ converges absolutely and the constants X„, so fax arbitrary, tend 
1 

to infinity with n. 

*Cf. Pringsheim, McUh, AnmUn, 68 (1910), 399. 
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122. Fourier’s Cosine bitegral and Sine ]ht^;ral. In the case 
when f(x) is given only for positive values of x, there are two forms 
of Fourier’s Integral which correspond to the Cosine Series and 
Sine Series respectively. 

I. In the first place, consider the result of §119, when f{x) 
has the same values for negative values of x as for the corre- 
sponding positive values of x : i.e./( -x)=/(x), x>0. 

Then ^ f daf f{x')cosa{x'-x)dx' 

^ J 0 J — CO 


= -[ da\ /(x')[cosa(x' -f-x) +cosa{x'-x)]dz' 

'W’Jo Jo 

= - I da\ f (x') cos ax cos ax' dx\ 

'ttJo 

It follows from §119 that when f(x) is defined for positive 
values of x, and satisfies DirichleVs Conditions in any finite 

interval, while I f{x) dx converges absolutely, then 

2 f f ^ 

1 da f{x')cosaxcosax' dx'=:^[f(x-{-0)~^f(x-0)], 

Jo Jo 

at every point where /(x+O) and f{x-0) exist, and when x = 0 the 
value of the integral is /( +0), if this limit exists. 

Also it follows from §§ 120 and 121 that the condition at infinity 
may be replaced by either of the following : 

(i) For some positive number and to the right of it, f{x') 
shall be bounded and monoionic and lim /(x') = 0; 

a;'— 

or, (ii) For some positive number and to the right of it, f{x') 
shall be of the form g{x') cos {\x' +fi), where g(x') is 
bounded and monotonic and lim g{x')=^0. Also 

I ox must converge. 

II. In ihe next place, by taking /(-x)= -/(x), x>0, we see 
that, when f{x) is defined for positive values of x, and satisfies 


f f{x)dx 
Jo 


con- 


DirichleVs Conditions in any finite interval, while 
verges absolutely, then, 

• rfaf /(x') sin aar sin ax' J[/(x +0) -f/(x-0)], 

TT Jo Jo 

at every point cohere /(x-l-0) and /(x-0) exist, and when x = 0 the 
ifUegral is zero. 
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also it follows from §§ 120 and 121 that the condition at infinity 
.huy be rei)lixced by one or other of those given under (I). 

Tt should be noticed that, when we express the arbitrary function 
f{x) by any of Fourier’s Integrals, we must first decide for what 
\ alue of X we wish the value of the integral, and that this value of x 
must be inserted in the integrand before the integrations indicated 
ire carried out (cf. § 62). 

123. Fourier's Integrals. Sommerfeld’s Discussion. In many of the prob« 
lems of Applied Mathematics in the eoiution of which Fourier's Integrals 
occur, they appear in a slightly different form, with an exponential factor 
(c.g. added. In these cases we lire concerned with the limiting value 

as of the integral ^ 

M (la\^ f(x') (SOB a(x' 

and, so far as the actual physical problem is concerned, the value of the integral 
for / — 0 is not required. 

It was shown, first of all by 8ommerfdd,* that, when the limit on the right- 
hand side exists, 

lim - 1 da /(a:') cos a(a:' -a;)e-*“*<da;' = i[/(a; + 0) +/(X'-0)], 

( K) ^ :o .'a* 

when a<x<b, 

= J/(a-fO), when x=a, 

= J/(6-0), when af=6, 

the result holding in the case of any integrable function given in the interval 
(a, 6). 

The case when the interval is infinite was also treated by Sommerfeld, but 
it has been exaniined in much greater detail by Young.f It will be sufficient 
in this place to state that, when the arbitrary function satisfies the conditions 
at infinity imposed in 120-122, Sommerfeld s result still holds for an infinite 
interval. 

However, it should be noticed that we cannot deduce the value of the 
integ»*al 

^ l*</a {'' Ax') cos a(x'-x)dx' 

“JV Jo • » 

from the above results. This would require the continuity of the function 

,/,(/)=- 1 da l*/(a-') cos a{x’ -x)e-'‘<'‘tdx' 

^ 'o -a 

for /=0. ^ ^ . + 

We have come across the same iioint in the discussion of Poisson s treatment 

of Fourier's Series. L^’f- § 

•Sommerfeld, Die u-illhirlichcn F«„elio„e» in der matkenuitiachen Physik, 
Ifiss., Kbnigsberg, 1891. 

fW. H. Young, he, cit., Proc, Royal Soc. Edinburgh, 31 (1911). 
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EXAMPLES ON CHAPTER X. 

1. Taking /(a;) as 1 in Fourier’s Cosine Integral when 0 < a; < 1, and as zero 
when 1 < a*, show that 

1=2 


TT 

12 * 
2 TT 


0 = 


0 

2 i® 


sin a cos ox , 

oa, 

•a 

(0<*<1) 

sin a cos ax , 

oo, 

a 

(*=1) 

sin a cos ax , 

tfx. 

a 



2. lly considering Fourier’s Sine Integral for e-fi^{p>0), prove that 

f. 


' a sin oo; , tt. 


and in the same way, from the Cosine Integral, prove that 


I 


cos ax - TT 

0 


3. Show that the expression 

2a2[« /ex\de{9 , 

— - \ cos I — ) -So \ V* cos V dv 
TT Jo \aje^ Jo 

is equal to when 0 ^ x < a, and to zero when x>a. 

4. Show that ^ | sin qx + tan dq 

is the ordinate of a broken line running parallel to the axis of x from x=0 
to x=.a, and from x=& to x=ao , and inclined to the axis of x at an angle a 
between x=a and x=6. 

6. Show = satisfies the conditions of §120 for Fourier’s 

Integral, and verify independently that 

r ,dx' 1 , 

-1 aa\ cosaxcosax — > = — when x>0. 

’tJo Jo %/« •jx 

sin X 

6. Show that /(x)=— ^ satisfies the conditions of §121 for Fourier’s 
Integral, and verify independently that 
1 f** , f 


00 1*00 


dx* sin X 
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PRACTICAL HARMONIC ANALYSIS AND PERIODOGRAM 
ANALtSIS 

1. Let y =/(*) be a given periodic funption, with period 2a-. We have seen 
that, for a very general class of functions] we may represent f{x) by its Fourier’s 
Series 

Oj+Oj C08a:+a|C08 2x+...^ 

+bi sina:+6jBin2x+,../' 

where dg, Oi, Ug, . . . by, hg, . . . are Fourier’s Constants for f{x). We may suppose 
the range of x to be 0 = x = 2ir. If the period is a, instead of 2ir, the terms 

nx are replaced by 2nirx/a, and the range becomes 0 = x ^ a. 

sm * sm ° 

However, in many practical applications, y is not known analytically as a 
function of x, but the relation between the dependent and independent variables 
is given in the form of a curve obtained by continuous observations. Or again, 
we may only be given the values of y corresponding to isolated values of x, 
the observations having been made at definite intervals. In the .latter case 
we may suppose that a continuous curve is drawn through the isolated points 
in the plane of x, y. And in both cases Fourier’s Constants for the function 
can be obtained by mechanical means. One of the best known machines for the 
purpose is Kelvin’s Harmonic Analyser.* 

2. The practical questions referred to above can also be treated by substi- 
tuting for Fourier’s Infinite Series a trigonometrical series with only a limited 
number of terms. 

Suppose the value of the function given at the points 
0, a, 2a, ... (m - l)a, where ma=2n-. 

Denote these points on the interval (0, 2ir) by 

*l» ®i» ••• ^ta-v 

and the corresponding values of y by 

Vti t/u Vzf “• Vm-v 

♦Such mechanical methods are described in the handbook entitled Modern , 
ImimmetUt and Mahods of Calculation, published by Bell A Sons in connection 
with the Napier Tercentenary Meeting of 1914. 
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Let 8^{x) = cos x + a^ cos 2x + . . . + cos nx"| 

-f sin x + ftj sin 2a:+ ... sin ?wr/ ’ 

m, we can determine these 2n + 1 constants so that 
^n(^r)=yr» when r=0, 1, 2, ... 2n, 

^ 1 equations giving the values of Oq, Uj, ... a^, fej, ... 6„, are 


“i* + ••• +Uj) + ..* ■i"®n 

Uq -f Uj COS 3Ci 4- . . . + Uj, cos px^ 4- . . . + cos nx^ y 

+ 6i8inari 4- . . . + sin 2)^1 4* . . • 4- sin najj J 

«o + cos .^ 2 ^ 4- ... 4 Up cos 4- ... 4* cos nx 2 n \ 

4-^1 sin r2„4‘...4-tp sin^J^rg^ 4-...+^;, sin nx^^^ 

At'ding these equations, we see that 

2m 

(2»+l)a,- 

r- 0 

''I «ice 1 + COS pa + cos 2pa 4- ... 4- cos 2npa = 0, 

irul sin pa 4- sin 2pa 4- ... 4 sin 2?ipa = 0, 


vs hen (2w 4- l)a=27r. 

F urther, we know that 

1 4 cos pa cos ra 4 cos 2pa cos 2ra 

4 ... 4 cos 2n|;a cos 2nra 0, j) ^ r, 
cos pa sin ra 4 cos 2pa sin 2ra f P ” 1» 2, ... n | 

4 ... 4C0S 2npa sin 2?im=0, ( ^ = 1, 2, ... n j 

And 1 4 cos^T^a 4 cos*22>a 4 ... 4 cofi^2npa = J(2n 4 1 ). 

It follows that, if we multiply the second equation by cos px^^ the third by 
cos paij, etc., and add, we have 

2n 

J (2n 4 l)ap = 2] yr ^'’os pra, 

r-O 

SirnilaH*', find that 

2m 

\(2n 4 l)6p = yr sin pra. 

T^l 


A trigonometrical series of (2n4 1) terms has thus been formed, whose sum 
takes the required values at the points 

0, a, 2a, ... 2na, where (2n4 l)a = 27r. 

It will be observed that as n->« the values of Uq, Uj, ... and hj, 6j, ... reduce 
to the integral forms for the coefficients, but as remarked in § 90, p. 218, this 
passage from a finite number of equations to an infinite number requires more 
careful handling if the proof is to be made rigorous. 


3. For purposes of calculation, there are advantages in taking an even 
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number of equidistant points instead of an odd number. Suppose that to the 
points 

0, a, 2a, ... (2/i - l)a, where wa — tt, 
we have the corresponding values of y, 

•Vo. Vi. 2/2, ... 

In this case we can obtain the values of the 2a constants in the expression 

6to + a I cos a; + a j cos 2r + . . . + a„_i cos ( n - 1 ) i + a„ cos n j: y 

+ hi sin .T +hj sin 2a: + ... +6„_, sin (n - l).c )’ 

so that the sum shall take the values y,. ... y,„_^ at these 2n points in 

(0, 2<t ). 

It will be found that 

1 

r -0 


ja^rrln. 


(ip " Z Vr COS 7>ra, if /) / n 

ft' , -i> 

1 

«« w //r COS rxr 

r 0 

/ i W • 

p ~ Vr sin 7;ra 

r = r 

Runge* gave a convenient scheme for evaluating these constants in the 
of 12 equidistant points. This and a similar table devised by Whittaker for 
the ca.se of 24 cquidi.stant points will be found in Whittaker and Robinson's 
Calculus of Operadons (1924), Ch. X. 

4. This question may be looked at from another point of view. Suppose 
we are given the values of y, viz. 


//o« .Vi, ,1/2. ... 

corrc.sponding to the points 

0, a, 2a, ..(w-l)a, where 77ia = 27r. 

Denote these values of r, ns before, by 

^0' ^2» ••• 

Let s^{x) — flfj, -f rtj cos X + a 2 cos 2x + . . . + cos nx ^ 

sin X f sin 2 j- + ... ”1 sin nx ' 

For a given value of w, on the undcr.standing that m>2M-fl,t the 2?? + 1 
constants •• • • •• to be determined so that s^^(x) shall appr<‘Xi- 

mate as closely as povssible to V/q* .Vi* ••• Vw-i 


*Mutk. Zcitschrifd 48 (HK)3) and 52 (1905). Also Theorie v. Praxis der Peihen 
(Leipzig, 1904), 147-104, 

flf )a<2a + l, we can choo.se the constants in any number of ways so that 
.S,{x) shall be c.|ual U, y„, y., ... at »•„. r,. ... for there arc more constants 

than equations. And if w - 2« + 1, wc can choose the constants in one way so that 
this condition is sati.sficd. 
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The Theory of Least Squares shows that the closest approximation will be 
obtained by making the function 

in I 

(//r 

r o 

regarded as a function of ••• ®n» • K* ^ minimum. 

The conditions for a minimum, in this case, are: 

m-l 

2 (yr-^n(^r))=0 ) 

r=0 I 

m-l I 

iC(yr-Sn(*r))co8pa:f=0 V p=l, 2, ... n. 

r=u 

tn-1 

2;(yf--5n(a?r))sin^.ry=0 

It will be found, as in § 2 above, that these equations lead to the following 
values for the coefficients: 

tn 1 

?»Oo= ^ Vri 

t -0 

V yrcos^jra I 

\ 21 = 1,2, ...n, 

iwjip=V;/^sinjwa | 

But if m is even, the coefficient dp (when — is given by 

Ui ^ I 

7na^„t= ^ 2/r 
#-0 

the others remaining as above. 

In some cases, it is suflicient to find the terms up to cos x and sin x, viz. 

Uq I- rtj cos X I sin x. 

The values of and which will make this expression approximate most 
closely to 

Voi Vu yn- Vm-i 

at 0, a, 2a, ... (w - l)a, when wa=27r, 

are then given by: 

m - 1 

»/Wo= Vr, 

»_n 

Jr/itti ~^yr cos ^^1 

V li 

m I 

\mh^ sin ra. 

r I 

Tables for evaluating the coefficients in such cases have been constmoted by 
Turner.* 

5. In the preceding sections we have been dealing with a set of observations 
known to have a definite period. The graph for the observations would repeat 


^Tables for Harmonic AnnlysiSf Oxford University Press, 1013, 
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itself exactly after the lapse of the period; and the function thus defined could 
be decomposed into simple undulations by the methods just described. 

But when the graph of the observations is not periodic, the function may 
yet be represented by a sum of periodic terms whose periods are incommen- 
surable with each other. The gravitational attractions of the heavenly bodies, 
to which the tides are due, are made up of components whose periods are not 
commensurable. But in the tidal graph of a port the component due to each 
would be resolvable into simple undulations. A method of extracting these 
trains of simple waves from the record would allow the schedule of the tidal 
oscillations at the port to be constructed for the future so far as these com- 
ponents are concerned. 

The usual method of extracting from a^raph of length L a part that repeats 
itself periodically in equal lengths k is to ^t up the graph into segments of this 
length, and superpose them by addition or mechanically. If there are enough 
segments, the sum thus obtained, divided by the number of the segments, 
approximates to the periodic part sough^; the other oscillations of different 
periods may be expected to contribute a instant to the sum, namely the sum 
of the mean part of each. 

6. The principle of this method is also used in searching for hidden periodi- 
cities in a set of observations taken over a considerable time. Suppose that a 
period T occurs in these observations and that they are taken at equal intervals, 
there being n observations in the period T, 

Arrange the numbers in rows thus: 

UQf Uj, 2» 1* 

«n+l- ••• 


Add the vertical columns, and let the sums be 




Un 


U ly U^y 2> 

In the sequence I/.. U„ U the component of period S’ udll be 

multiplied m-fold. and the variable parts of the other components may bo 
expected to disapi^^ar, as these will enter with different phases into the hon- 

between the greatest and least of the numbers U„. U^, U^, ... v ^ 
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entering into the variation of variable stars.* It is a modification of Schuster’s 
work, applied by him to the discussion of the statistics of sunspots and other 
cosmical phenomena.! To Schuster, the term '^periodogram analysis'' is due, 
but the “curve of periods” referred to above is not identical with that finally 
adopted by Schuster and termed periodograph (or periodogram). 

For numerical examples, and for descriptions of other methods of attacking 
this problem, reference may be made to Whittaker and Robinson's Calculvs 
of Observations^ Chapter Xlll, already cited, and to Schuster’s papers. 

* Monthly Notices, Ji.A.S. 71 (1911), 68(>. 

See also a paper by (Tibb, “The Periodogram Analysis of the Variation of SS 
Cygni,” ibid., 74 (1914), 078. 

fTho following papers may be mentioned: 

Trans. Camb. Phil. iSoc., 18 (1900), 108. 

Trans. Royal Sac. London, (A), 206 (100<»), 69. 

Proc. Royal Soc. London (A), 77 (1906), 136. 
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LEBESGUE’S THEORY OF THE DEFINITE INTEGRAL 


1. Introductory. In Chnpter IT we haye seen what is meant hy the lower 
and upper bounds of a bounded linear sdt of points. The liiniting points of 
such a set have been defined, and Weierstrass’s Theorem, that an infinite .set 
bounded above and below must have at st one limitinft ])oint, has been 
proved. 

Lebea/pie’s Theory of the Definite Integral depends essentially on the idea 
of the tnea-siire of a set of poinlu. This is a numher, jwsitive or zero, associated 
with the set and depending upon it. When the set consists of the points of an 
interval, open or closed, the measure is to be the same as the length of the 
interval. And the measure of the set of points, which belong to one or other 
of two sets without common points, should be the sum of the measures of 
these two sets. 

It is this very subtle and rather difficult idea of the measure of a set thai, 
forms the chief obstacle in the way of the introduction of the J.el>esgue Inti'gral 
into Analysis in place of the Riemann Integral. The discussion which follows 
is confined to bounded linear seta, though one of the advantages of Lehesgue's 
work is that the extension to two and three dimensions is more or less im- 
mediate. Among the alternatives at our disposal the treatment by dc la 
Valine Poussin in his Coitrs d'Aimli/xe hifinilfsiimilc, 1 (3e ed.. 1914), has been 
adopted. The more compact and direct development in the first and second 
chapters of his Ivihjrahx <k Uh(:igvc, etc. (1910), .seems more difficult as lo. 
introduction. But much use is made below of the third chapter of that woi i. 
dealing with the properties of the Lebesgue Integral. 

The first step in this extension of the Riemann Theory of Integration was 
made by Jordan* (1892), when he introduced the idea of the inner and onler 
content of a set of points. In 1898 Borelf showed that a much more useful 


‘Jordan, Conre d'A nalyee, 1 (2' ed., 189.1), p. 28. He u.ses the terms aire inlericnre 
and airc exterieure. 

tBorel, Lefoas In tkeorie dee fonclione (P ed., 1898). In the third and last 
edition (1928), this work is both revised and enlarged. 
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concept was what he called the measure of the set. The principles that guided 
Lebesgue in his theory of measure were those of Borel, and his definitk>n and 
earliest treatment are given in his Paris Thesis — IntkgraU^ Longueur, Aire — 
published in Ann. di Matematica (3), 7, ( HK)2). This was followed by his book, 
Legons sur V integration et la recherche des fonctions jirimitivea (1904), of which 
a second and greatly enlarged edition has just appeared (1928). 

2. We now give such definitions and simple properties of bounded linear sets 
of points as will be required in the discussion of measure and the Lebesgue 
Integral. 

As before we denote a set by E, and we shall assume that its points lie on the 
interval The points of (a, b), which arc not points of E, form the 

complementary set denoted by CE. Clearly C{CE) ~ B. 

A set E is said to be couiftable (or enumerable), when there is a one-one corre- 
spondence between the points of the set and the positive integers. To every point 
of E there corresponds a positive integer, and to every positive integer there 
corresponds a point of E. 

The terms of a countable set can be written as 

The set 1, J, , 1/n, ... is obviously countable. 

The positive rational numbers form a countable set. 

For every such number can be expressed ns a fraction pjq, where p and q 
are positive integers without common factor. We arrange these fractions 
according to the sum p-^q, beginning in eacli with the fraction of lowest 
numerator. 

When p + ^ = 2, we have 1 only, and this is taken as Uj. 

When p+g=3, we have J and 2, and these are taken as Mj and Uj. 

When p + 3^=4, we have \ and 3, omitting the number 1 already used; and 
these are taken as and and so on. 

A set E is said to he a closed set if it contains its limiting points; e.g. the set 
L i» ••• is not closed, but, if the origin is included in the set, it becomes a 
closed set. 

A point P of abscissa x is said to he an interior point of the set, if a neighhour- 
hood of P, a<x< p, exists dll of whose points are points of the set. 

A point P is said to he an exterior point of th^ set E, if it is an interior point 
of CE: in other words, there must be a neighbourhood of P none of whose 
points are points of E. 

A set E is said to he an open set, if all its points are interior points of the set. 

Open sets have the important property that they are composed of a finite, or 
countably infinite, number of not-overlapping open intervals. 

To prove this, take any point P of the set, and let its abscissa be x^. We 
can divide all the positive numbers into two classes A and B as follows; a 
number h is put in the lower class A, if all the points x giv^en by Xq ' ' a; < Xq + ^ 
belong to the set; and it is put in the upper class B, if this is not the case. 
There are numbers of both classes, and every number in the class A is less than 
every number in the class B, If /t is the number separating the two classes, 
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3-0 + n is the right-hand end-point of the interval associated with the point x,. 

Similarly by taking negative numbers, we obUin the left-hand end-point 

^0 - A. To all the points of the open interval x^- \<x + /* thw same 

interval corresponds. Now consider the set of all such open intervals. 

They are obviously not overlapping. 

Let €i, Cg, ... be a monotonic descending sequence of positive numbers, such 

that lim €„ =0. There can only be a finite number of the intervals of the set 
n-^oo 

just described, each of length ^ c j. We can arrange these in order from left 
to right. Again there can only be a finite number of those that remain, each 
of length ££. These we now arrange in c^der after the first group; and so on. 

If the end-points a and 6 are points of t%e open set, they are to be the left- 
hand end-point, and right-hand end-poini, respectively, of intervals (a, a), 
( p, 6), open at the ends a and 

The complement of an open set E with resp$fit to the closed interval a~x^b is a 
closed set, | 

For let P be a limiting point of CE, Tlin P cannot be a point of E, other- 
wise there would be a neighbourhood of P containing no point of CE. And 
this is impossible, if P is a limiting point ^f CE. 

Again, the complement of a dosed set E i$ an open set. 

For let P be a point of CE. There must be a neighbourhood of P without 
any point of E inside it; otherwise P would be a limiting point of E, and 
therefore a point of E. 

Two sets El and E^ are said to be equal, if they consist of the same points, 
and we write Ex == E^* 

A set El is said to he greater than a set E^, if Ex consists of the points of E^ 
and some other points^ and we write Ex > E^. 

And Ei<E^ means that Ej >Ex- 


3. Operations on Sets. The set E is said to be the sum of the sets 
Ex, E^ ... Ef^, when it is composed of the points which belong to at least 
one of these sets, and we write 

E — Ex + E^ + . . . E^ = ^ Ef. 

The set E is said to be the difference of two sets Ex, when it consists of 
the points of Ex which do not belong to E^; and we write E = Ex- E^. 

The set of points which are common to all the sets Ex, E^, ••• Pn is called 
the product of these sets, and we write 

E = Ex.E^....En-=n Er. 

1 

Multiplication and subtraction are reduced to addition by the use of com- 
plementary sets, as it will be seen that 

CEi + CEi=-C{EiEi), EiEx,^C(CEx + CEi), 

C( El + El) = CEi . CEi, C{ El -Ei)=CEi + E,, - F, = Fj . 

The Commutative and Associative Laws of Algebra hold for the addition 
and multiplication of sets; 
e.g., = Pt 'b 
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Also the Distributive Law applies; 

^ i{ 2 ^3) ~ ^ j 2 ^ 

and the ordinary algebraical i)rocess jiixes, f<»r example, 

{ t\ -f A’.) ( A3 f A,) - Ai A3 ^ A., A3 + A, E, + A2 A^. 

Since in general (A^ A’o) 4 A’2 " A^, but is actually A^ 4 Ao, care must be 
exercised in dealing Asith subtraction. In pra< tic(‘ there is no dillieulty, for 
subtraction is rej)laced by multiplication and addition, making use of comple- 
mentary sets. The commutative, assmiative and distributive laws may then 
be employed. 

The operations above referred to are finite; that is to say, carried out on a 
finite number of sets, ibit addition and multijilication can be extended to an 
infinite number of sets. 

The set 

A - Ai ^ A\ i ... to X - V A, 

1 

IS comj)o.s(^Hi of the piunts which belong to at least one of the infinite number 
of sets Aj, Ao, ... to X . 

The infinite }»ro(lu(‘t 

A - Aj Ag ... to X - 1 1 Er 

is made up of the ])oints uhich an* (‘ornmon to all the sets Aj, A'g. ... to x . 
The distributive law 

AifAorAV - AjAg-^ AjAa f ... to X 

applies again here, and it holds aKo for the ease of a finite number of factors, 
which themselves may be finite or infinite sums. 

Further (\Ey 4- Ag ^ E.^-i ... to x ) - f’Aj . f'Ag . ('E^ ... to x 

and ('{ A, . Ag . E^ ... to x ) t'A, f ’Ag 4 CE^ f ... to x . 

It is cl(‘ar that the sum of a finite number of eountabh* sets is a (‘ountable set, 
for Ave can take all the first points of the .sets in order, and then })laee after 
them all th(* second points of flic .sets in fheir onh'r, and so on. 

Jbit it IS important to notice that thf sutH of a couttfahh/ injinite number of 
(• nnfahle ii(bs ev abs(f a roHttffihle .sf 7 . 

To proAc this let the .s(*ts b<* 

“b.®l4 ■!■•••» 

^3 = ® 3 i F .®32 F ®33 + ” • ♦ 

= (i\\ + 043 + fliii + . • • * 

and >0 on. 

^ hc'ii h Y j ^ ^/g j -* j 2 f ^^31 4 22 "b 1 3 * • • • t 

where the points in the sum are taken from left to right along the dotted 
diagonals as in llu* above scheme. 
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From this result we can deduce that an open hoivuded linear set of points can 
be broken up into a counlabhj infinite set of not‘ overlapping closed intervals/^ 

For we have seen (§2) that a bounded open linear set is composed of a finite 
or countably infinite set of not-overlapping open intervals. 

Let (a, P) be one of these intervals. 

Divide it into four equal parts, and take the two middle parts, both closed, 
as intervals An, Ai2* The remaining left-hand quarter and right-hand 
quarter are then to be divided into two equal parts, and the closed halves 
lying nearest the centre are to be taken as intervals Agi, Agg. The outer 
parts are again halved, and so on. 

We thus replace this open interval a<x<p by the countable set of not- 
overlapping closed intervals An* Ajg, Agj, A22» Asj, A32 ... 

In this way from enich of the finite or countably infinite set of open inter- 
vals we obtain a countably infinite set of closed intervals, and the result 
follows. 

4. The Measure of a Bounded Linear Set of Points. 

1 . Let E be a set of points all lying on the interval a l i x ' b, and let all the 
points of E be enclosed as intiTior points in a set of intervals Sg* ••• * ^ying 
in (a, b). 

This set of intervals can bo replaced by a set of not-overlapping intervals 
Ai, Ag, A3, , such that every point of E is an interior point of one of the 

intervals, or the coinnion end-point of two adjacent intervals. For start with 
<5, and call it A^. Then take ^g and suppress the parts, if any, of 82 which lie 
in 81, If ^2 lies altogether outside 8^, wo take it as Ag; and also if 82 abuts 
on 81 but docs not overlap it. If it overlaps, we take for Ag the part of 
outside 81, and we have in addition their common end-point. If 8^ lies wholly 
within 82, we replace 82 by the two open intervals outside 8^ and the two end- 
points of (Sj, 

In this process, at any stage when wo take in the interval 5,^, wc add to our 
set of not-overlapping intervals Ai, Ag, ... , which replaces Sj, 83, ...» a finite 
number of not-overlapping intervals, and, possibly, the common end-points of 
adjacent intervals. 

Now let A^, Ag, ... be a finite or countably infinite set of not-overiapping 
intermls, all in (a, 6), or with a and has left-hind end-point or right-hand end- 
point, respectively, such that every point of E is an interior point of one of the 
intervals, or (he common end-point of two adjacent intervals. Let A'A d,enote 

the sum of the lengths of the intervals of the set Aj, Ag, .... 

The lower hound of I'A for all such sets of intervals is called the exterior 

measure of E and denoted by 


* The word overlap ie u«od here in its natural sense ; two mtervals overlap d they 
have points in common whieh are not end-points of either. Thu.s (0, 1) an. („ .) 
overlap The closed intervals (0, 1) and (1, 2) in a more c.xact sense overlap, as 
there is a point common to both ; but in the text this meanms of the term la not 
used. A pair of such intervals (open or closed) may be said to a6«,. 
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The irUerior measure of E is defined as (6 - <jp) - w, (OE\ where CE is the set 
of points oi which axe not points of E. 

The interior measure of E is written mi(E), and is not negative, since mJifiE) 
cannot exceed (b - a). 

II. To prove m,(E)^m^(E), 

From the above definition, there must be a set of not-overlapping intervals 
<*!» for E, as above, such that 

and similarly a set p^t for CE, such that 

m^{CE) {CE) + Jc, 

€ being the usual arbitrary positive number. 

The combined set 

Oi» Pi* 02» p2* ••• 

can be replaced as in (i) by a set of not-overlapping intervals yj, , with 

possibly the addition of the common end-points of certain adjacent intervals 
among the y's. 

This countable set yg, ... of not-overlapping intervals is such that all the 
points ola^.x^b are either interior points of these intervals, or common end- 
points of adjacent intervals. 

m 

It follows that '^yr=b-a. 

1 

ti 

For, when n is any positive integer, Syr 

1 

Thus lim ^y^^b-a. 

M— 1 

If possible, let this limit be 6 - a - 2c'. 

Form a new set of intervals y^, yg, by adding to y,.(r = l,2, ...) 
at each end. 

Then every point of a^z^b is an interior point of at least one of the 
intervals y^, yg, , and by the Heine-Borel Theorem (§ 31.2, p. 71) this is 
true for a set made up of a finite number of them. 

Hence 6-a< + <(6-o-2«')+<', 

which is impossible. 

r- go » 

But it is clear that ^y^ ti -f 2/?,.. 

1 1 1 

Thus we have h-a<m^(E)^- m^(CE) + c, 

and m,{E)Sm^{E), 

III. If E 2 > E^y then m^{E 2 )^mg{Ei). 

If possible let m^E^, Then there must be a set of intervals Ag, Ag, . . . 

for i^g, as in the definition of the exterior measure, such that the sum of their 
lengths is greater than m^iE^) and less than 

But as E^ contains E^, this set of intervals Ag, Ag, ... will also serve for 
Fg and the sum of their lengths cannot be lees than m^{Ei), 
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IV. FurOur if Ei>E^, then to,(E,) S 

Tor GEi>GE^, 

m,(GEj) i? m, {GE^). 

Thus (h - a) ~ m. (GE^) S (6 - a) - w. (GE^). 

Therefore m.{.Et) ~mi(E^). 

V. To prove m,{Ei + E^)^m,Ey+m,,E^. 

Let Oj, Oj, ... be a set of not-overlapping intervals for E^, as in the flafi ni ti o n 
of (I), such that 

A\) Vq < wi,( f Jc, 
and Pi, P^, ... a set for E 2 , such that 


(^2) -- ^Pr ^^(-^2) 

€ being the usual arbitrary positive number. 

As before, from the set : 

Qj» Pi* ^2* P2* ■' * 

we form a not-overlapping set yg* Va ••• ♦ all in (a, 6 ), such that every point 
of (.^1 + E2) is either an interior point of one of the y’s or the common end-point 
of two adjacent y’s. 

Also XYt = Sor + 2 Prf 

I 1 1 

and 

1 

Thus m^{Ei-h E2) < m, ( A\) -f- m, ( ^ j) -j- €. 

Therefore m, ( -f E^) ^ ( ^1) + ( E^). 

VI. Definition of Measurable Sets. If m«(£) =mi(£), then £ is said to be a 
measurable set, and its measiire m (£) is their common value. 

It is clear that if is a measurable set, CE is also measurable. 

The measure of a finite number of points is obviously zero, since the exterior 
measure is zero. 

Further, a countabhj infinite linear set of points is of measure zero. 

Let E be the set of points Xi, x^, • 

Take the arbitrary positive € and enclose Xi in an interval of length | , 
X2 in an interval of length ^2* 

CO J 

Thus m^{ E) < €^2^ < 

Therefore the exterior measure of this set is zero, and the measure of the set 
is also zero. 

If E is an interval (u, P) in (a, 6 ), it is measurable and its measure is (^ — a). 
For we must have m,{E)^p-a, since the interval (a, p) is itself a possible 
interval for the exterior measure with the definition given above. 

And the Heine-Borel Theorem, as in (II), shows at once that the sign of 
inequality is impossible. 
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Again it is clear that 

Hut the sign of inequality can be omitted, for it would give 
~ a <(b -a)- niJ^CE) < yn,(E), 

and we would have 

m^{E) < m,{E). 

Siiuilarly, if E is the sum of a finite mnnher of noi-overlappmg intervals^ it is 
it,>asurahli\ and its measure is the sum of the hyigths of these intervals. 

In the discussion which follows it will be seen that the sum of a finite, or 
countably infinite, set of measurable sets is measurable. Thus starting with 
countable sots of ])oints and countable sets of intervals, we see that open sets 
are measurable. And as the com]>lement of a measurable set is measurable, 
closed sets are also measurable. All sets which can be obtained by additions, 
subtractions and multiplications, finite or infinite, of measurable sets are also 
measurable. 

It is only for measurable sets that this theory of measure is studied. It is 
still a debatable question whether, and, if so, in vhat sense, sets which are not 
measurable do exist.* 

5. A Necessary and Sufficient Condition that a Set E be Measurable.! 

.4 m Cl ssarg and sufficient condition that a U near set E in a'fix'^bbe measurable 
jA that to the arbitrary posit we e there shall correspond a set I consisting of a finite 
number of intirvals and tico sets e\ c" of exterior measures < c, such that 

(i) To prove that this condition is necessary, we note that to the arbitrary c 
there correspond the sets of not- overlapping intervals •• for E and 

/' . ... for CEj such that 

niE ‘ Y 

m( 'E "f, {ir< tn( 'E + Jc, 

1 

and m E -f m CE — b~a. 

Thus i) Ur + 2 < (^^ - ^) + t* 

1 1 

as in § 4, I, from the set 

^^2* y^2» ••• Pn* 

we obtain a aet of not-ovcrlapping intervals 

Vv 

such that i; yr -- 2 cir ■+ 2 /?r - 2 {arPs)p 

1 I 1 

’*‘Cf. I^be.sgiie, Lcfons sur Vintegraiion {2* ed., 1U28), footnote, p. 114. 

' fn this and the following sections, we shall, when convenient, write mK instead 
of y)f(fj) for the measure of E, when E is measurable, and similarly m^E for 
m E for mJE). 

It will bo noticed that, when E is measurable, tnE ^mgE ^m,E, 
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the last term on the right-hand side comprising the parts common to an a nn< 
a p blotted out in forming the y’s. 

As 71 tends to oo , so does N and we know that S yr = (b-a). 

Thus the sum of the lengths of the finite or countably infinite ^ 

overlapping intervals blotted out as above is less than e. 

* 

Now take n so large that '^ar<€, and denote the points of a,. a« r. O' 

«-f-l ^ If 4.J . 

Sn and the points of On+i, a„^ 2 » • • • to oo by jR„. 

Then E=8n + Rn^ - 

Also R^E < R^ and S^f'E < the points common to all the a’s iiad 
Thus TnJ^RnE) < e and mJ^SnCE) < ^(a^) < €. 


(ii) If the condition is satisfied, E is measurable. 

We have E~I + - e", 

where / consists of a finite set of intervals and e\ e" are two sets of 
measure < c, which we suppose have no common points. 


Thus 
and 
Also 
Thus 
Therefore 
It follows that 
And 
Thus 
But 
Hence 


E<l^e\ 

tn^E + e') < rnl + c. 

E>I-‘e'\ 

CE<C{I-e") = CI^e". 
mjCE m, (Cl + e") < mCI + e. 

E + nigCE < ml + mCI + 2€ = (6 ~ a) + 2c. 

7ngE <m,E + 2€, 

m^E ^ m,E. 
m^E ^ m^E, 
m^E — m^E, 


6. I. If El and E^ are measurable, so is E^ + E^- 

We have to show that E^ + E^ can be broken up as in the theorem of § 5. 
Given the arbitrary positive c, we have 

Ei = Ii + ei -ei\ 

E^ — I^-^-^z - ^2,"* 

where I^, 1^ are sets of a finite number of intervals and m^e^ < Jc, 

Thus El -f = /i + /a + («i' + O - 

where e" is contained in 

Also m^(ef ■{‘ef)'^fn^ei' + m^ef <^t 

and m^e" S (ef' + ef') S + m.ef' < €. 

Thus El + A’a is measurable. 

II. If El aivd i?a are measurable, so is Ei-E 2 > 

We know that C(Ei- E^-^CEi-^ E^^ 

Thus C(Ei- E^) is measurable, and Ei - E^ also. 

III. If El and E^ are measurable, so is 

We know that CiE^ i&a) =6’A\ + CJS72. and the result follows. 



338 


LEBESGUE’S THEORY OP 


[APP. II 


7. 1. If El and are measurable and witfiotU common pointa, then 
vi{Ei 4* E^)^mEi + wPj. 

With the. same notation ns in § 6, we have 
Ei:=Ii+ei'-ef\ 


whore n\e{ < jc, etc. 

Tims Ei-^ E 2 <^ Ii + 1%-^ef + 62 '^ 

and m{Ei + E 2 ) -m^{Ei + E 2 ) < m(Ii -f /,) + €, 

Also Ei-h E 2 > Ji + 1^- e'\ where e" < ef' + e,", 

and C{E, + E2) < C(Ii + /, - e") = C{Ii + 1 2) + e". 

Therefore mC {E^-h E 2) = mjO(Ei + E^ < mC( 4- / 2 ) 4- c, 

and m(Ei 4 - E^ > m(Ii + / j) ~ c. 

Thus |m(^j4-i?2)-w(/i4-/j) I <€. 

But for the finite sets of intervals it is clear that 


Also since 
And since 

we have as before 
Thus 
Similarly 
Again 

It follows that 


m ( /j 4 /g) = 

El < /i + €/, mEi < mil + 

Ei>Ii-ei'\ 

CEi<C(Ii’-ei")=:CIi + ei", 
mEi > mil “* i** 

I mEi ~ mil I < 

\mE 2 -mI 2 |<i€.- 
I i<i E i-^ € i' and /g <c -^2 "I” ^a^^* 
IJ 2 < EiE2 + Eie2"^ef'(E2^et") 
since 


Therefore wif/^/g) ~ (e^" 4 - ef') "C m^ef' + m^Cg" < c. 

But I m ( El + E 2)- mEi - m I 

^1 m ( El 4 - Ag) - m(/i 4 /g) I 4- 1 w(/i + /g) ~ mli - ml 2 | 
4 - 1 mil '^rnEi |4- \ ml 2 *- wAg |. 


Thus I w ( El 4 E2) - mEi - 7nE2 I < 3c. 

It follows that ?/^( Aj 4 Ag) = inEi 4 w Ag. 

This theorem is a special case of the following : 

II. If Ely Ag are measurable^ then 

m(Ei 4 Ag) 4 wAiAg = mPi 4mA2. 

For let i^i = AjA 2 4e| and A 2 ~AjA 2 4e2. 

Then e^, eg and AgAg are measurable and without common points, and 
Ai4A'2=e|4e2 4A^iiS?2* 

But by (I) mEi—mEiEi’^mei^ 

m Ag = mEi Ag 4 mcg, 

wi( 4 JS^g) = m(eg 4 fig 4 PgPg) = 4 w«g 4 mPj Pg. 
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Therefore »»(F, + F»)+mFiFj,=mF,+mF,. 

III. If El and J5, ore mecuurable and JBj > E^, then 

m{Ei - El) =mEi - mEi. 

We have + 

and {El- E^), E^ have no common point. 

Thus from (I) the result follows. 

8. I. If El, El , . . . are measurable and unthoul common points, then E—'f,Ef 

at) 1 

is measurable, and mE^^mEr* 

\ 

Since E^ + E^-^- ••• + E^ is measurable and contained in {a, b), we have, for 
any positive integer (by § 7), 

M 2 ^r) = S w J&y <{b- a). 

I 1 

Thus 2 [b -a). 

I 

Taking the arbitrary positive €, there is ci positive integer v such that 
+ ^En 4 2 + • ^ when n v. 

Now for En^r there is a set of not-oveilapping intervals a„^r. i» ^n+r. 2 ’ • • 
such that 

mEn^r ri 2 Qn-f-r. a < r + 2r’ ^ = 1 » 2, ... . 

Also the countably infinite set of intervals 

00 00 

s> ••• 

4=1 4-sl 

are such that 

{^n+i ^n+a 2 (S^n-f-f.s) 

r~\ 


<e+«. 


Now let 



and = 2 

VI H 


Then 

But 

Therefore 

Thus 


m,E^m^{Sn f Rn)^ + 

E>S„. 
miE ^ mSn- 
m^E<miE^ 2 €, 


It follows as before that m,E^m,E. 

Again 'EmEf - mSn ~ < mSn + 2t, when n i/. 


Thus 


0 ~ mE - mSn < 2c, when n v, 


♦I «j 

and mE = lim ^mEf- = 2 mE^. 

, 1 — ►» 1 3 

00 

II. If the measuraUe sets Fj, E have common points, ihen E='ZEf is 

measurable. 
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For any integer n, we have 
1 + -^^ 2 't' • • • + 

= i?i + (-£^2 ~ ^l) “^(^3 “ “ -^ 2 ) ••• +(-^n ~ -^1 “■ *^ 2 '*• 

and the different sets on the right-hand side have no common points. 

Thus Fj-f F 2 + ... to 00 = 6 ‘i -}-£*2 + ... to 00 , 

where and £*,. = i^V - - Fj. . - - r g 2 , 

00 

and 2 £’r is measurable. 

1 

9. I. Let Ef Ei^ Fj, ..•he all measurable. Then E - E^ - E^ ... is mmsur- 
able. 

This follows from § 8 and § 6 , II. 

II. If in addition ^ 1 , E^, ...are all contained in E, and have no common points, 
m{E - '^Er)—mE - ^mEf. 

I I 

This follows from § 7, III and § 8 , I. 

HI. If E^, i^ 2 » ••• measurable, then E — E^, E 2 . E^ ... is also measur- 

able. 

We know that ^(^1 • ^ 2 ) = + OE^^ 

C(E^ . E 2 . E^)—CEi + CE 2 4 CEq, and so on. 

Thus C{E^ , E 2 • E^ ...)^0E^-¥CE2^0E2+ , 

and the result follows at once. 

IV. If E^, Fj, . . . are all measurable and Ei< E^K E^ < ... , then 

^ = £^i4-JS^a4-F3-4... 

is measurable, and mE ~\im (mEn). 

U — ft 

In this case 

E — Ei + (E2~- El) + {E2 — E 2 ) 4- ... , 
and mF=lim ^m{Er - Ej-^i) by § 8 , I 

— lim ^(mEf. - mEr_i) by § 7, HI 

«—»/ I 

=lim (mEn). 

U—P- J. 

V. If El, E^p ... are all measurable and Ei> ^ 2 > ••• » Ib.en 

E-Ei . E 2 . E^ ... 
is measurable and wJS^=lim (mEn). 

n— 

We have as in (ITI), 

m{OE) =m(CEi + CE, + . ..) 

=liin in{CE„) by (IV). 

n—^-x 

And mE-(b -a)- m(CE) =(6 - a) - lim (mCEn) =lim (mEn). 

10. A necessary and sufficient condition that the hounded function f(x) be 
integrahle in (a, b) according to Riemann's definition is that its points of discon- 
tinuity form a set of measure zero. 
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We prove first that this condition is sufficient. 

Take the arbitrary positive e, and k < — - — 

2(6 -a)‘ 

Let Ojc be the set of points of diKcontinuity at which the oscillation* k 

Then the measure of tliis set is zero since it is a part of a set of measure zero 
and it is a closed set.f 

Thus the points of 6^ can be encloserl as interior points in a tinitc sot of not- 

overlapping intervals, the sum of their lengths being , where M 

and m are the bounds olf{x) in (a, 6)4 

The comjilement of this set of intervals is a finite number of closed not- 
overlapping intervals, the oscillation at every point of these being < k. 

Each of these can be divided up into a finite number of peartial intervals, 
such that the oscillation in each of these partial intervals < Z;. (Cf. § 31.1, 
footnote, p. 71.) 

Thus we hav'e a nuxb of division of for which 


S - .9 k{b-a) -f ^ 


-X {M ~m) < 6, 


2(Jlf -*m) ' 

and/(:r) is integrable in (a, 6), according to Riemann’s definition. 

We now prove that the condition is necessary. 

Let k\>k^> ... and lim — (\ and be the set of points for which the 
oscillation kf. 

Let the measure of this closed set be C > 0, and take ^ — \krC, 

Since f(x) is integrable (R), there is a mode of division of (a, 6) 
a =- 0 * 0 , 0*1 ... , 

such that jS -s<(. 

If a point of is inside one of these intervals then the oscillation 

in Xg) kr. 

If it coincides with the common end-point of {Xg, Xgj^.^)^ the 

oscillation in at least one of the two must be hkr. 


•Cf. § 23. 4, p. fifi. 

fFor let P{Xq) be a limiting point of Gj^ and not a point of Gj.. Then the 
oscillation at P i.s equal to Z% aiul there is a neighbourhood (a:-arQ; _ 77 in 
which the oscillation < k. But P is a limiting point of Gj^, so there is a point P 
of Of, inside iTo + T,), and the oscillation at P' ~^k. Therefore there is a 

neighbourhood of P' inside ~rj^ Xq-\- r;) for which the oscillation ^ k, which is 
impossible. 

XOjf; is a closed sot of measure zero and CGj(^ is thus an open set of measure (6 — a). 
COfc can therefore be broken up- into a countably infinite set of riot-overlapping 
closed intervals 

Aj,... and ^ 

We can choose the positivj> integer n so that 

(b-a) -S ^T<2(M-m)' 

The points oi G„ are interior points of the finite set of not-overlapping intervals 
left, when A,. A„ ... A„ are removed from (a. 6). 
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Thus these two adjacent partial intervals give to (S-s) a contribution 
^ ik^ multiplied by the sum of the lengths of these intervals. 

Hence all the intervals of a — XQ, x^^h, which have a point of 

Gf inside them or at an end contribute to « an amount (their sum). 
But the sum of the lengths of these intervals ^ C. 

Therefore, for this mode of division, 

S-sh-ikrO>€, 

which is impossible. 

Thus (7—0 and 0. 

But the points of discontinuity are given by the sum 
E = Gi-i - + ... to 00 , 

and Gif:G^^:a^.... 

Therefore (by § 9, IV), ~lim w((/„) -0. 

il- -►oo 

11. Measurable Functions. 

Let E he a hounded measurable set of points on the axis of x. The function 
/(«), defined at the points of E, is said to be measurable in E, if the set of points 
of E for which f(x) > A is measurable^ for every constant A. 

We denote the set of points of E for which f(x) > .<4 by E[f(x) > A\ and 
similarly E[f{x)^ A] denotes the set of points of E for which f{x)^ A* 

We shall now show that if f(x) is measurable in E as defined above, the sets 
E[f(xy^.A\ Elf(x)<Al E[f(x)r^A] 
are also measurable. 

We are given that E{f(x) > ^] is measurable. 

Then its complement with respect to E is also measurable, that is 

E[f(x):SA] 

is measurable. 

Again if E^ is the set of points of E for which f{x) > A - \ we know that E^ 
is measurable. 

And the infinite product 

E[f{x)CA].E,.E^... 

is measurable (§ 9, III). 

Therefore E[f(x)=:A] is measurable. 

It follows by addition of E[f(x) > A], that E[f{x) ~ A] is measurable, and 
by subtraction from E[f{x) ^ A], we see that E[f{x) < A] is measurable. 

It is clear too that, if A and B are any constants, 

E[A<f{x)<Bl E[A:lf(x)<Bl E[A<f{x)^B] 
and [A ^ /(*) — B] 

are all measurable. 

12. Operations on Measurable Functions. 

I. Iff(x) is measurable^ so are a +/(ar), af{x) and |/(a;)|, where a is a constant. 
We know that E[f(x) > A - a] is measurable. 

Thus JSr[/(a;)+a> A] is measurable. 
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The others foUow from the fact that Blf(x) > A/a] is measurable, and tliat 
Elf{x)>A-i + Elf{x)<-A] 

18 measurable. 

II- Wi(*) arefiniu and meaawrable, then J5[/i(x) >ft(x)] is measur- 

able, 

is sum of the countably infinite measurable sets 
^lfM>r].E[Ux) <rl 
where r is any rational number. 

III. If fi(x) and f^(x) are finite and measurahU, their sum, difference and 
product are measurable. 

We know ElUx) ±Ux) > ^] = I[ A(x) > Ux)]. 

Thus the sum and difference oif^(x),f^(x) are measurable by (II). 

Also if f(x) is measurable, so is (/(x))*, for E[{f(x)f > .4] is equal to 
E[f{x) > VA] + Elf(x) < - ^/Al 

Thus {/i(x)+/,(x))* and (/i(x) -/a(^)* s-r© measurable, and the result 
follows. 

IV. Letf^(x),fJ^x), ,,.hean infinite monotonic sequence of measurable functiofis. 
Then, for every x in E, lim /n(x) exists (finite or infinite) and this limit is measur- 
able. 

For example, for every x in ^ let/i(x) </,(x) </ 3 (x) < ... . 

Then E[ Urn /„(x) > A] is the sum of Eif^(x)>A\ E[fJ,x)>A\ , and 
n-«o 

this sum is measurable (§ 8). 

V. Let /i(x),/,(x), ... he an infinite sequence of measurable functions. Then 
fiS; /„(*) and lim /,(*) «*< (finiU or infinite), and these limits are measurable. 

Suppose to be the upper bound of /i(*), /»(*)./»(*) *“<1 ^ 

the upper bound of /»(»), /.C*). ••• “■“‘1 

Then = <#•»(*) = ' 

aImi Urn fn(x) = lim </>«(*). 

91— MO »— ►<*> 

and this is measurable by (IV). 

VI. Let /i(*), /t(x ). ... bean infiniU sequence of measurahU functions, and 
lim /n(*) (finite or infinite). 

99 ' '► fl O 

Then this limit is a measurabU function. 

This follows from (V), since lim /„(*) = Urn /„(*) = 

«-«o n-.» 

We note that every monotonic function is measurable in an «jterv“l; and. m 

i. Ih. Ii»t 

•Cf. Hobson, Theory of Functions of a Real Variabk, 2 (2nd. ed., 1926), 228. 
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we see that every continuous function is measurable. Then discontinuous 
functions, which are the limits of sequences of continuous functions, are also 
measurable; and so to more complicated classes of measurable functions. 

13. The Lebesgue Integral. Let f(x) be a bounded and measurable function 
for the measurable set E contained in (o, b).* 

Let A and B be the lower and upper bounds of f{x) in E. 

Divide the interval {A, B) on the axis of y into n partial intervals 
{A, h), ih. y, ... B), 

Denoting A by Iq and B by In we thus have the mode of division of (.4, B), 
A^Iq, fi* ••• ^n-l» In'^B. 

Let er be the set of points of E for which ^f{x) < ^ = L 2 . . . (m - 1 ), 

and the set of points of E for which ~f(x ) ' 

Then Cj, Cj ... are measurable sets without common points. 

Form the sums S and 5, where 

)i n 

and s — 

j 1 

m(er) being the measure of the set e^. 

Then S t- Am(E) and s % Bm (E). 

Thus the sums 8 and s for all possible modes of division of (.4, B) have a 
lower bound J and an upper bound /, respectively; and for the same mode of 
division S~s, 

We shall now show that I - «/. 

Let some or all of the intervals (/r_i> K) ^o» divided into 

smaller intervals, and 

^0» ^l» ^2» ••• 

be the new mode of division of {Ay B) thus obtained. 

This mode of division is said to be consecutive to the former. 

Let its sums, as above, be 1:, (r. 

Compare, for example, the parts of 8 and which come from (/q, ?,) 

From we have 

Kim{e^^)^X^m{€^^) ... \ 

where Cjg, ••• ^ik are the sets of points of E for which 

(k '^f(x) < Ai), s/(x) < /j). 

And *12 - -Ku. 

the sets on the light-hand having no common points. 

Thus A 2 w(Ci 2 ) ••• - ^iW(c,). 


It follows that 8; and similarly we have rr ; s. 

Now take any two modes of division of (.4, if), 

A =Zo» ••• hn-if lTn~ By w'ith .sums 8 and s, (1) 

A —Zq, li, ... I'n^u ln = B, with suras 8' and s' (2) 


*In this section, so far as possible, the notation corresponds to that of §§39*41, 
pp. 91-4, and the argument proceeds on exactly the same lines. 
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On superposing (1) and (2) we obtain a third mode of division (.3) consecutive 
to both (1) and (2). 

Let its sums be ^ and ir. 

Then and (r^s'. 

But ^ fr. 

Thus S^s\ 

and the sum S arising from any mode of division is not loss tlian the sum 8 
arising frpm the same or any other mode of division of (.4, B). 

It follows at once that I 

For suppose 1>J, Since J is the lower bound of the sums S, there must be 
a mode of division giving a sum S to the left of the middle point of JI, and 
since I is the upper bound of the sums s, there must be a mode of division giving 
a sum 8 to the right of this middle point. This is impossible as a sum B 
cannot be less than any sum s. 

Now let € be an arbitrary positive number, as small as we please. Take a 
mode of division 

A — Iq^ I 29 

in which all the partial intervals are lo'^a than c 
For this mode of division it is clear that 

or S~s^ (l^-lQ)m(e^)+(l 2 /i)w(C2) + ... i < ew(^). 

Therefore we must have 1 -- J, and the sums S, s tend to the common value of 
I and J as the numher of points of division of (A ^ B) tends to infinity in such a 
xoay that the largest of these partial intervals tends to zero. 

This number I is called the Lebesgue Integral of the bounded and measurable 
function f(x) in the measurable set E, and we write 

r=[ /(X)*. 

J A 

If f{x)=C in E, inhere C is a constant, we dcfi?ie^ f{x)dx as Gm{E). 

If E consists of all the points of an interval (a, b), we use the ordinary notation 
[ f{x)dx, and the integral is now called the Lebesgue Integral of f{x) between the 

fi 

limits a and b. 

Sometimes it is convenient to make clear that the integral is taken in 
Lebesguc’s sense l)y placing a capital L before the ordinary symbol. In such 

a case the Riemann Integral would be uTitten as (It) | /(.r)d.cand the Lebesgue 

Integral as (L) \ f(x)dx. 

Again, if the bounded function /(x) is iiitegrable with Lebesgiie’s dehnition 
^or the intervuvl {a, b), we say that it is integrable {L) ; and, if it is integrable 
with Rieniann’s definition, we say that it is integrable (H). 

We shall see below tliat for bounded functions, if/(.r) is integrable (i^), it is 
i.iso integrable (L), and the two integrals are equal: but that/(a:) may be 
'ntegrable {L) and not integrable {B)> 
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Jost as in the case of the Riemann Integral, we define the Lebesgue Integral 

( 6 i'6 fa 

^f{x}dx for a>b,hy the equation j f(x)dx:=z - j f(x)dx, 

14. Properties of* the Lebesgue Integral of a Bounded and Measurable 
Function. 

I. 1 Cf(x)dx — C\ f{x)dx, where C is a comtanL 
This follows at once from the definition. 

II. If f(x) is measurable in E and f(x) ~ C, then 1 f(x)dx ^ Cm(E), 

8ince we have for any sum S for /(x), 8 ^ Cni{ E). 

Therefore the limit of the sums 8 Cm(E), 

A similar result holds for /{x) “rl G. 

Thus it is clear that, if A, B arc the lower and upper bounds of f(x) in E, 
then 


Am{E) j J(x)dx Bm(E), 


III. Let f(x) be measurable in E, and let Ey^ E.^--E, where E^ and E^ are 
measurable and without common points,^ 

Then [ f{x)dx = \ f{x)dxi-\ f(x)dx, 

J A' J Ai ' f'i 

Let the bounds of f{x) he A, in E, Uj, pi in and Oj, in 
respectively. 

Then A is the smaller of and 02 . while B is the larger of pi and ^ 2 * 
Consider any mode of division of (A, B), 

(1) A=/o, Ilf Ifi-l* 

If two of these points do not coincide with the smaller of the p'a and the 
larger of the a's, by introducing these points wc have a consecutive mode of 
division and 8 is not increased, s not decreased. 

Thus the sum iS for (1) a sum 8 for + a sum 8 for E^ 

f{x)dx-\\ f{x)dx. 

.U, .’a, 

Therefore [ f{x)dxJ:\ f(x)dx-^r\ f{x)dx, 

h: JBx Ja'j 

Similarly from the sum s, 

[ f(x)dx-'[ f(x)dx + [ f(x)dx. 
iE J/r, Ja, 

Hence f f(x)dx=\ f(x)dX‘k-\ f(x)dx, 

Je Je, JEt 

IV. The theorem of (III) can be at once extended to the sum of n measurable 
sets with no common points, two by two. 

We now prove that it holds also for a countably infinite number of measur* 
able sets. 


*It is clear that if f{x) is measurable in Ef it is measurable in and E^, for 
jB?i [/(ac) > C] is the product of E [/(x) > 6’] and Ei, 
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00 

IM f(x) he, measurable in E a^id where E^, E^y ... are all mexisurable 

and mthovi common •points, two hy two. 

Then \ J\x)dx = |j ^ f(x)dx. 

Let E=^Ef+ J?„. 

Then we know that f(x) is measurable in and that as n-->x (§ 8). 

( f{x)dx=^\ /{x)dx+\ f{x)dx. 

Jx iJXr 

f{x)dx^1i Mm{R„), by (II), above, 
when |if| is the upper bound of |/(x)| in E. 


But 


Thus 


Therefore 


/(x)<te=M f(x)dx. 


V. If f(x) and g(x) are measurable in $ andf{x) ^ g(x), then 


je 


f{x)dx^ g(x)dx. 


Let (A, B) be the bounds of g(x) in E and ^ =?o> ^n-i» 

of division of (-4, B), 

Let e|, ^ 2 » ••* points as in § 13 for g(x) ; i,e, Cr is the set of 

points of E for which If^i ^ g{x) < If, when r = 1, 2, ... (n - 1), and is the set 
of points for which ^ g(x) •„ 

Then ( f(x)dx=^'^\ f{x)dx^Zlr^im{er), 

JM 1 .'«r ' 

since g(x) If^i in and therefore /(a;) ^ lr__i* 


I f(x)dx ^ any sum s for g(x), 
I f(x)dx^\ g{x)dx. 

' K JS 


Thus 

It follows that 
VI. Letf{x) and g{x) be measurable in Ee Then 

( (/(*)+?(x))dx = ( f(x)dx + \ g(x)dx. 

. M * •* * 

(i) Let g(x)=C in E, and let A. B be the lower and upper bounds of /(x) 

as in §13. . 

Letil=io» ••• 2 „.i,i„ = 5beamodeofdivi8ionoff^, with sums ^ and ^ 

***mn Ax) + C has A + G, B + G for its bounds and fo + C, Ij + C, ... I„ + C is 

a mode of.division of the interval. .... u 

If -S' and s' are the sums for/(x) + C for this mode of division, we have 

S'=S + Cm(«). 

On proceeding to the limit, this gives . 

\ [f[xHC)dx^\/(^)dx+Cm{E)=\/{x)dx + \C dx. 
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(ii) With the same notation as in (i) for /(ar), let 
^ = /q, f 1 . . . l^ — B 

be a mode of division of (A^ ii), and let bo the set of points of E for which 
^/(^) < when r = 1, 2, ... (n - 1), and e.^ the sot for which 

Then f (/(a;) + 9 r(a:))da; = vj (f(x)‘{^g(x))dx 

(lr-i + g(x))dx 

1 

2 i;Zr_i»t(er) a(x)dx 
1 1 

= gMdx, 

\ Jv 

where /S', s are the sums for f{x) for thi.s mode of division. 

It follows that 

f (/(«)+?WK-e--:( g{r)dx. 

.'A h }f 

Again f [lr + g{x))dx, 

and from this we see that 

• A 'A A 

Thus we have 

f (fW-^g(^))dx-\ f{x)dxA g(x)dx, 

• A ' A' j A 

It is clear that we also have 

[ {f(x)-g{x))dx-\ f(x)dx-- \ g{x)dx. 

. A 1 A .'a 

VII. Letf(x) he measurable in E, Then 

I [^/{x)<Za:| /(x) dx. 

This follows at once from (V), since 

VIIL Letf(x) be measurable in E and g(x) he hounded ami equal to f(x) at all 
points of E other ihan points of a mmponeni E^ of E whose measure is zero. 

Then | f(x)dx—\ g(x)dx. 

}s Ja 

Since g(x) is also measurable in E, 

\^f(x)dx - \^j{x)dx = - g(x))dx 

= f (f{^)-g(x))dx 
is, 

=0, by (II), since m(J&i)=0. 
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15. The theorem of this section is of great importance in the application of 
the Lebesgue Integral. 

I. Leif i(x),f2(x), ...he a sequence of functions which are mexisurable in E and 
not negative. 

Also letUx) be unifjrmly houruled* in E, and lim Ux) =.0, for every point 
X of E. n->oo 

limf fn(x)dx=:0. 

n - ' E 

Take the arbitrary positive t. 


Let E^ be the points of E for which/j(a;),/ 2 (:r) ... are all< ; 

2rn(E) 

the points for which A]*) ^ and/,(x)./ 3 (;r), ... all < 

A’j the points for which /j(a:) ::S ^ &ndf 3 (x).Ux ), ... all < 

and so on. 

Then E^, ... are all measurable, by § 9, IJI, and no two of them have 

common points. 

r 

Every point of ^ is a point of E : and, since lim f^(x) ~0, every point of E 

y 1 

is a point of 

1 

Now we are given that /„(.r) is uniformly bounded in A\ and that it is not 
negative. 

Therefore there is a ])osit ive number K such that 0 1 fni^) < E, the same K 
serving for every x in E, and every positive integer n. 

But E = ^Er, and 7n{E) = ^m(Er). 

\ I 

Therefore we can choose the positive integer N, so that 

But when n N,fjx) < ^or every ^ 

Thus i i U^)dx 2 £-) 

< Je, when w N. 


'•‘See footnote §67.2, II, p. 14f). 
tLet X be any point of A. 

Then wo know that lim /„(a;)=0, and there is a positive integer v such that 

The smallest integer e which will satisfy this inequality for the point .m 
question is 8upp)sed taken. 

Then this point ar is a point of Er. 
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And I ( f„{x)dx^K tm{Er). 

.•==j+iJav a+i 

< 1<, for every «. 

But jy„(a:)(ia:= 2 j^/„(a:)d*. 

Therefore 0 g. | J'„(x)dx < J « + i t, when n':~N. 

Thus lim 1 fJx)dx~0. 

W*->.30 j£ 

We can now prove the following more general theorem : 

II. Letf^(x),f 2 {x), ... be a sequence of functions mectsurable in E. 

Also let /„(a:) be uniformly bounded in Ey and lim /„(x) =/(a;) for every point 
xofE* 

Then lim f fn(^)dx~\ f(x)dx» 

n->v) 'a* .'A' 

Since |/„(a;)|<A, 

the same constant K serving for every x in K and every n, it follows that 

\nx)\^K and |/(x) -/„(*) IS 2/ir. 

Let T'fi{x) = I f{x) -fn{^) 1 • 

Then Fi{x), FJ^x)^ ... are uniformly bounded and measurable in E, and not 
negative. 

Also lim F^(x)=0, 

n->oo 

Therefore, by (I), lim ( \f(x) -/„(a:))da:=0. 

n 00 K 

It follows that lim ( {f(x) - /„(a;))da;=0. 

n —^Qo A 

Thus lim f fn{x)dx-=\ f(x)dx. 

}k 

The theorem just proved makes the question of the possibility of term by term 
integration of an infinite series much simpler to answer when Lebesgue Integrals 
are used. 

Let the functions uf^x), u^ix)^,., be given in an interval (a, h), and the series 

us 

2'Mn(^) converge to/(x) in that interval. 

1 

If Ui(x)j U 2 (x)y ... are measurable functions, we know that f{x) is also measiir* 
able. 

If, in addition, we are told that s„(ar) is uniformly bounded, this theorem 
establishes that 

1 /(ir)dJ!=lim f* 

• a n— >x u 

and term by term integration is possible. 

* We know (§ 12, VI) that f(x) is measurable and bounded, and therefore 
integrable in E, 
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In the case of the Rieraann Integral, we have to add the condition that 
the sum of the series be integrable.* 

16. ///(*) is bounM and iniegrMe in {a. h) according to liiemann's definition, 
of the integral, then its Lebesgue IntegrcU also exists and it is the same as its RU- 
mann Integral, 

Let E be the set of points in a a; ^ 6 for which /(a:) > .4, any constant. 

Then if x is one of these points and /"(a;) is continuous there, x is an interior 
point of E, with the usual convention as to the ends x=a and x=b. 

And if f(x) is discontinuous at this point, it is a point of a set of zero measure. 
(Cf. § 10, above.) 

Thus E consists of an open set and a set of zero measure. 

Therefore E is measurable, as it is the si:^ of two measurable sets. 

Hence if /(as) is integrable according to liiemann’s definition, it is measurable 
in (a, h) and its Lebesgue Integral exists, since / (a:) is also bounded. 

Now let a — XQ, x^, x^, ... be It mode of division of (a, h). 

The sum with the notation of lliemarlti’s Integral, is given by 
s = my(x^ - r^) + - ar^) + . . . + m - a:„_i). 

Also f(x) nif. in x^). 

Therefore {L)\ f(x)dx^fnr(xr~xr^i)g 

'r-I 

where L denotes that this is the Lebesgue Integral for this interval. 

Hence 5 ! ^ [L) [ f(x)dx, 

'a 

Similarly S ' (L) | f(x)dx. 

Since the sums S and s tend to their common value, the Riemann Integral 
[ f{x)dx, it follows that for a bounded function integrable (R) the two integrals 

}a 

are the same. 

It is easy to give examples of bounded functions integrable (L) and not 
integrable, (JK). 

Let/(x) = 1 for every irrational value of a? in 0 a? ^ 1 and/(x) =0 for every 
rational value. 

Then its Lebesgue Integral 1 f{x)dx=l. (Cf. § 14, VIII.) 

• 0 

But this function is not integrable (ii). 

17. The Lebesgue Integral for an Unbounded Function. In §§ 13-16, /(x) has 
been supposed bounded in the bounded and measurable set E. The deHnition 
of the Lcl)csguc Integral is now modified, so that it will include a class of un- 

bounded functions. # 

Take first the case when f{x)'^.0 in E, and define an auxiliary function 

fj.x) as follows: , „ . j., 

" J^(x) =/(*), at all points of E, where/(a:) -j; n 

= n, at all points of E, where /(*) > n. 

*Cf. footnote on p. 101. 
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The number n is any assigned positive number. 

Then/„(ar), for every n, is bounded and measurable in E, 

Also I fJx)dx exists, and is a monotonic increasing function of n. 

Thus 1 fJx)dx eitlier converges to a definite limit, or it tends to + oo as 
// 

n 00 . 

When the limit exists and is finite, the integral 1 f(x)dx is defined by this limit. 

When f(x) 0 in E, then the integral 1 f(x)dx is defined as - 1 \f(x)\dx, when 

this integral exists and is finite. 

Again when f(x) does not keep the same sign in E, write 
2/i(*r)-|/(.r)| 

SO that/i(.r) -/{x), at all points of E where f{x) _ " 0, and it vanishes at all other 
points of E. 

Similarly ./^(.r) -- - /(.?:), at all j)oiii(s of E where /(a:) 0, and it vanishes at 

all other points of E. 

When \ fi{x)dx and\ f 2 (x)dx exist and are finite, the integral^ f('x)dx is de- 
fined by the equation 

( f(x)dx-.^\ fy{i)dx-\ fi(x)dx. 

Also when a measurable function f(x) is such that f(x)dx exists as a finite 

• 

number, f{x) is said to be summable in E. 

A measurable function is always summable in E, if it is bounded, but not 
necessarily so, if it is unboundeil. 

A\"licn f(x) is .suinuialdc in E, it is also said to he integrable (L) in E, and 
the integral 1 l\x)dx is called the Lebesgue Tntt‘gral of f{x) in E. 

18 . Properties of the Lebesgue Integral I f(x)dx, when f(x) is not 

' / 

bounded. 

I. It is obvious that for a summable function 

I Cflx)dx- <'\ f(x)dx, 

and that if f g(x)^{) in E and f(x) is summable, then g(x) is also 
summable and 

I f(x)dx . ' I g(x)dx. 
f 'y 

II. Let f{x) be summable in E and let E~^Kf, where E^, E^, ... are measur- 
able and without common points. 

Then \ f(x)dx^^\ f{x)dx, 

. n I V, 

It is only necessary to prove this for the case when f{x) ^Oin E, 
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Define/„(x) as in § 17, and let the number of sets E^, i’,, ... be finite, say h. 

• « r-1 

Proceeding to the limit, we have 


1 >; ^ f 

Again, when the number of sets ... is infinite, we know from § 14, IV 

that 

[ f^{x)dx = V ( V ( / 

Thus, letting n ^ cc , wo have 

( /(a:w^=:i;f f(.c)dx. 

^ » 1 jr,.' 

And letting .s -► oo , we have 

[ f(x)dx, 

' 1 ’ Ef. 

I /„(,r)r/x : i; [ f(£)dxy since [ 1 f(x)dx, 

A' / i '/y 

Thus [ f(x)dx-:^\ f{x)dx. 

' J 9,' 

Therefore \ /(xV/ar-S^l f(x)dx, 

/. I AV 

111. Let f{x) and g{x) be surnmnhle in E, 

Then ( (/(.r) ± = I /‘(a;)//.K±f (j(x)dx. 

'/ /; E 

It will be sufficient to take the sum of the two functions. 

Let F[x) ~/{x) 4 fj{x) and define En(x), f,^{x), r/,^(.i:) as before: 
e,g. Tf^{x) — F{x} at all points of BJ where F{x) - " n, 

a, at all })oints of Bj where f'ix) > n. 

(i) But, when f{x) and f/(.r) are both not-negative in E, it is easy to verify 

that F.^^(x) '/nW f ^ n(-0- 

Also fn(x), Qn(^)* bounded and measurable. 

Therefore 

( Fj„(r)rte-=.-[ ( ! 7 „(.r)rfx F„{.r)dx. 

' h ^ i: I • 

Letting n -> oo , w^e have 

( F{x)dx [ /(.r)dx + | . 7 (.r)r/j*. 

(ii) And the same result holds for the case when/(.ry and gix) are both zero 
or negative in E. 

(iii) Now lot/(x) -0 0, [/(.i ) S 0, and F(.r) - A >')+9(-^) - ' 0 in E. 

Then F(r) + 1 | 

f f{x)dx-=\ V(x)dx<r\ \g(x)\dx-^\ F{,x)dx-\ g(x)dx. 

} e ‘ a 


and 
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(iv) But when /(a?) and g(x) do not each keep the same sign in F, we can 
break up E into a certain number of measurable sets without common points 
two by two, to which we can apply the results just found. 

For example, with the notation of § 1 1, the points which belong to ji?[F(af) ^0] 
will come from the following products: 

A’[F(a:):''0]. E[f(x)>0l Eig(x)>(il 

E[F{x)'-0]. E[f(x)>0]. E[g(x)<0l 
E[F(x)L-0]. E[f(x)<0]. Elg{x)>0l 
ElF(x) 0]. i;[/(x) =0]. Elg(x) > 0], 

E[f{x)=^0]. E[g{x)=^0l 

ElF(x)^0]. E[f(x)>0]. E[g(x) ^01 
and similarly for the points which belong to <0]. 

Denote these sets by Ei, E^ ... AV 

Thus [ F(x)dx = 1' [. F{.r)dx, 

'a » ^ 1 AV 

=-(| \ 

= f /(x)rfx + [ <j(x)dx. 

IV. V'ith the notation of § 17, we have 

l/(*) I +Ux). 

It follows from (III) ihnty if f(x) is sttmrnable, l/(a*)| is also summahle, and 

( |/(x)|rfx=( /,(x)rfx + [ ftWdx. 

a; 

Thus the Lebesgue Integral of an unbounded function is an absolutely con- 
vergent integral. 

The theorem of § 15 applu's also to the case of unbounded functions, with 
some alteration in the conditions ns there given. Term by term integration 
is permissible in this case also, but for the discussion of this question and a 
fuller treatment of tlio Lebesgue Integral reference must be made to other 
works.* 

19. Fourier's Series, using Lebesgue Integrals. Before discussing the con- 
vergence of Fourier's Series for/(j*), wlien the coefficients are Ixjbesgue Integrals, 
we must prove the Hiemann-I^beaguc Theorem (('f. § B;5, p. 271) for thecaae 
when f(x) is summablo in ( - tt, tt), and in doing so w'e require the following 
appro.ximation theorem : — 

If f{x) is sumfnable in the interval (o, h) and € is an arbitrary positive ntunber, 
there is a continuous function </)(:r), suck that 

•Cf., for example, Hobson, Theory of Functions of a Rtdl VaritMe, 1 {3rd ed., 
1027), Ch. VII, and 2 (2nd ed. 1920), Ch. V. 
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Thia important approximation theorem is obtained by proceeding from 
simple measurable functions to the general summable function.* 

(i) Let /(*) = 1 in the interval (a, yS), where a<a< fi<b 

= 0, in the rest of (a, 6), 

Take a -t' and ^ + on the interval (a, 6) between a; = a, a: = a, and a; = j?, 
a; =6 respectively, where 0 <€'<€, and join these points to the points a;=a, 
y=l, and x~p, y~l respectively. 

Then if = 0 ina<a;<a-€' and /? -f < a: < 6, and f\>(x) is equal to the 
ordinate of this broken line in a - a: < -i- c', we have a continuous function 
satisfying 

f \m-^>(x)\dx<,, 

(ii) Let /(a;) = l in the finite set of not-overlapping intervals Ai, Aj, ... A„, 
all in (a, 6), and/(a;)=0 elsewhere in (a, 6). 

Also let <iir{x) be the continuous function obtained in (i) such that, when 
f^(x) = 1 in Ar and zero elsewhere in (a, 6),5we have 

I* \Mx) - </.r(j:) 1 d.c < ‘ . 

Take (j!>(a:) ~ 2i<^r(x). 

1 

Then we have 

[*’ |/(x) - <^(x) I dx -1 \fr(x) - <i>T{x)\dx < t. 

:a I a 

(iii) Let /(a*) = l in a measurable set E in (a, b) and zero elsewhere in 
(o, b). 

Then a set of not-overlapping intervals Ai, A 2 , ...» all in (a, 6), exists such 
that the points of E are interior points of these intervals or end-points of two 
adjacent intervals, and 

m( E) 2 m(^r) < w( E) 4- ic. 

Also there is a positive integer N such that 

m( E) :i- 2 w(Ar) < yn.(E) + }c, 

1 

and i 

.>+1 

Let/A(x) = 1 in A„ A,, ... A., and zero elsewhere in (a, h). 

Then by (ii) we can find a continuous function <^(x) such that 

r \Mx)-<Hx)\<ii- 

:n 

Let Ef bo the points of E in Ar(^ = l, 2, ...). 

Then E^%Er. 


*Cf. Hobson, loc, cit., 1 (3rd ed., 1927), 632. 
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Also (* |/(*) -fg{x) 1 = 2 [ I fix) -Mx) i dx 

Ja 1 JAr 

=|j J/(*) J/(*) -Mx)\dx. 

But I |/(a:)“'/A(a^) \dx=m(dkT) -m(Ef), when r = l, 2, ... N. 

J Ar 

And 2 1 |/{») -/j(») I d* = 2 »t(Ar). since fti{x) =0 in 2A,. 

AT+i'Ar y+1 A+i 

It follows that 

j‘ l/(*) -Mx) 1 d* [inKAr) - nME)] + \m{E) - 2m(E,)] +J m(A,) 
since m{E) - Ef) = 2 ♦»( Er) 2 »»( A,) < Jc. 

1 A+1 A-f-l 

Thus we have 

f \/{x)-<Hx)\dx<€. 

Jtt 

(iv) Let El, E^, ... E^ be measurable sets in (a, 6), no two of them having 
common points. 

ra 

Let ff(x) = 1 in E^, and zero elsewhere in (a, h), and f(x) = Cfff(x), where 
Cj, Cj, ... Cy, are constants. 

We find a continuous function <i>r(^) as in (iii), such that 

(„ Ifrix) - <f>Ax) I dx < ^ I 

Take <f}(x) = Xcr</>r(a;). 

1 

Then |/(*) -^(x) |dar?S 2 |Cr I f \fAx)~<t>rix)\dx<f. 

Ja 1 Ja 

(v) Now let /(a;) be bounded and measurable in {a, 6). 

With the notation of § 13, A, B are its lower and upper bounds in (a, h), and 
a mode of division 

A=Iq, fj..., l„_i, l„=r.B 

is taken, the largest of its partial intervals being rj. 

Also S|. is defined as in that section. 

A function F{x) is defined for a^x^b as being equal to If^i in e^ 

(r=l, 2, ... n). 

A continuous function <t>{x) is obtained for F{x) as in (iv), such that 
[* \F(x)-<l>{x) \dx<\t. 
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Then !/(*)- F(x) | + \F(x)-<^{x)\dx 

"rti 1 - F(x) I di + 1* I -^x)\dx 

<rf{b-a) + it 
<*. v,henn=^^. 

(vi) Let/(*) be summable in (o, 6) and unbounded. 

With the notation of § 17, we have 

/(*)dx = f /i(x)(i«-(‘ f^x)dx. 

j<i Ja }a 

Let /i. «(*) =/i(*), when /, (a) S n 

= n , when /i(x) > n, 

and similarly for /|. „(x). 

Choose so that 

( /i(x)dx - ( /,. ^{x)dz < ic, and f^ix) ~ jv(ar)da; < Je. 
ja Ja Ja Ja 

Then obtain oontinuous functions <^j(x) for ^(x) and <#t,(x) for /*. a(x), 
such that 

I* l/i. A (x) - 4>iix) I dx < i€, and |/a. ,(x) - <^,(x) | dx < Jt, 
and let </>(x) = ^i(x) - <f>^{x). 

But I* l/(i)-<^z)ldxg£ •>(*) 1‘fx+j* l/i. .^(*)-^l(*)ldx 

+ r l/t(*) -A a(x) I dx+ f* lA .,(x) - <^,(x) I dx. 

Ja Ja 

Therefore |/(x) - <^(x)|dx< e. 

20. The Rienuzm-Lebesgue Theorem. 

If f{x) is summable in (-w, tt) the7i lim ( f[x) nx dx =0. 

n-^ooJ-Tr cos 

Defining/(x) outside ( - ir, tt) by the equation /(x ± 27r) =/(x), we have 
( /(x) sin nx dx = j ^ /(x) sin nx dx 

Thus 2^ /(x)Binnxdx=j (^f{x) -f(x+^'j aianxdx 

and 2|J' /(x)8innxdxlSj^^|/(x + ^) -/(x) [dx. 

Let (a, be an interval enclosing ( - jt, ir). 


/(x + ^)si 


sin nx dx. 
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Then there is a continaous function such that 

' a 

when € is the usual arbitrary positive number. 

Since </>(a;) is continuous in {a, p), given c there is an >/ such that 

\<K^ + h)-<l>(x)\<^, 

when 1^1 ^ r;, the same >; serving for every x in (a, p). 

Take v so large that ^ < »/ an<l ^ tt + ^ j < /?. 

Then |/(« + ^) -/W|rfxr„ j" + + |«f* 

l" I </>(x + - </.(x) I rfx + 1" I </>(x) -f{x) I dx 

< €, when n v, 

'IT 

Therefore lim I f(x) sin nx dx=0, 

n— ►».' -»r 
• n 

and the proof applies equally to 1 /{x) cos nx dx. 

Thus the Fourier Constants tend to zero as n-^oo , when f(x) is summable 
in ( - IT, tt). 

Corollary. w summable iu any interval (a, then 



If (a, h) lies in ( - tr, tt), this result follows at once from the theorem just 
proved, for we may put /(or) =0 in the remainder of the interval ( - tt, tt). 

If (a, h) extends beyond ( -tt, tt), we apply, ns above, the theorem to the 
intervals ((m~ l)7r, (w + l)7r) in which it lies, m being a {>ositive integer. 

21. We now apply these theorems to the discussion of the Fourier’s Series 
corresponding to the arbitrary function f{x). Wo replace the conditions 
attached tof{x) in § 105 by the condition that f(x) shall be summable (cf. § 17 
above) in ( - tt, tt). 

As before, ht a^{x) be the sum of the Fourier’s Series for /(x) up to the terms 
in sin nx and cos nx. 

Then, if Xq is a point in the interval ( - tt, tt), wo have 

The second integral vanishes, by the Riemann-Lebesgue Theorem, and it 
follows that : 

I. The behaviour of the Fourier's Series eorresvonding to /(x), as to eonver^ 
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genet, divergent, or oaeiVatUm at a point x,, depends only on the wAucs of f{x) 
in the neighbourhood of Xq. 

And similarly : 

II. The behaviour of the Fourier's Series corresponding iof(x) in an interval 
(a, b), where --Tr < a <b<n‘, as to convergence^ divergence , or oscillaiion^ depends 
only on the values of f{x) in (a-S, 6 + <S), where 8 is an arbitrarily small 
positive numbers 

Now let *0 be * point in ( - ir, t) for which J lim [f(x„ + h) +f(x„ - A)] exists. 

h—f'Q 

We may giv6/(*) at the point x„ the value of this limit. 

Then a,(Xo) -/(*,) (a) 

where <f> (a) =/{Xo + 2a) + /(x^ - 2a) - 2/(Xo). 

Therefore 

TT.io a 


The second integral vanishes when w-^oo, by the Riemann-Lebesgue 

Theorem, as 0(a) M is summable in (0, Jtt). 

\sin a a/ 

And the first integral also vanishes when n->oo, provided that 0(a) /a is 
summable in (0, ^tt). 

Thus we again have Dini’s Condition that: 


III. A sufficient condition for the convergence of the Fourier's Series corre- 
sponding to the function f(x), summable in ( - tt, tt), to f(x^) at a point in 

( - TT, tt), where J lim [/(a:o + A) 4-/(a:o~^)] exists and is equal to /(xq) is that 
h-*o 

|/(x. +2a) +/(x, - 2a) - 2/(x.) j ^ 

some ifUerval (0, »/). 

This condition is satisfied when f{x) is summable in ( - tt, tt) and at the point 
Xq satisfies Lipschitz's Condition; namely that positive numbers C and k exist 
such that 

i/(xo+t)-/MI<CltiK 


when |<| ^ some fixed positive number. 
We can also show that: 


IV. WAen /(x) is summablfi in ( -ir, ir), and is of bounded varialion in the 
neighbourhood of a point x^ the Fourier's Series converges there to 


Let f(x) be of bounded variation in the interval (X(,-2(/, Xf + 2>/). 
Then 


J*V(a) da = (’ ^(a) + (N>(«) 

To the Moond integral we can apply the Riemann-Lebesgue Theorem; and in 
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the first 0(a) is of bounded variation; so the Lebesgue Integral and the 
Riemann integral are the same. (Of. § 16 above.) 

But the Riemann Integral has zero for its limit (cf. § 92), and the required 
result follows. 

22. To show the full bearing of the Lebesgue Integral on the Theory of 
Fourier's Series it would be necessary to discuss at much greater length the 
properties of that integral. 

We have only touched upon these properties in the case of the integrals 
I f(x)dx and f{x)dx, where f{x) is summable in the bounded and measurable 
set E, or in (a, 6). 

f(x)dx have not been 

dealt with at all. Some of them may bo mentioned here without proof. In 
several of the works named in the list of books at the end of this section a full 
discussion of the Lebesgue Integral (and other associated integrals) will be 
found. 

:x 

This integral F(x)= f(x)dx is continuous and of bounded variation in the 

'a 

interval (a, 6), when f(x) is summable, whether bounded or not, in (a, 5). 

Also F\x) exists and is equal to f{x) almost everywhere in (a, 6), and 
certainly at all points of continuity of f(x). 

And, further, if /(a?) is a function which has at every point of (a, h) a differ- 
ential coefficient /'(ar), bounded in that interval, then f'(x) is integrable (L) 
in the interval (a, x) and its integral differs from /(x) by a constant only. 

In the case of the Riemann Integral this last theorem is subject also to the 
condition that f\x) sliall be integrable (R), 
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Abel’s Test for Uniform Convergence, 149. 

Abel’s Theorem on the Power Series, 165; extensions of, 168. 

Absolute Convergence, of series, 60 ; of integral*, 117, 128. 

Absolute Value, 36. 

Aggregate, general notion of, 33 ; bounded abqve (or on the right), 33 ; bounded 
below (or on the left), 34 . bounded, 34 j upper and lower bounds of, 34 ; 
limiting points of, 35 ; Weierstrass’s Theorem on limiting points of, 36. 
Almost everywhere, definition of, 16. 

Approximation Curves for a Series, 139. See algo the Gibbs Phenomenon. 

Bdeher’s Treatment of the Gibbs Phenomenon, 293. 

Bounds (upper and lower), of an aggregate, 34 ; of f(x) in an interval, 56 , of 
f(z, y) in a domain, 85. 

Bromwich’s Theorem, 169. 

Cesliro’s Method of summing Series (C, 1), 169, 258-262. 

Change of Order of Terms, in an absolutely convergent series, 51 ; in a conditi' oa*’ 
convergent series, 53. 

Closed Interval, definition of, 55. 

Conditional Convergence of Series, definition of, 51. 

Continuity, of functions, 66 ; of the sum .of a uniformly convergent senes of 
continuous functions, 152; of the power series (Abel’s Theorem), 165; of 

1 J{x)dx when J(x) is bounded and integrable, 106; of ordinary integrals 
Ja 

involving a single parameter, 188 ; of infinite integrals involving a single 
parameter, 198, 202. 

Continuous Functions, theorems on, 67 ; integrability of, 97 ; of two variabies, 
86 ; non -differentiable, 90. 

Continuum, arithmetical, 29 ; linear, 29. 

Convergence, of sequences, 37 ; of series, 47; of functions, 57 ; of integrals, 113, 12i>. 
See also absolute convergence, conditional convergence, and uniform convergence. 

Cosine Integral (Fourier’s Integral), 312, 320. 

Cosine Series (Fourier’s Series), 217, 234. 

Countably Infinite, definition of, 21, 330. 

Darboux’s Theorem, 92. 

Dedekind’s Axiom of Continui^, 28. 

Dedekind’s Sections, 24. 

Dedekind’s Theory of Irrational Numbers, 23. 

Dedekind’s Theorem on the System of Real Numbers, 27. 
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Definite Integrals contaii^ an Arbitn^ Parameter (Chapter VI); ordinaiy 
integrals* 188 ; continuity* integration and differentiation of* 188 ; infinite 
integrals* 192 ; uniform convergence of* 192 ; continuity, integration and 
differentiation of, 198. 

Definite Integrals* Ordinary (Chapter IV) ; the sums S and s* 91 ; Darboux*s 
Theorem* 92 ; definition of upper and lower integrals* 94 ; definition of* 94 ; 
necessary and sufficient conditions for existence* 96* 340 ; some properties of, 
100 ; First Theorem of Moan Value* 105 ; considered as functions of the upper 
limit* 10(> ; Second Theorem of Mean Value* 107. See also jDirtchlei*s InUgraU^ 
Fourier’^a Integrals, Infinite Integrals, Lebesgue Integrals and Poisson's Integral, 

Differentiation* of Series* 161 ; of power series* 167 ; of ordinary integrals* 189 ; 
of infinite integrals, 200* 202 ; of Fourier's Series* 282. 

Dim's Condition* 273* 359. 

DirichleVs Conditions* definition of* 226. 

Diiichlet's Integrals* 219. 

Diiichlet's Test for Uniform Convergence* 151. 

Discontinuity* of Functions, 73 ; classification of* 73. See also Infinite Discontinuity 
and Points of Infinite Discontinuity. 

Divergence* of sequences, 41 ; of series, 48 ; of functions* 67 ; of integrals* 113* 126. 

Enumerable. Sec Countably Infinite. 

Fejdr's Theorem* 254. 

Fejdr’s Theorem and the Convergence of Fourier's Series* 262* 280. 

Fourier's Constants (or Coefficients)* definition of* 215. 

Fourier's Integrals (Chapter X); simple treatment of, 312* more general con- 
ditions for, 315 ; cosine and sine integrals* 320 ; Sommerfeld's discussion 
of* 321. 

Fourier's Series* definition of, 215 ; Lagrange's treatment of, 218 ; proof of con- 
vergence of, under certain conditions, 230 ; for even functions (the cosir e 
series), 234 ; for odd functions (the sine series), 241 ; for intervals other than 
( - rr* tt), 248 ; Poisson’s discussion of* 250 ; Fej^r’s Theorem* 254* 262, 280 ; 
order of the terms in, 269 uniform convergence of, 275 ; differentiation and 
integration of, 282 ; more general theory of* 271, 358. 

Functions of a Single Variable* definition of* 55 ; bounded in an interval* 56 ; Upper 
and lower bounds of* 56 ; oscillation at a point, 66 ; oscillation in an interval, 
56 ; limits of* 56 ; continuous* 66 ; discontinuous* 73 ; monotonic, 75 ; inverse, 
76 ; integrable, 97 ; of bounded variation* 80 ; measurable* 342 ; summable* 352. 

Functions of Several Variables* 84. 

General Principle of Convergence* of sequences, 38 ; of functions* 61. 

Gibbs Phenomenon in Fourier’s Series (Chapter IX)* 289. 

Hardy-Landau Theorem* 259. 

Harmonic Analyser (Kelvin's), 323. 

Harmonic Analysis (Appendix 1), 323. 

Heine-Borel Theorem* 71. 

Improper Integrals* definition of* 126. 

Infinite Aggregate. See Aggregate. 

Infinite Discontinuity. See Points of Infinite Discontinuity. 

Infinite Integrals (integrand function of a single variable), integrand bounded and 
interval infinite* 112 ; necessary and sufficient condition for convergence of* 
114 ; %vith positive integrand* 115 ; absolute convergence of* 117; M-test for 
convergenoe of* 1 19 ; other tests for conveigenoe of* 120 ; mean value theorems 
for* 123* 
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Infinite Integmls (integrand function of a sinirle variahl«» m 

tegration and differentiation of, 198. ^ » 93 , continuity, in- 


Inflnite Sequences and Series. See Sequences and Series. 

Inflni^ of a Function, definition of, 74. 

^tegrable Functions, 97 ; Integrablo (L) and Integrable (iJ). definition of, 346. 
Integration of Integrals (ordinary), 191 ; infinite. 199, 202, 209. 

Integration of Series (ordinary integrals), 156 ; power series, 167 ; Fourier’s Series, 
283 ; (infinite integrals), 172. 


Interval, open, closed, open at one end and closed at the other. 65 ; overlapping 
and not-overlapping, 333 ; abutting, 333. 

Inverse Functions, 76. 

Irrational Numbers. See Numbers. 


Lebesgue Definite Integral, of a bounded and measurable function, 344 ; of a 
summable function, 352. 

Lebesgue Indefinite Integral, 360. 

Limits, of sequences, 37 ; of functions, 56 ; of functions of two variables, 85 ; 
repeated, 142. 

Limits of Indetermination, of a bounded sequence, 43 ; of a bounded function, 64. 

Limiting Points of an Aggregate, 35. 

Lipschitz's Condition, 273, 359. 

Lower Integrals, definition of, 94. 

Mean Value Theorems of the Integral Calculus ; first theorem (ordinary integrals), 
105 ; (infinite integrals), 123 ; second theorem (ordinary integrals), 107 ; 
(infinite integrals), 123. 

Measure of a Set of Points, 335 ; exterior measure, 333 ; interior, 334. 

Measurable Sets of Points, 335. 

Measurable Functions, 342. 

Modulus. See Absolute Value. 

Monotonic Functions, 75 ; admit only ordinary discontinuities, 76 ; iutegrability 
of, 97. 

Monotonic in the Stricter Sense, definition of, 43, 75. 

Monotonic Sequences, 42. 

M-test for Convergence of Series, 148. 

/x>test for Convergence of Integrals, 119, 129. 

Neighbourhood of a Point, definition of, 58. 

Numbers (Chapter 1) ; rational, 20 ; irrational, 21 ; Dedekind’s theory of irrational, 
23 ; real, 25 ; Dedekind’s Theorem on the system of real, 27 ; development of 
the system of real, 29. Sec also Dedekind* s Axiom of Continuity, and Dedekind e 
Sections, 


Open Interval, definition of, 55. 

Ordinary or Simple Discontinuity, definition of, 74. 

Oscillation of a Function at a Point, 66. 

Oscillation of a Function in an Interval, 56 ; of a function of two variablee in a 
domain, 85. 

Oscillatory, Sequences, 41 ; series, 48 ; functions, 58 ; integrals, 113, 126. 
Parseval’s Theorem, 284. 

Partial Remainder definition of, 48 ; definition of, 138. 
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PeriodogTAm Analysis, 326. 

Points of Infinite Discontinuity, definition of, 75. 

Points of Oscillatory Discontinuity, definition of, 74. 

Poisson's Discussion of Fourier's Series, 250. 

Poisson’s Integral, 251. 

Power Series, interval of convergence of, 163 ; nature of convergence of, 165 ; Abel's 
theorem on, 165 ; integration and differentiation of, 167. 

Proper Integrals, definition of, 126. 

Rational Numbers and Real Numbers. See Nun^bers, 

Remainder after n Terms definition of, 49 ; [i?„{a:)], 138. 

Repeated Limits, 142. 

Repeated Integrals, (ordinary), 101 ; (infinite), 199, 202, 209. 

Riemann-Lebesgue Theorem, 271, 357. 

Riesz-Fischer Theorem, 1 8. 

Sections. See Dedekind^s Sections. 

Sequences ; convergent, 37 ; limit pf, 37 ; necessary and sufficient condition for 
convergence of (general ]iriiifiple of convergence), 38 ; divergent and oscil- 
latory, 41 ; monotonic, 42. 

Series definition of sum of an infinite, 47 ; convergent, 47 ; divergent and oscil- 
latory, 48 ; necessary and sufficient condition for convergence of, 48 ; with 
positive terms, 40 ; absolute and conditional convergence of, 50 ; definition 
of sum, 'when terms are functions of a single variable, 137 ; uniform con- 
vergence of, 144 ; necessary and sufficient condition for uniform convergence 
of, 147; Weierstrass’s J/-test for uniform convergence of, 148; uniform 
convergence and continuity of, 152 ; term by term differentiation and integra- 
tion of, 15(). See also Differentiation of Series, Fourier's Series, Integration of 
Series, Potcer Series and Trigonometrical Series. 

Sets of Points on a Line ; bounded, 33 ; limiting points of, 35 ; countable (or 
enumerable), 330 ; open, 330 : closed. 330 : interior and exterior points of, 330 ; 
complement of, 331 ; ojierations on, 331 ; interior and exterior measure of, 333 ; 
measure of, 335 ; measurable, 335 ; necessary and sufficient condition that a 
set be measurable, 330 ; properties of measurable sets, 337. 

Simple (or Ordinary) Discontinuity, definition of, 74. 

Sine Integral (Fourier's Integral), 312, 320. 

Sine Series (Fourier’s iSeries), 217, 241. 

Summable Functions, 352. 

Summable Series (C, 1), definition of, 169. 

Sums S and s, definition of, 9 1 . 

Trigonometrical Series, 215. 

Uniform Continuity of a Function, 09, 87. 

Uniform Convergence, of Series, 144; Abel’s Test for, 149; Dirichlet’s Test for, 
151 ; of Integrals, 192. 

Uniformly Boimded, 149. 

Upper Integrals, definition of, 94. 

Weierstrass's non-differentiable Continuous Function, 90. 

Weierstrass’s J/>test for Uniform Convergence, 148. 

Weierstrass's Theorem on Limiting Points of a Bounded Aggregate, 36. 
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